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� Pierre M. Adler Sisyphe/UPMC Paris (France), email: pierre.adler@upmc.fr,

Fractured porous media

A major concern in the study of fractured media is the prediction of their properties such
as the percolation of the fracture network and the macroscopic permeability from the few field
quantities which are easily measurable.

Our approach is based on the systematic use of the excluded volume of fractures. When the
percolation threshold of the fracture network, and the macroscopic permeability are plotted as
functions of ρ′, defined as the number of fractures per excluded volume, they become independent
of the fracture shapes which is a decisive simplification for the applications.

ρ
′ can be estimated from measurements performed on intersections of fracture networks with

lines, planes, and galleries. These intersections are visible on outcrops, cliffs, quarries, wells and
tunnels. Some remarkable relations hold whatever the fracture shapes if they are convex.

Applications of this approach to real cases will be discussed.
During the presentation, the meshing of the fractured medium and the discretization of the

equations will be detailed. This methodology can be applied to arbitrary fracture network
geometries, and to arbitrary distributions of permeabilities in the porous matrix and in the
fractures.

A complete presentation of our methodology and results can be found in [1].

[1] Adler, P.M., Mourzenko, V.V., Thovert, J.-F., Fractured porous media, Oxford University Press, Oxford
(2012).

� Rodrigo Bañuelos, Department of Mathematics,

Purdue University.

email: banuelos@math.purdue.edu

Sharp inequalities for Fourier/Lévy multipliers

We will discuss recent applications of martingale inequalities to Fourier multipliers that arise
from transformations of Lévy processes via the Lévy–Khintchine formula. While these results
are of interest on their own right, they are motivated by applications to problems on bounds for
the Beurling-Ahlfors operator. The latter is a Calderón-Zygmund singular integral operator in
the complex plane which plays a fundamental role in applications to quasi-conformal mappings.
We will discuss sharp Lp and LLogL (type) bounds.

Background material for this lecture can be found in the speaker’s overview article [1]. The
most recent results in this talk are joint work with Adam Osȩkowski of University of Warsaw,
[2], [3].
[1] R. Bañuelos, The foundational inequalities of D. L. Burkholder and some of their ramifications, Illinois J.

Math. 54 (2010), pp. 789–868.
[2] R. Bañuelos and A. Osȩkowski, On Astala’s theorem for martingales and Fourier multipliers, ArKiv:
[3] R. Bañuelos and A. Osȩkowski, Sharp martingale inequalities and applications to Riesz transforms on mani-

folds, Lie groups and Gauss space, ArKiv:1305.1492v2.
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� First author Richard Craster - Department of Mathematics Imperial College London, email:

r.craster@imperial.ac.uk,

High frequency and dynamic homogenization

It is highly desirable to be able to create continuum equations that embed a known mi-
crostructure through effective or averaged quantities such as wavespeeds or shear moduli. The
methodology for achieving this at low frequencies and for waves long relative to a microstruc-
ture is well-known and such static or quasi-static theories are well developed. However, at high
frequencies the multiple scattering by the elements of the microstructure, which is now of a
similar scale to the wavelength, requires a dynamic homogenization theory. Many interesting
features of, say, periodic media: band gaps, localization etc occur at these higher frequencies.
The materials exhibit effective anisotropy and this leads to topical effects such as cloaking/
invisibility, flat lensing, negative refraction and to inducing directional behaviour of the waves
within a structure. A general theory will be described and applications to continuum, discrete
and frame lattice structures will be outlined. The results and methodology are confirmed versus
various illustrative exact/ numerical calculations showing that theory captures, for instance, all
angle negative refraction, ultra refraction and localised defect modes.

� Tadeusz Czachórski Institute of Theoretical and Applied Informatics, Polish Academy of Sci-

ences, Gliwice, Poland, email: tadek@iitis.pl

Queueing models: transient state analysis applied to performance evaluation of computer
networks

Vast volumes of data organized into packets and supervised by communications protocols are
constantly flowing across telecommunications networks, usually via intermediate nodes. The
waiting time at each node is unknown and depends on the current load of the network which
is highly irregular. At nodes, the incoming packets are queued to be sent according to network
availability. Estimation of their waiting time is important, since users need the transmission time
to be as short and repeatable as possible. Reliability of transmission is equally important; when
a packet queue is full, further incoming packets will not be saved. Network operators must seek
a compromise: on one hand, it is important that a network be used to the best of its capacity;
on the other, the more a network is being charged, the more the quality of service may drop.
These issues are studied with the use of queueing theory which is present in telecommunication
since the times of Erlang.

However, queueing models are usually limited to steady-state analysis, as modelling of tran-
sient states is difficult. The article discusses methods we may apply in practice to analyse in
a quantitative way transient states of queues in presence of time varying input flows, namely:
numerical solution of Chapman-Kolmogorov equations for continuous time Markov chains with
very large state space, diffusion approximation, and fluid flow approximation. Markov models
are essential for the evaluation of the performance of computer networks. However, they are not
scalable: the number of states is increasing rapidly with the complexity of a modelled object.
At the moment we are able to generate and solve with the use of our tool Markov chains having
hundreds million of states. The method of solution is a projection method based on Krylov
subspace with Arnoldi process to project the original chain onto a small Krylov subspace. In
diffusion approximation a diffusion equation (second order partial differential equation) defining
the position of a particle in diffuse motion is used to describe the probability distribution of a
queue length. This approach is merging states of the considered queueing system and needs much
less computations than the Markov models. The principles of the approximation were given in
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� First author Erol Gelenbe - Imperial College London, email: e.gelenbe@imperial.ac.uk,

The Time and Energy Needed for Search in Very Large Spaces

Many applications in biology, science and engineering involve search in random media, and
optimisation often involves stochastic search. In many cases the search space is for all practical
purposes infinite. Examples include the motion of particles towards an opposite charged site in
a random field, molecules moving in a medium in search of other molecules that they may dock
with, search for specific data in very large data bases, packets in ad-hoc networks, or robots
searching for a concealed object. In many cases one uses multiple searchers. In many natural
examples the search may take place as a group effort where at least k members of the swarm out
of N must be successful. In all such applications, the length of time it takes for the search to
conclude successfully is of interest, and it is important to know how much energy is consumed.
Thus this presentation will summarise some of our recent work [12, 14] in this area. The analysis
will include the probability of loss or destruction of the searchers, a limited life-time or time-out
for each of the searchers, and will allow for sending out (after some time) of a successor to a
searcher that is lost, destroyed or that has been eliminated because of the time-out.
[1] Gelenbe, E. et al. Autonomous search by robots and animals: A survey, Robotics and Autonomous Sys-

tems, 22, 23 – 34, 1997.
[2] Ribrault, C. et al. Diffusion trajectory of an asymmetric object: Information overlooked by the mean square

displacement, Phys. Rev. E, 75, no. 2, 021112, Feb. 2007.
[3] Viswanathan, G. et al. Lévy flights and superdiffusion in the context of biological encounters and random

searches, Phys. Life Rev., 5, 133 – 150, 2008.
[4] Oshanin, G. et al. Suvival of an evasive prey, Proc. Natl. Acad. Sci., 106, 13 696–13 701, 2009.
[5] Moreau, M. et al. Dynamical and spatial disorder in an intermittent search process, J. Phys. A: Math.

Theor., 42, 434007, 2009.
[6] Rojo, F. et al. Intermittent search strategies revisited: effect of the jump length and biased motion, J. Phys.

A: Math. Theor., 43, 345001, 2010.
[7] Czachórski, T., et al. Diffusion approximation model for the distribution of packet travel time at sensor

networks, in LNCS 5122. Berlin, Heidelberg: Springer-Verlag, 2008, 10–25.
[8] Aguilar, J. and Gelenbe, E. Task assignment and transaction clustering heuristics for distributed systems,

Information Sciences, 97, 199-219, 1997.
[9] Gelenbe, E. and Fourneau, J.M. Random neural networks with multiple classes of signals, Neural Computa-

tion, 11, 953-963, 1999.
[10] E. Gelenbe and Y. Cao, Autonomous search for mines, Eur. J. Oper. Res., 108, 319–333, 1998.
[11] E. Gelenbe, A diffusion model for packet travel time in a random multi-hop medium, ACM Trans. Sen.

Netw., 3, 1–19, 2007.
[12] ——, Search in unknown random environments, Phys. Rev. E, 82, 061112, Dec. 2010.
[13] ——, Natural computation, The Computer Journal, 55, 848–851, 2012.
[14] O. H. Abdelrahman and E. Gelenbe, Time and energy in team-based search, Physical Review, E 87, no. 3,

032125, 2013.
[15] ——, Packet delay and energy consumption in non-homogeneous networks Comput. J., 55, 950–964, 2012.
[16] N. E. Humphries et al., Environmental context explains Lévy and Brownian movement patterns of marine

predators Nature, 465, no. 7301, 1066–1069, 2008.

[1] and then extended in [2] to the analysis of transient states with the use of semi-analytical,
semi-numerical approach. Fluid-flow approximation is a simplified version of this method –
only mean values of packet flows, queue length and service times are considered. Differential
equations (first order linear ordinary differential equations) inolved here are simpler, and the
computations can be completed in a reasonable time even for very large network topologies. It
is also easier to model mechanisms used to control queues in nodes.
[1] Gelenbe, E., On Approximate Computer Systems Models, J. ACM, vol. 22, no. 2, (1975).
[2] Czachórski, T., Pekergin, F., Diffusion Approximation as a Modelling Tool , in: Kouvatsos, D., editor, Network

Performance Engineering – A Handbook on Convergent Multi-Service Networks and Next Generation Internet,
pp. 447- 476, Springer 2011.
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�Tokio Matsuyama Tokio Matsuyama - Chuo University, Tokyo, email: tokio@math.chuo-u.ac.jp

Global well-posedness of the Kirchhoff equation and systems

This talk is devoted to review the global well-posedness for the Kirchhoff equation. The
classical results on Kirchhoff equation with large data will be introduced (see [1, 2, 6, 10, 11]),
and then, some results on Kirchhoff systems with small data are reviewed, which are joint works
with Michael Ruzhansky. The results cover the classical Kirchhoff equation that are discussed
in [3, 12] etc. The new approach to the construction of solutions is based on the asymptotic
integrations for strictly hyperbolic systems with time-dependent coefficients. These integrations
play an important role to setting the subsequent fixed point argument. The existence of solutions
for less regular data is discussed, and several examples and applications are presented.
[1] A. Arosio and S. Spagnolo, Global solutions to the Cauchy problem for a nonlinear hyperbolic equation,

Nonlinear partial differential equations and their applications, Collège de France seminar, Vol. VI (Paris,
1982/1983), pp. 1–26, Res. Notes in Math., 109, Pitman, Boston, MA, 1984.

[2] S. Bernstein, Sur une classe d’équations fonctionnelles aux dérivées partielles, Izv. Akad. Nauk SSSR Ser.
Mat. 4 (1940), 17–27.

[3] P. D’Ancona and S. Spagnolo, Nonlinear perturbations of the Kirchhoff equation, Comm. Pure Appl. Math.,
47, 1005–1029 (1994)

[4] M. Ghisi and M. Gobbino, Kirchhoff equation from quasi-analytic to spectral-gap data, Bull. London Math.
Soc. 43 (2011), 374–385.

[5] G. Kirchhoff, Vorlesungen über Mechanik, Teubner, Leibzig (1883)
[6] R. Manfrin, On the global solvability of Kirchhoff equation for non-analytic initial data, J. Differential Equa-

tions 211 (2005), 38–60.
[7] T. Matsuyama and M. Ruzhansky, Scattering for strictly hyperbolic systems with time-dependent coefficients,

Math. Nachr., in press.
[8] T. Matsuyama and M. Ruzhansky, Global well-pesedness of Kirchhoff systems, J. Math. Pures Appl., in press.
[9] T. Matsuyama and M. Ruzhansky, Asymptotic integration and dispersion for hyperbolic equations, Adv.

Differential Equations 15 (2010), 721–756.
[10] K. Nishihara, On a global solution of some quasilinear hyperbolic equation, Tokyo J. Math. 7 (1984), 437–459.
[11] S.I. Pohožhaev, On a class of quasilinear hyperbolic equations, Math. USSR Sb. 25 (1975), 145–158.
[12] T. Yamazaki, Scattering for a quasilinear hyperbolic equation of Kirchhoff type, J. Differential Equations 143,

1–59 (1998)

� First author Wieslaw L. Nowinski - Biomedical Imaging Lab, Agency for Science Technology

and Research, Singapore, email: Wieslaw@sbic.a-star.edu.sg

Brain atlasing: methods, tools and applications

We recently witness unprecedented big brain projects, including The BRAIN Initiative and
The Human Brain Project. Our contribution to brain-related efforts is to create brain atlases
and develop atlas-based applications. The latest generation of our atlases has been constructed
from 3/7 Tesla scans. The brain model has been parcellated into about 3,000 3D components.
The atlas design principles, methods, tools, content, features, and validation were described
earlier [1]-[6]. Several techniques have been applied to build the atlas, including image process-
ing, intra-subject registration, segmentation, geometric modeling, surface and tubular editing,
classification, and atlas-to-patient registration. We have developed a number of editors for cre-
ation of cerebral objects, and their editing and enhancement [2], [11]. This brain atlas is a
foundation for development of education, research and clinical applications. The Human Brain
in 1969 Pieces [7] is a neuroanatomical reference and an education tool. Its iPad version is also
developed [8]. An atlas-based system for functional neurosurgery planning, aiming at reducing
hemorrhage induced by deep brain stimulation, is featured in [6]. A recent application is the
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� First author Lassi Päivärinta - Department of Mathematics and Statistics/Rolf Nevanlinna

Institute, University of Helsinki FINLAND, email: lassi.paivarinta@helsinki.fi,

Corner Scattering

The talk is connected to scattering theory and especially to inverse scattering problem. In
the inverse scattering one wants to define an unknown structure from far field measurements
i.e.. from the scattering amplitude. A related problem is wether structures always produce a
scattering wave. The question is related to a recently extensively studied Interior Transmission
Problem and to Interior Transmission Eigenvalues. In the radially symmetric case it is known
that this is not the case i.e.. there are wave numbers, called non-scattering wave numbers, and
incident fields that do not cause any response to infinity. In the talk we show that in the case
where the structure contains a corner a right angle every wave and every wave number scatters.

This is a joint research with Eemeli Bl̊asten and John Sylvester.

atlas of neurological disorders correlating localized brain pathology with both the resulting dis-
order and the surrounding neuroanatomy [10]-[11].

[1] Nowinski WL, Chua BC, Puspitasari F, et al., Three-dimensional reference and stereotactic atlas of human
cerebrovasculature from 7 Tesla, NeuroImage, 55 (3), 986-998 (2011).

[2] Nowinski WL, Chua BC, Qian GY, et al., The human brain in 1700 pieces: design and development of a
three-dimensional, interactive and reference atlas, J. Neurosci. Methods, 204 (1), 44-60 (2012).

[3] Nowinski WL, Chua BC, Yang GL, et al., Three-dimensional interactive human brain atlas of white matter
tracts, Neuroinformatics, 10 (1), 33-55 (2012).

[4] Nowinski WL, Johnson A, Chua BC, et al., Three-dimensional interactive and stereotactic atlas of cranial
nerves and nuclei correlated with surface neuroanatomy, vasculature and magnetic resonance imaging , J.
Neurosci. Methods, 206 (2), 205-216 (2012).

[5] Nowinski WL, Chua BC, Johnson A, et al., Three-dimensional interactive and stereotactic atlas of head
muscles and glands correlated with cranial nerves and surface and sectional neuroanatomy , J. Neurosci.
Methods, 215 (1), 12-18 (2013).

[6] Nowinski WL, Proposition of a new classification of the cerebral veins based on their termination, Surgical
and Radiologic Anatomy, 34(2), 107-114 (2012).

[7] Nowinski WL, Chua BC, Qian GY, Nowinska NG, The Human Brain in 1969 Pieces: Structure, Vasculature,
Tracts, Cranial Nerves, and Systems, Thieme, New York (2012).

[8] Nowinski WL, Chua BC., The Complete Human Brain (version 1.0 for iPad), Thieme, New York (2013)/App-
Store.

[9] Nowinski WL, Chua BC, Volkau I, et al., Simulation and assessment of cerebrovascular damage in deep brain
stimulation using a stereotactic atlas of vasculature and structure derived from multiple 3T and 7T scans,
Journal of Neurosurgery, 113 (6), 1234-41 (2010).

[10] Nowinski WL, Chua BC., Stroke Atlas: a 3D interactive tool correlating cerebrovascular pathology with
underlying neuroanatomy and resulting neurological deficits, The Neuroradiology Journal, 3 (1), 9-18 (2013).

[11] Nowinski WL, Chua BC., Three-dimensional interactive atlas of cranial nerve-related disorders, The Neuro-
radiology Journal, 3 (9), 309-322 (2013).
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� Grigory Panasenko Inst. Camille Jordan, Univ. Saint-Etienne, France,

email: grigory.panasenko@univ-st-etienne.fr

Junction of models of different dimension: wall-fluid interaction and bio-mathematical
applications

Junction of models of different dimension is an important tool of the multiscale modeling
of the blood flow [1]. We discuss this topic in the context of the partial differential equations
(PDEs) set in thin structures. These domains are some finite unions of thin rectangles (in 2D
settings) or cylinders (in 3D settings) depending on small parameter epsilon ¡¡ 1 that is, the
ratio of the thickness of the rectangle (cylinder) to its length. Such a domain models the system
of the blood vessels where blood flow occurs. An asymptotic analysis of the solutions of these
PDEs is applied for justification of the method of asymptotic partial decomposition of domain
(MAPDD) introduced in [2] and developed in [3]. Remind that this method reduces the 2D or
3D model to some model of hybrid dimension (2-1 or 3-1) conserving the dimension on a small
part where the behaviour of solution is singular, and reducing the dimension in the main part of
the domain. This approach corresponds to a special dimension reduction procedure with some
local zooms and is applied further to the flows in thin domains with an elastic rigid wall.

The idea is to keep the 3D (or 2D) description of the flow-wall interaction in some neighbour-
hood of the bifurcations of vessels and to reduce the dimension in the cylinders (rectangles) at
some distance from the bifurcations. First, the question how to replace the wall of the cylinder
(or rectangle) by some special boundary condition is discussed. The rigidity (and eventually the
density) of the wall material are great parameters related to some negative power of the ratio of
the thickness of the wall to the thickness of the channel. The second question is how to replace
the flow in a thin channel with these special elastic wall boundary conditions by some analogue
of the Poiseuille flow and to make a junction of this flow to the real flow in the neighbourhood
of the bifurcations. These questions are studied via construction of asymptotic expansions of
flows in a channel with a rigid elastic wall bifurcations (see, for example, [4],[5]). Finally this ap-
proach gives an algorithm of junction of fluid-structure interaction models of different dimension.

[1] Quarteroni,A. and Formaggia,L., Mathematical Modelling and Numerical Simulation of the Cardiovascular

System, In Modelling of Living Systems, Handbook of Numerical Analysis Series. Ayache,N., Ciarlet, P.G.,
Lions,J.L. editors, Elsevier (2002).

[2] Panasenko,G., Method of asymptotic partial decomposition of domain, Mathematical Models and Methods
in Applied Sciences , 8, 1, 139-156 (1998).

[3] Panasenko.G., Multi-Scale Modelling for Structures and Composites, Springer, Dordrecht (2005).
[4] Panasenko G., Stavre R., Asymptotic analysis of a viscous fluid-thin plate interaction: periodic flow , C.R.

Mécanique, 340, 8, 590-595 (2012).
[5] Panasenko,G., Stavre R., Asymptotic analysis of a periodic flow in a thin channel with visco-elastic wal l, J.

Math. Pures Appl., 84, 4, 558-579 (2006).

� Rusakov A. A. professor, Moscow Lomonosov State University, vmkafedra@yandex.ru

S. M. Nikolsky. Life as an example

Sergey was born in the village of Plant Talitsa Perm province (now Yekaterinburg regional cen-
ter Talitsa area) April 30, 1905. His father, Michael D. Nikolsky entered the body of forestersRus-
sian forest range. By bureaucratic report card forestercourt counselor in 1906 by M. D. Nikolsky
gets promoted, he was appointed forester Schebro-Olshansky forest Suvolkskoy province on the
border with Prussia (now Poland), where Sergey spent his childhood.
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� Stefan Samko Stefan Samko - Universidade do Algarve, Faro, Portugal, email: ssamko@ualg.pt,

Variable exponent Morrey and Herz spaces

We present several recent results in the rapidly developing area of of Analysis known as Vari-
able Exponent Analysis but start with some new results for constant exponents. We concentrate
on the following topics:

I. Close embedding of Morrey spaces between vanishing Stummel spaces.
II. Maximal and potential operators in local variable exponent Morrey spaces over unbounded

sets.
III. Sublinear operators of singular type in Variable exponent Herz spaces .

border with Prussia (now Poland), where Sergey spent his childhood.
After graduating from the Faculty of Physics and Mathematics Ekaterinoslavskogo Institute

of Education, since 1930 Sergey Nikolsky Assistant University. As the best lecturer, since 1932
head of the department of mathematics Transport Institute, also works in the mining, pharma-
ceutical institutes of Dnipropetrovsk.

The scientific work of Sergey Nikolsky involved Academician Andrei Nikolaevich Kolmogorov,
who came from Moscow with Academician P.S. Aleksandrov and Ivan Petrovsky to give lectures.
In 19341935, was in graduate school at Moscow State University. M.V. Lomonosova, defended
his thesis on “Linear equations in Banach spaces.”

In 1940, S. M. Nikolsky entered the doctoral program of the Mathematical Institute. VA USSR
Academy of Sciences and in early 1942, successfully defended his doctoral thesis on the theory
of approximation of functions by polynomials. Was left a senior fellow at the Mathematical
Institute. In 1947 he became a professor at the Department of Mathematics of the same institute,
and from 1950 to 1954. was the head of this department. From 1953 to 1961. was deputy director
from 1961 to 1989. - Head of department of the theory of functions. In 1968. S. M. Nikolsky
was elected a corresponding member of the Academy of Sciences of the USSR, and in 1972a full
member.

In 2006, the series “Monuments of national science XX century” of the Russian Academy of
Sciences published a three-volume collected works of S. M. Nikolsky. The best results obtained
by S. M. Nikolsky in fundamental mathematics, collected and published in his three monographs:
“Approximation Theory” (2006), “Function Spaces” (2007) and the third is“The equations in
functional spaces” (2009).

S. M. Nikolsky has trained about fifty candidates of physical and mathematical sciences, fif-
teen of his studentsthe doctor of physical and mathematical sciences. Among his students are
well-known scientists as corresponding member of the Russian Academy of Sciences, member
of the European Academy of Sciences O. V. Besov, Corresponding Member of Russian Acad-
emy of Sciences dents, Member of the European Academy of Sciences, L. D. Kudryavtsev, a
seminal work of more than justified the bold decision to teachers, appointed him to the age of
thirty head of the Department of Mathematics of the leading university of the country - MFTI,
works L. D. Kudryavtsevmost the best proof of the power of the scientific school of S. M. Nikol-
sky, Professor A. F. Timman, corresponding member of the Academy of Sciences of the USSR
V. K. Dzyadyk, National Academy of Sciences of Ukraine, N. P. Korneichuk, corresponding
member of the National Academy of Sciences of Ukraine V. P. Motorny, corresponding mem-
ber of the Academy of Sciences of the Kazakh SSR T. I. Omanov, Professor S. V. Uspensky,
Professor V. I. Burenkov, emeritus professor of the Moscow State University, M. K. Potapov,
etc.
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� First author Baoxiang Wang - Peking University, Beijing, China, email: wbx@pku.edu.cn

Frequency-Uniform Decomposition Techniques for a Class of Nonlinear Partial
Differential Equations

In this talk, we survey some recent results on the Cauchy problem for a class of nonlinear par-
tial differential equations, including Navier-Stokes equations, (derivative) nonlinear Schrödinger
equations by using the frequency-uniform decomposition method and the Gabor frames.

� Henryk Woźniakowski

HenrykWoźniakowski - Columbia University and University of Warsaw, email: henryk@cs.columbia.edu,

Tractability of Multivariate Problems

Multivariate problems are defined on spaces of functions of d variables, where d may be huge.
Such problems occur in numerous applications and can almost never be solved analytically.
Usually we want to solve them to within ε and we may measure the error in the different settings
including the worst case, average case, or randomized setting. For simplicity we concentrate on
the worst case setting.

Usually such problems suffer the curse of dimensionality, i.e., the number of computational
operations is exponential in d. This is the case for most multivariate problems defined on
standard spaces of functions for which all variables and groups of variables are equally important.
The essence of tractability study is to identify classes of functions for which multivariate problems
do not require the exponential number of operations in d and ε−1. It turns out that tractability
usually holds for multivariate problems defined on weighted spaces for which the successive
variables or groups of variables are monitored by suitable weights.

The current state of tractability studies for multivariate problems can be found in [1].
[1] E. Novak and H. Woźniakowski, Tractability of Multivariate Problems, European Mathematical Society,

Zürich, Vol. I, 2008, Vol. II, 2010, Vol. III, 2012.

�M.Zhuravkov Belarusian State University, Minsk, 4 Nezavisimost av. email: Zhuravkov@bsu.by,
N.Romanova Belarusian State University, Minsk,4 Nezavisimost av. email: RomanovaNS@bsu.by

Fractional models
for determination of physical and mechanical properties biological tissue

Solving inverse problem is an important direction in an investigation of physical and me-
chanical characteristics of various heterogeneous materials. Recently, such approaches are being
actively implemented to determine the properties of nanomaterials due to the increased use of
the techniques that are based on scanning force microscopes (SFM).

In our paper the problem of the restoring biotissue properties is considered as a processing of
the experimental data obtained in AFM indentation of living cells. Here AFM (Atomic Force
Microscopy) or SFM ( Scanning Force Microscopy) is a very high-resolution type of scanning
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probe microscopy that provides a 3D profile of the surface on a nanoscale [1]. A consideration
of the physical mechanical properties of living cells is very important for an investigation of
cell processes when influence some pathogenic factors (viruses and bacteria) or pharmacological
preparations [2], [3].

Mechanic mathematical model problem is a process modelling of the occurrence and movement
of surface and shear waves in a viscoelastic half-space [4]. The obtained results show that
fractional Voigt model (time-fractional order derivative) gives a more adequate results than
standard integer order Voigt model or standard linear solid model. Same number of independent
parameters is used in all considered models.

Fractional viscoelastic models, the accuracy of which can be increased through the introduc-
tion of the additional fractional elements, can be widely used for early medical diagnosis by
biological tissue testing that is shown in our paper.

[1] Radmacher, M. Studying the mechanics of cellular processes by atomic force microscopy , Methods in Cell
Biol. 83, 347-372 (2007).

[2] Robinson Ashley, D., Falush, D. and Feil,J.F. Bacterial population genetics in infectious disease, John Wiley
and Sons, Inc., Hoboken, New Jersey (2010)

[3] Fung, Y.C. Biomechanics: mechanical properties of living tissues, Springer, New York (1981)
[4] Zhuravkov, M. and Romanova, N. Fractional calculus application prospects in mechanics , Minsk: BSU

(2013).- 53p. http://elib.bsu.by/handle/123456789/37576
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� Lúıs Daniel Abreu -ARI, Austrian Academy of Sciences, email: daniel@mat.uc.pt

Monica Dörfler - NuHAG, University of Viena, email: monika.doerfler@univie.ac.at

Inverse problems for Toeplitz and time–frequency localization operators

A new type of inverse problems for Toeplitz and time–frequency localization operators will
be presented.

A result of time-frequency analysis, obtained by Daubechies in 1988, states that the eigenfunc-
tions of a time-frequency localization operator with Gaussian window (related to Fock spaces)
such that the localization domain is a disc are the Hermite functions. In [1] we have have proved
the following converse of Daubechies result:

Theorem: If one of the eigenfunctions of a time-frequency localization operator with Gaussian

window is a Hermite function, then its localization domain, when simply connected, is a disc.

There is an analogue problem for wavelet localization in hyperbolic geometry, which states
that the eigenfunctions of a time-frequency localization operator with a Cauchy window (related
to Bergman spaces) such that the localization domain is a disc are the Fourier transform of
Laguerre functions., providing the inverse problem analogue of the direct problem studied by
Daubechies and Paul.

Theorem: If one of the eigenfunctions of the wavelet localization operator with a Cauchy

window is a Fourier transform of a Laguerre function, then ∆ must be a pseudohyperbolic disc

centered at i.

We will also present a no-go example concerning generalizations to more general symbols, due
to Gröchenig, as well as a number of natural questions that arise naturally when one looks at
this problem in other contexts, like Modulation spaces and spaces of polyanalytic functions.
[1] L. D. Abreu, M. Dörfler, An inverse problem for localization operators, Inverse Problems, 28 (2012), 115001,

16pp.

� Olena Afanasjeva - IAMM of NASU, Donetsk, Ukraine, email: es.afanasjeva@yandex.ru.

On the boundary behavior of the generalized ring Q-homeomorphisms in metric spaces

Let us consider the following system of Borel measures which are associated with continua

in metric spaces (X, d). A measure m
(k)
γ is associated with continuum γ in (X, d) is defined

for every Borel set B in (X, d) as Hausdorff measure Hk of B ∩ γ at fixed k > 0. For every

continuum γ ∈ Γ, set mγ := m
(1)

γ . Now, let (X, d, µ) be a metric space with a Borel measure µ.
µ-measurable functions ρ : X → [0,∞], satisfying

∫

X

ρ dmγ ≥ 1, for all curves γ ∈ Γ are called

admissible functions for Γ, abbr. ρ ∈ admΓ. p-modulus, p ∈ (0,∞), of Γ is the quantity
Mp(Γ) = inf

ρ∈admΓ

∫

X

ρp(x) dµ(x) where the infimum is taken over all ρ ∈ admΓ. Mp(Γ) = +∞ if

Γ = ∅. Later Γ(A,B;C) denotes the family of all continua γ ∈ Γ connecting A and B in C, i.e.,
such that γ ∩ A 6= ∅, γ ∩ B 6= ∅ and γ \ {A ∪ B} ⊆ C. A generalized domain in topological
space T is an open set D whose each pair of points can be immersed in a continuum γ in D.
Let D and D′ be generalized domains in (X, d, µ) and (X ′, d′, µ′), respectively, Q : X → (0,∞)

be a µ-measurable function and p ∈ (0,∞). We say that homeomorphism f : D → D′ is
a generalized ring Q-homeomorphism at a point x0 ∈ D with respect to p-module, if
Mp(Γ(f(C0), f(C1); D

′)) ≤
∫

A∩D

Q(x) · ηp(d(x, x0)) dµ(x) for every ring A = A(x0, r1, r2) 0 <

r1 < r2 < ∞, for any two continua C0 ⊂ B(x0, r1)∩D and C1 ⊂ D\B(x0, r2) and for every Borel

function η : (r1, r2)→ [0,∞], such that
r2∫

r1

η(r) dr ≥ 1. A homeomorphism f : D → D′ is called



15

� Agbor Dieudonne Math. Institut Göttingen, Germany, email: agbor@uni-math.gwdg.de

Compactness via the Berezin transform of Radial Operators on the generalized Fock
spaces

We investigate the connection between compactness of radial operators on the generalized
Fock space and the behavior at infinity of the corresponding Berezin transform and give a
condition under which compactness of an operator is equivalent to the vanishing of the Berezin
transform at infinity. Our result is based on a certain o-Tauberian theorem due to Kranz and
Stadtmüller. We also show that the eigenvalues of radial operators depend only on the length
of the multi-index.
[1] Bauer, W., Isralowitz, J.: Compactness characterization of operators in the Toepltiz algebra of the Fock space

F
p

α , J. Funct. Anal. 263, 1323-1355, (2012).
[2] Grudsky, S. M., Maximenko, E. A, Vasilevski L. N: Radial Toeplitz operators on the unit ball and slowly

oscillating sequences, Com. Math. Anal., 14, 77-94, (2013).
[3] Kranz, W., Stadtmüller U.: Tauberian theorems for Borel-type methods of summability, Arch. Math. 55,

465-474, (1990).
[4] Sangadji,. Stroethoff, K.:Compact Toeplitz operators on generalized Fock spaces, Acta Sci. Math. (Szeged) 64

657-669,(1998).
[5] Zhou Ze-Hua, Chen Wei-Li, Dong Xing-Tang: The Berezin transform and radial operators on the Bergman

space of the unit ball, Complex Anal. Oper. Theory, 7, 313-329, (2013).
[6] Nikolskii, S. M., A generalization of the fundamental theorem of spherical harmonic theory , J. Math. Sci.,

155, 105-108 (2008).

∫

r1

a generalized ring Q-homeomorphism if f is a generalized ring Q-homeomorphism at every point
x0 ∈ D. A generalized domain D in (X, d, µ) is called a generalized quasiextremal distance

(QED) domain with respect to p-module, p ∈ (0,∞), if Mp(Γ(E,F ;X)) ≤ KMp(Γ(E,F ;D))
for some K ∈ [1,∞) and for every continua E and F in D, cf. [1]. We also say that a space
(X, d, µ) is weakly flat at a point x0 ∈ X with respect to p-module, p ∈ (0,∞), if, for every
neighborhood U of the point x0 and every number N > 0, there is neighborhood V ⊆ U of x0,
such that Mp(Γ(E,F ;X)) ≥ N for any continua E and F in X intersecting ∂V and ∂U , cf. [2].

Theorem. Let f be a generalized ring Q-homeomorphism with respect to p-module, p ∈

(0,∞), between QED generalized domains D and D′ in weekly flat spaces X and X ′, respec-
tively, and let D be compact. If Q ∈ L1

µ
(D), then the inverse homeomorphism g = f−1 admits

a continuous extension g : D′ → D.

[1] Gehring, F.W., Martio, O., Quasiextremal distance domains and extension of quasiconformal mappings, J.
Anal. Math., 24, 181-206 (1985).

[2] Martio, O., Ryazanov, V., Srebro, U., Yakubov, E., Moduli in Modern Mapping Theory , Springer Monographs
in Mathematics, New York, Springer (2009).
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Jackson and smoothness theorems for trigonometric approximation in some Banach
Function Spaces

A. Let Tn be the class of trigonometrical polynomials of degree at most n and let X be
a Banach function space (see e.g., [1]) on T := [0, 2π] such that (i) Tn be a dense subset of

X, (ii) the Steklov type operator f(·) 7→ σhf(·) := (2h)−1
∫ x+h

x−h
f(t)dt be bounded on X. We

define the classical de la Valleé Poussin mean Vnf(·) := (n+ 1)−1
∑

2n
i=n Si(·, f) of f ∈ X ⊂ L1.

Ωr(f, δ)X := sup0≤h≤δ ‖(I − σh)
rf‖X . We proved.

* Let X be as described in A. If the operator f 7→ Vn be bounded on X and En(f)X :=
infT∈Tn

‖f −T‖X . n−2‖f ′′‖X for any f ∈ X ′′ := {f ∈ X : f ′′ ∈ X}, then we have the following
Jackson-Stechkin type estimate

En(f)X . Ωr(f, 1/n)X
for any r = 1, 2, 3, ... and n = 1, 2, 3, ....

* Let X be as described in A. If the inequality ‖T ′n‖X . n‖T ′n‖X for any Tn ∈ Tn holds, then
we have the following converse estimate

Ωr

(

f,
1

n

)

X

.
1

n2r

n∑

j=0

(j + 1)2r−1Ej(f)X

for any r = 1, 2, 3, ... and n = 1, 2, 3, ....
Some examples for X:

1. Classical Lebesgue spaces Lp with 1 ≤ p ≤ ∞.
2. Weighted Lebesgue spaces Lp

ω, 1 < p < ∞ with weights ω satisfying the Muckenhoup’s
condition Ap.

3. Variable exponent Lebesgue spaces Lp(·) with p(·) satisfying 1 < essinfT p(x), esssupT p(x) <
∞ and the Dini-Lipschitz condition of order ≥ 1. 4. Weighted variable exponent Lebesgue

spaces L
p(·)
ω with the conditions 1 < essinfT p(x), esssupT p(x) <∞, 1/p Log-Hölder continuous,

ωp0 ∈ A(p(·)/p0)′ for some p0 ∈ (1, essinfT p(x)). 5. Orlicz spaces ϕ(L) with quasiconvex ϕα for
some α ∈ (0, 1) and ϕ ∈ ∆2. 6. Weighted Orlicz spaces ϕω(L) with quasiconvex ϕα for some
α ∈ (0, 1) and ϕ ∈ ∆2 and ω ∈ Ap(ϕ). 7. Rearrangement invariant Banach function spaces
having Absolutely Continuous Norms with non-trivial Boyd indices.
[1] Bennett, C. and Sharpley, R., Interpolation of Operators , Academic Press, Boston (1988).
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Elementary Approach to Fractional Powers of Strongly Elliptic Operator in Lipschitz
Domains

Let L be a second-order matrix partial differential strongly elliptic operator in a bounded
Lipschitz domain Ω ⊂ Rn, n > 1. Extensive literature is devoted to the investigation of domains
of fractional powers of this operator with Dirichlet, Neumann, or mixed homogeneous boundary
conditions, including the solution of the well-known Kato square root problem. The higher-order
matrix operators were also considered.

We propose a new abstract approach to these problems. It allows us to obtain the main,
from our point of view, results in a unique and simple way, as well as new similar results, in
particular, for classical operators on a Lipschitz boundary.
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About one system of partial differential equation with singular coefficients

Suppose 0 < ϕ0 ≤ 2π, 0 < ϕ1 < ϕ2 < ϕ0, S[0, ϕ0] be the set of measurable, essentially
bounded functions f(r, ϕ) in [0, ϕ0]. Let us consider in G = {z = reiϕ : 0 ≤ r <∞, 0 ≤ ϕ ≤ ϕ0}
equation

2za1(ϕ)∂zw + 2za2(ϕ)∂zw +
rαb1(ϕ)w

|f1(x, y)|α
+

rαb2(ϕ)w

|f2(x, y)|α
=

f4(ϕ)r
ν+α

|f3(x, y)|α
,

where a1(ϕ), a1(ϕ) ∈ C[0, ϕ0]; a1(ϕ) 6= a2(ϕ) for all ϕ ∈ [0, ϕ0]; 0 < α < 1, ν > 0 are real
numbers.

Suppose that the functions fk(x, y), k = 1, 2, 3 be first order homogeneous functions i.e.

fk(nx, ny) = nfk(x, y) for any real number n and f4(ϕ)
|f3(cosϕ,sinϕ)|α ,

b1(ϕ)
|f1(cosϕ,sinϕ)|α ∈ L1[0, ϕ0],

b2(ϕ)
|f2(cosϕ,sinϕ)|α ∈ S[0, ϕ0].

Let us p > 1, if ν ≥ 1 and 1 < p < 1
1−ν , if ν < 1. In this work the solutions from class

W 1
p (G)

⋂
C(G) are found.

Here W 1
p (G) is a Sobolev space. By f1(x, y) = y − k1x, f2(x, y) ≡ 1, f3(x, y) = y − k2x;

k1, k2 ∈ R the considered equation is studied in work [1]. By α = 0, a2(ϕ) ≡ 0 equation is
studied in [2].

[1] Akhmed-Zaki, D.K., Danaev, N.T., Tungatarov, A., Elliptic systems in the plane with singular coefficients

along lines, TWMS Journal of Pure and Applied Math., 3, 3-10 (2012).
[2] Meziani, A., Representation of solutions of a singular CR equation in the plane, Complex Var. and Elliptic

Eq., 53, 1111-1130 (2008).
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On Some Boundary Value Problems for linear partial differential equations of second
order in Clifford Analysis

We give the solutions of Dirichlet and Neumann problems for the Poisson equation in the unit
ball using Cauchy-Pompeiu type representations in the complex Clifford algebra Cm for m ≥ 3.
By introducing classes of integral operators together with some of their properties, we study
the Dirichlet and Neumann problems for linear partial differential equations of second order in
Clifford analysis.

[1] Begehr, H., Iterated integral operators in Clifford analysis, Journal for Analysis and its Applications, 18,
361-367 (1999).

[2] Begehr, H., Otto, H. and Zhang, Z.X., Differential operators, their fundamental solutions and related integral

representations in Clifford Analysis, Complex Variables and Elliptic Equations, 51, 407-427 (2006).
[3] Gürlebeck, K. and Sprößig W., Quaternionic Calculus for Engineers and Physicists, John Wiley& Sons,

Chichester (1997).
[4] Zhang, Z.X., Integral representations and its applications in Clifford analysis, General Mathematics, 13,

81-98 (2005).
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SHOCK THERMOELASTIC WAVES AS GENERALIZED SOLUTIONS
OF THERMOELASTICY EQUATIONS

Investigation of wave processes in media belongs to actual problems of mathematical physics.
It’s connected with solving Boundary Value Problems (BVPs) for hyperbolic equations systems
and systems of mixed type. Being accompanied with shock waves, such processes are described
by functions, which are not differentiable on its fronts. That essentially complicates using the

� First author L.A. Alexeyeva - Institute of Mathematics and Mathematical Simulation, Almaty,

Kazakhstan, email: alexeeva@math.kz,

Differential algebra of biquaternions.
Twistors equation and its generalized solutions

On base of differential algebra of biquaternions and theories of generalized function the bi-
quaternionic wave (biwave) equation of general type is considered under vector representation
of its structural coefficient. Its generalized decisions, describing nonstationary, harmonic and
static elementary twistors and twistor fields, are built.

With use of differential operators - mutual complex gradients (bigradients):

∇±
B = (∂τ ± i∇) ◦ (b+B) = ∂τ b∓ idivB + ∂τB ± igradB ± i rotB,

which generalize the notion of gradient on biquaternionic functions on Minkowski space (M), we
consider differential biquaternionic biwave equation:

∇±
B+ F ◦B = G(τ, x), B ∈ B

′(M), (1)

structural coefficient F is 3D-vector with complex components. If to write this equation in
matrix (tensor) form, it pertains to class of the Young-Mills equations [1], which are used in
theoretical physics for mathematical description of elementary particles.

Using the property of mutual bigradients composition [2] the generalized decisions of Eq.(1)
are built, including steady-state case and the case of stationary vibrations. In particular, for
homogeneous equation (when G = 0) its solutions, named twistors, are obtained as the biquater-
nionic convolution

Tw = (∂τψ ∓ gradψ − Fψ) ∗C(τ, x), C ∈ B
′(M), (2)

where scalar potentials ψ are solutions of the following equation:

2ψ + (F, F )ψ − 2i(F,∇ψ) = 0, (3)

which also are constructed.
The elementary twistors are constructed and their wave properties are investigated.
Used for building of these decisions methods are in detail described by author in [2] for biwave

equations only with scalar structural coefficient.

[1] Yang C.N.,Mills R. Conservation of Isotropic Spin and Isotropic Gauge Invariance. J. Physical review.
96(1), 191-195 (1954).

[2] Alexeyeva L.A. Biquaternions algebra and its applications by solving of some theoretical physics equations.

J.Clifford Analysis,Clifford algebras and their applications. 7 (1), 19-39 (2012). Courant, R. and Hilbert, D.,
Methods of Mathematical Physics, vol. 1, Wiley-VCH Verlag GmbH, Weinheim (2004).
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Riesz and Wolff potentials in variable exponent Lebesgue spaces

We study mapping properties of Riesz and Wolff potentials in Lebesgue spaces with variable
exponent. Our approach includes the limiting case corresponding to potentials of L1 functions.
This case is particularly interesting in the study of some nonlinear PDEs.
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Some classes of slice hyperholomorphic functions and associated reproducing kernel
Pontryagin spaces

In the 1970’s Krein and Langer introduced and studied a number of classes of functions
meromorphic in the open unit disk or in half-plane with an associated kernel having a finite
number of negative squares (the latter is a generalization of the notion of positive definite
functions). These functions played a key role in extending Schur analysis to the non-positive
case, that is when Hilbert spaces are replaced by Pontryagin spaces. In the talk we discuss the
counterparts of these classes in the slice hyperholomorphic setting. We discuss the counterpart of
the characteristic operator functions and give relationships with the Kalman-Yakubovich-Popov
lemma.

classical methods of BVPs theory for elliptical systems for their studying.
In this paper we consider dynamic processes in thermoelastic media taking into account shock

thermoelastic waves. By use of generalized functions theory the conditions on jumps of stresses
σij , velocities u,t, gradients of temperature θ and energy density W (u, θ) on their fronts are
received:

[u]Ft
= 0, [θ]Ft

= 0, nj [σij ]Ft
= −ρc [ui,t]Ft

, nj [θ,j ]Ft
= ηnj [uj ,t]Ft

[W (u, θ)]F = −c−1
[

ni(u̇j , σij) + γη−1θ
∂θ

∂n

]

F

here ρ, c are density and velocity of wave fronts propagation,n is normal vector on wave front.
The law of energy conservation for the thermoelastic medium has been proved subject to shock

waves. The statements of four non-stationary BVPs of coupled thermoelasticity are given, for
which uniqueness of decisions are proved taking into account shock thermoelastic waves.

On the basis of Generalized Functions Method the singular Boundary Integral Equations
Method was developed by authors for solving the non-stationary BVPs of thermoelastodynamics
[1,2], which can be used also for processes with shock thermoelastic waves.

[1] Alekseyeva L.A., Dadaeva A.N., Zhanbyrbayev N.B., The method of the boundary integral equations in un-

steady boundary value problems of uncoupled thermoelasticity, J. Appl. Maths and Mechs, vol.63, No. 5,
853-859 (1999).

[2] Alekseyeva L.A., Kupesova B. N., The method of the generalized functions in boundary value problem of

connected thermoelasticity, J. Appl. Maths and Mechs, vol.65, No.2, 334-345(2001)
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Boundary value problem for the radiation transfer equation with reflection and refraction
conditions

The boundary value problems for the equation of radiation transfer with the reflection and
refraction conditions at the interface are still studied unsatisfactory, in spite of the importance
of such problems in applications. Such problems with the reflection and refraction conditions in
accordance with the Fresnel laws were first studied in the papers [1], [2].
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Simulation of oil spills spreading on water surface using neural network methods

Spreading oil in the sea is a complicated process. To describe this process it is required
to take into consideration a number of various factors. The main factors are the volume of
spilled oil, oil density, viscosity index, sulfur content and content of other impurities in oil,
water temperature, ambient temperature and chemical properties of water. All these factors
are required for calculating oil slick height and spill area. Let us denote the spilled oil volume
by X1 and oil density by X2 and do this for all factors respectively. The last factor, which is
a chemical composition of water, is denoted by X7. Output factors for our model are oil slick
height denoted by Y1, and area of a spill denoted by Y2. The same parametrs use in [1]. We will
use network of neural methods for simulation.

Let us take the matrix of a training set to get the global minimum of the network. Let us
have a network of neural converting F : X → Y vectors X from input attribute space to output
vector space Y . Network state space is denoted by W .

Let us assume that there is the training set (Xα, Y α) , α = 1 . . . p .
Let us consider the total error E under the network state W

E = E (W ) =
∑

α

‖F (Xα;W )− Y α‖

Let us emphasize two more properties of network state error. First error E=E (W ) is a
function of W state determined in state space. By convention it has nonnegative values. Second,
under some trained state where the network does not make errors on the training set, this
function takes zero value. Practically the Zero value is unreachable and thus we train the
network to set error E. Consequently trained states are the minimum points of the entered
function E (W ). There can be a large number of such minimum points and testing set allows
selecting required global minimum.

Then using a newly created network and such input parameters as wind speed, flow speed,
and area of spilled oil, calculated by means the previous network, we can calculate such input
parameters as drift direction and shifting of oil slick gravity center. Thus, by dividing the task
into 2 parts we can calculate the area and height of oil slick using the first network and then
calculate gravity center and oil slick direction using the second network.

Having the volume, direction and deviation distance we can identify oil slick state. The testing
data, in particular, have been checked by the application program Neural Planner.
[1] Serikov, F. T., Orazbaev, B.B., Kodanova, Sh.K. Mathematical modeling emergency oil pollution in sea water

area, http://vestnik.kazntu.kz/?q=ru/node/400 (in Russian).
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Harmonic Scalar Waves in Waveguides with Losses

When using Fourier methods to solve scalar wave scattering problems in waveguides with
losses [1], the set of eigenfunctions lack some of the important properties that makes the lossless
case simple and straightforward. For example, in a two-dimensional horizontal waveguide with
a hard lower bound at y = 0 and a non-hard upper bound at y = 1, we have for each x

eigenfunctions cos(λn(x)y), where the complex numbers λn(x) are solutions to the equation

(1) λ sinλ = ikβ(x) cosλ.

In (1), k is the wave number and β(x) is the boundary admittance at x. The solutions are,
if β(x) is not pure imaginary, non-real, and the standard theory regarding orthogonality and
completeness for the corresponding eigenfunctions are not applicable.

We will investigate the location of roots to equation (1) and show that the corresponding
eigenfunctions form a basis for the Hilbert space L2(0, 1).
[1] Andersson, A., Nilsson, B. and Biro, T., Fourier Methods for Harmonic Scalar Waves in General Waveguides,

submitted.

We study the boundary value problem for the equation of radiation transfer

ω · ∇I + (κ + s)I = sS(I) + κk2F, (ω, x) ∈ Ω×G

in the system G = ∪m

j=1
Gj of semitransparent bodies Gj ∈ R

3 separated by the vacuum under
the condition of mirror reflection and refraction according to the Fresnel laws at the interface
between media. Here ω · ∇I denotes the derivative of a function I along the direction ω and S
denotes the scattering operator. We assume that the domains Gi and Gj are pairwise disjoint,
whereas the boundaries of Gi and Gj can intersect for some i 6= j. The sought function I(ω, x)
is interpreted as the radiation intensity at a point x ∈ G when the radiation propagates along
the direction ω ∈ Ω, where Ω is the unit sphere in R

3 (the sphere of directions). Each Gj is
occupied by a semitransparent medium with constant absorption κj > 0, and scattering sj ≥ 0
coefficients and the refraction exponent kj > 1.

We established the existence and uniqueness of a solution I ∈ Wp(D) = {I ∈ Lp(D) | ω ·∇I ∈
Lp(D)}, 1 ≤ p ≤ ∞ [3]. We also obtained a priori estimates for the solution.
[1] Prokhorov V.I., Boundary value problem of radiation transfer in an inhomogeneous medium with reflection

conditions on the boundary Differ. Equ. 36, No. 6, 943-948 (2000).
[2] Prokhorov V.I., On the solvability of a boundary value problem in radiation transfer theory with generalized

conjugation conditions at the interface between media, Izv. Math. 67, No. 6, 1243-1266 (2003).
[3] Amosov A.A., Boundary value problem for the radiation transfer equation with reflection and refraction

conditions, J. Math. Sci., 191, No. 2, 101-151 (2013).
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H–distributions: an extension of H–measures

H–measures were introduced by Luc Tartar (1990), and independently by Patrick Gérard
(under the name of microlocal defect measures, 1991), and proved to be a powerful tool for
treating weakly converging sequences of solutions to partial differential equations. Recently, a
number of variants has been introduced (see the introduction in [3]).

However, H–measures are essentially adapted to the L2 framework, and we proposed [1] an
extension which can also treat the Lp − Lq pairing. The proof of their existence is based on the
classical multiplier theorems.

The general framework for construction of variant H–measures and analogous objects will be
discussed, together with some recent extensions and applications [2, 4, 5].

[1] Antonić, N. and Mitrović, D., H–distributions: an extension of H–measures to Lp
− Lq setting ,

Abs. Appl. Analysis, 2011, Article ID 901084, 12 pages (2011).
[2] Lazar, M. and Mitrović, D., On an extension of a bilinear functional on Lp(Rd)⊗E to a Bôchner space with

an application to velocity averaging , Comptes Rendus Math., 351 261–264 (2013).
[3] Antonić, N. and Lazar, M., Parabolic H–measures, J. Functional Analysis, in press, 50 pages (2013).
[4] Aleksić, J., Antonić, N. and Pilipović, S., H–distributions via weighted spaces of distributions, submitted

(2013).
[5] Mǐsur, M. and Mitrović, D., On a generalisation of compensated compactness in the Lp

−Lq setting , submitted
(2013).
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Calabi-Yau threefolds, stable bundles and applications in string theory

Three approaches to construct holomorphic vector bundles, with structure group the com-
plexification GC of a compact Lie group G, on elliptically fibered Calabi-Yau threefolds have
been introduced in [1]. The parabolic bundle approach applies for any simple G. One considers
deformations of certain minimally unstable G-bundles corresponding to special maximal para-
bolic subgroups of G. The spectral cover approach applies for SU(n) and Sp(n) bundles and
can be essentially understood as a relative Fourier-Mukai transformation which also describes
coherent sheaves or cohomological complexes of such sheaves. Finally, the del Pezzo surface
approach applies for E6, E7 and E8 bundles and uses the relation between subgroups of G and
singularities of del Pezzo surfaces.

In this talk, we briefly review these approaches and discuss then the general question how
to give sufficient conditions for the existence of stable bundles with prescribed Chern classes
on Calabi-Yau threefolds. We describe a conjecture which has been put forward by Douglas,
Reinbacher and Yau giving such conditions and prove a weak form of the conjecture following
[3]-[5].
[1] R. Friedman, J. W. Morgan and E. Witten, Vector bundles and F-theory, Comm. Math. Phys., 187

(1997), pp. 679–743.
[2] M.R. Douglas, R. Reinbacher and S.-T. Yau, Branes, Bundles and Attractors: Bogomolov and Beyond,

math.AG/0604597.
[3] B. Andreas and G. Curio, On the Existence of Stable bundles with prescribed Chern classes on Calabi-Yau

threefolds, arXiv:1104.3435 [math.AG].
[4] B. Andreas and G. Curio, Spectral Bundles and the DRY-Conjecture, arXiv:1012.3858 [hep-th].
[5] B. Andreas and G. Curio, On possible Chern Classes of stable Bundles on Calabi-Yau threefolds, J. Geom.

Phys. 61:1378-1384, 201, arXiv:1010.1644 [hep-th].
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Longitudinal impact through a spring: Optimization and inverse problems

A longitudinal elastic compressed stress wave impulse is defined as one-dimensional wave
propagation resulting in a long elastic rod from a rapid loading process (for instance, short-time
impact with a rigid hummer). St. Venant’s problem of an elastic rod with a fixed end impacted
by a moving mass at the other end was studied in a number of papers [1, 2, 3, 4]. It was shown
that the impactor rebound is not possible before the impact wave returns after reflection at the
rod’s fixed end. Thus, in the case of impact of a rigid mass against a semi-infinite elastic rod,
there will be no rebound at all (see, [5], Section 2.4.2). The problem of a semi-infinite elastic
rod struck by a moving mass through a linear spring was considered in [6], where it was shown
that a finite-time impact occurs for a relatively stiff spring.

In the present contribution, the optimization problem resulting in generating compressed
pulses of minimum duration is addressed for a semi-infinite elastic rod struck by a rigid mass
through a linear spring. The optimal value for the spring stiffness is presented in a closed form.
Inverse problems of recovery of the impact system parameters from the parameters of the strain
wave impulse are also considered.

[1] Goldsmith, W., Impact: The Theory and Physical Behaviour of Colliding Solids, Edward Arnold, London
(1960).

[2] Timoshenko, S.P. and Goodier, J.N., Theory of Elasticity , McGraw Hill, New York (1970).
[3] Stronge, W.J., Impact Mechanics, Cambridge University Press, Cambridge (2000).
[4] Hu, B. and Eberhard, P., Symbolic computation of longitudinal impact waves, Comput. Methods Appl. Mech.

Eng. 190, 4805–4815 (2001).
[5] K.F. Graff, Wave Motion in Elastic Solids, Dover, New York, 1975.
[6] S.A. Zegzhda, Impact of Elastic Solids, St. Petersburg University Press, St. Petersburg, 1994 [in Russian].
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Universidad Simón Boĺıvar, Departamento de matemáticas puras y aplicadas, Caracas, Venezuela.

Hartog’s Type Extension Theorem in Some Piecewise Constant Structure Relations For
Metamonogenic Functions of First Order

A metamonogenic function of first order or simply a metamonogenic function is a function u

which satisfies the differential equation (D−λ)u = 0, where D is the Cauchy-Riemann operator
and λ ∈ R. Using this definition we can say that a multi-metamonogenic function u is separately

metamonogenic in all variables xj , j = 1, . . . n where n ≥ 2 and xj = (x
(j)

1
, . . . x

(j)

mj ) runs in the
Euclidean space R

mj , that is (Dj − λ)u = 0, for each j = 1, . . . , n, with Dj being the Cauchy-
Riemann operator corresponding to the space Rmj . The main purpose of this work is to study a
Hartog’s type extension theorem for metamonogenic and multi-metamonogenic functions, with
a Clifford type algebraic structure, called, some Piecewise Constant Structure Relations (PCSR).

[1] R. Abreu Blaya and J. Bory Reyes, Hartogs Extension Theorem for Functions with Values in Complex Clifford

Algebras. Adv. appl. Clifford alg., 18, (2008), pp. 147-151.
[2] E. Ariza y C. Vanegas, Teorema de extensión para funciones multimonogénicas en álgebras parametrizadas,

Bolet́ın de la Asociación Matemática Venezolana, 24, 1, (2011), pp. 5-17.
[3] F. Brackx, R. Delanghe and F. Sommen, Clifford Analysis. Pitman Research Notes in Mathematics, vol. 76,

1982.
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1982.
[4] R. Delanghe, On regular-analytic functions with values in a Clifford algebra. Math Ann, 185, (1970), 91-111.
[5] A. Di Teodoro and A. Infante, A Cauchy-Pompeiu Representation Formula Using Dirac Operator and its

Applications in Some Piecewise Constant Structure Relations (Accepted for Publication in Adv. appl. Clifford
alg. (2012)).

[6] A. Di Teodoro and C. Vanegas, Fundamental solutions for the first orden metamonogenic operator Adv.
Appl. Clifford Algebras, 22, 1, (2011), 49-58.

[7] F. Hartogs, Zur Theorie der analytischen Funktionen mehrerer unabhängiger Veränderlichen insbesondere

über die Darstellung derselben durch Reihen, welche nach Potenzen einer Veränderlichen fortschreiten, Math.
Ann., 62, (1906), pp. 1-88.

[8] L. Hörmander. An Introduction to Complex Analysis in Several Variables. North Holland, Amsterdam 1990.
[9] L. Hung Son, Monogenic Functions with Parameter in Clifford Analysis. International Centre for Theoretical

Physics, (1990), IC/90/25.
[10] L. Hung Son, An Extension Problem for Solutions of Partial Differential Equations in R

n. Complex Variables,
15, (1990), pp. 87-92.

[11] S.G. Krantz and H.R. Parks. A Primer of Real Analytic Functions. Birkhäuser, New York 2002.
[12] J. Ryan. Cauchy-Green type formulae in Clifford analysis. T.A.M.S., 347, (1995), 1331-1341
[13] T. Sobieszek, On the Hartogs extension theorem. Annales Polonici Mathematici, 80, (2003), pp. 219-222.
[14] W. Tutschke and C. Vanegas, Clifford algebras depending on parameters and their applications to partial

differential equations, some topics on value distribution and differentiability in complex and p-adic analysis.
Beijing: Science Press., Mathematics Monograph Series 11, (2008), pp. 430-450.

[15] W. Tutschke and C. Vanegas, Métodos del análisis complejo en dimensiones superiores. Ediciones IVIC,
Caracas 2008.

[16] W. Tutschke and C. Vanegas, General algebraic structures of Clifford type and Cauchy-Pompeiu formulae for

some piecewise constant structure relations. Adv. Appl. Clifford Algebras, 21, 4, (2011), pp. 829-838.
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The Cauchy problem for higher order p-evolution equations

We consider evolution equations with degree of evolution p ≥ 2 and order m ≥ 2; coefficients
of the equations are complex valued and depend both on time and space variables; we assume the
equations to have real characteristics. We obtain well posedness in H∞ of the Cauchy problem
by giving decay conditions on the coefficients as the space variable |x| → ∞.

Dealing with p ≥ 2-evolution equations with complex coefficients, the necessity of giving some
decay conditions at infinity to get a well posed Cauchy problem in H∞ arises from [5]. Here we
give sufficient conditions for well posedness following the technique of [6, 4].

The results presented in this talk can be found in the recent papers [1, 2, 3].
[1] Ascanelli,A., Boiti,C.: Cauchy problem for higher order p-evolution equations, submitted (2013).
[2] Ascanelli,A., Boiti,C.: Well-posedness of the Cauchy problem for p-evolution systems of pseudo-differential

operators, to appear in J. Pseudo-Differ. Oper. Appl. (2013).
[3] Ascanelli,A., Boiti,C., Zanghirati,L.: Well-posedness of the Cauchy problem for p-evolution equations, J.

Differential Equations 253, 2765-2795 (2012).
[4] Cicognani,M., Colombini,F.: The Cauchy problem for p-evolution equations, Trans. Amer. Math. Soc. 362,

4853-4869 (2010).
[5] Ichinose,W.: Some remarks on the Cauchy problem for Schrödinger type equations, Osaka J. Math. 21,

565-581 (1984).
[6] Kajitani,K., Baba,A.: The Cauchy problem for Schrödinger type equations, Bull. Sci. Math. 119, 459-473

(1995).
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Rational Decay Estimates for Fluid-Structure PDE Models

In this talk, we shall demonstrate how delicate frequency domain relations and estimates, asso-
ciated with coupled systems of partial differential equation models (PDE’s), may be exploited so
as to establish results of uniform and rational decay. In particular, our focus will be upon decay
properties of coupled PDE systems of different characteristics; e.g., hyperbolic versus parabolic
characteristics. For such PDE systems of contrasting dynamics, the attainment of explicit decay
rates is known to be a difficult problem, inasmuch as there has not been an established method-
ology to handle hyperbolic-parabolic systems. For uncoupled wave equations or uncoupled heat
equations, there are specific Carleman’s multiplier methods in the time domain, wherein the
exponential weights in each Carleman’s multiplier carefully take into account the particular dy-
namics involved, be it hyperbolic or parabolic. But for coupled PDE systems which involve
hyperbolic dynamics interacting with parabolic dynamics, typically across some boundary inter-
face, Carleman’s multipliers are readily applicable. Given that such coupled PDE systems occur
frequently in nature and in engineering applications; e.g., fluid-structure and structural acoustic
interactions, there is a patent need to devise broadly implementable techniques by which one
can infer uniform decay for a given PDE system. As one particular example, we shall work
to conclude uniform decays for structural acoustic dynamics. In these PDE models, the struc-
tural component is subjected to a structural damping ranging from viscous (weak) to strong
(Kelvin-Voight). The rational decay rates we derive for this problem explicitly reflect the extent
of the damping which is in play. Since the damped elastic component of the coupled dynamics is
present on only a portion of the boundary, there will necessarily be assumptions imposed upon
the geometry.
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On a Progress in The Theory of Variable Exponent Amalgam Spaces

In this study, we give a historical background of variable exponent amalgam spaces, in par-
ticular we focus on harmonic analysis and the boundedness of maximal operators under some
conditions in these spaces. Also, we argue and generalize that some inclusions and embeddings
properties of classical amalgam spaces.

[1] Orlicz, W., Über konjugierte exponentenfolgen, Studia Math. 3, 200–212 (1931).
[2] Wiener, N., On the representation of functions by trigonometric integrals, Math. Z., 24, 575-616

(1926).
[3] Feichtinger, H. G., Banach convolution algebras of Wiener type, Banach convolution algebras of

Wiener type, In: Functions, Series, Operators, Proc. Conf. Budapest 38, Colloq. Math. Soc. Janos
Bolyai, 38, 509–524 (1980).

[4] Fischer, R.H., Gürkanlı, A.T. and Liu, T. S., On a Family of Wiener type spaces, J. Math. Sci., 19,
57-66 (1996). , On a Family of Wiener type spaces, Internat. J. Math. and Math. Sci.,19 (1996), 57–66.

[5] Diening, L., Maximal function on generalized Lebesgue spaces L
p(.), Mathematical Inequalities and

Applications, 7, 245-253 (2004).

[6] Aydın, I and Gürkanli, A. T., Weighted variable exponent amalgam spacesW
(

L
p(x)

, L
q

w

)

, Glasnik

Matematicki, Vol.47(67), 165-174, (2012).
[7] Izuki, M., Herz and amalgam spaces with variable exponent, the Haar wavelets and greediness of the

wavelet system, East Journal on Approximationsath., Vol.15, 31-5 (2009).
[8] Aydın, I, A On Variable Exponent Amalgam Spaces, Analele Stiintifice Ale Universitatii Ovidius

Constanta-Seria Matematica, Vol. 20, Fasc. 3, 5-20, (2012).
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Analysis of extended two-operator boundary-domain integral equations for
variable-coefficient Dirichelet BVP

Applying a version of the two-operator approach differing from the one considered in [1], the
Dirichlet boundary value problem for a second-order scalar elliptic differential equation with

variable coefficient and with right-hand side from H̃
−1(Ω), is reduced to two different systems

of Boundary–Domain Integral Equations, BDIEs. It is proved that both two-operator BDIE
systems are equivalent to the boundary value problem, BDIE solvability and invertibility of the
boundary-domain integral operators are also proved in the appropriate Sobolev spaces.
[1] Tsegaye G. Ayele, Sergey E. Mikhailov, Analysis of two-operator boundary-domain integral equations for a

variable-coefficient BVP, Eurasian Math. J., 2:3 (2011), 20-41.
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Spaces with generalised smoothness in summability problems for Φ−means of spectral
decompositions

In this paper, conditions for localisation of Φ−means of spectral decomposition by system of
fundamental functions of Laplace operator are established in terms of belongingness of the being
decomposed function to Nikol’skii type spaces with generalised smoothness. This work extends
our publications in [1] and generalizes results in [2].
[1] Goldman M. L. and Ayele T. G., Spaces with generalised smoothness in summability problems for spectral

decompositions. Dep. in “All-Union Institute of Scientific and Technical Information, Russian Academy of
Sciences”, 31.03.99 No.1028-B99, Moscow.

[2] Ilin V. A. and Alimov Sh. A., Conditions for the convergence of spectral decompositions that correspond to

self-adjoint extensions of elliptic operators. I, II. Differentsial’nye Uravneniya 7(1971)670-710;851-822.

Constanta-Seria Matematica, Vol. 20, Fasc. 3, 5-20, (2012).
[9] Gürkanlı, A. T. and Aydın, I.,A On the weighted variable exponent amalgam spaces

W
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q
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)

(Submitted).

[10] Kokilashviliolskii, V.S., Meskhi, A. and Zaighum, M. A., A Criteria for the boundedness and
compactness of kernel and maximal operators in variable exponent Lebesgue and amalgam spaces,
http://www.sms.edu.pk/Journals/Preprint/Pre 424.pdf.
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The Schottky-Klein prime function

In this survey talk I will describe the Schottky-Klein prime function and the Schottky double.
Classical Schottky groups and θ2-series Poincaré is used to solve Riemann-Hilbert problems for
n-connected circular domains.

[1] Crouwdy, D. The Schottky-Klein Prime Function on the Schottky Double of Planar Domain, Computational
Methods and Function Theory Volume 10(2010), No. 2, 501-517.

[2] Mityushev V. Poincaré α-series for classical Schottky goups.

� Alexandr Bakhtin Alexandr Bakhtin - Institute of mathematics of NAS of Ukraine, Kyiv,

Ukraine, email: alexander.bahtin@yandex.ru,

On one Dubinin’s problem

Let N, R be a set of natural and real numbers, respectively, C be a complex plane, C =
C
⋃
{∞} be a one point compactification of C, R+ = (0,∞), χ(t) = 1

2
(t + t−1). Let r(B, a) be

a inner radius of domain B ⊂ C with respect to a point a ∈ B (see [1, 2]).
Let n ∈ N. A system of points An :=

{
ak ∈ C : k = 1, n

}
, is called n-radial , if |ak| ∈ R

+

and k = 1, n, 0 = arg a1 < arg a2 < . . . < arg an < 2π.

Denote αk :=
1

π
arg

ak+1

ak
, αn+1 := α1, k = 1, n,

n∑

k=1

αk = 2.

For any n-radial system of points An = {ak}
n

k=1
and γ ∈ R

+ ∪ {0} we assume that

L
(γ)(An) :=

n∏

k=1

[

χ

(∣
∣
∣
ak

ak+1

∣
∣
∣

1

2α
k

)]1− 1

2
γα

2

k

·

n∏

k=1

|ak|
1+

1

4
γ(αk+αk−1).

Theorem. Let n ∈ N, n > 5, γ ∈ (0, γn], γn = n0,38. Then for any n-radial system of

points An = {ak}
n

k=1
such that L(γ) (An) = 1, L(0)(An) 6 1, and any system of non-overlapping

domains Bk, ak ∈ Bk ⊂ C, a0 = 0 ∈ B0, (k = 1, n), we have the inequality

rγ (B0, 0)

n∏

k=1

r (Bk, ak) 6 rγ (D0, 0)

n∏

k=1

r (Dk, dk) ,

where Dk, dk, k = 0, n, d0 = 0, are circular domains and poles of the quadratic differential

Q(w)dw2 = − (n
2
−γ)w

n
+γ

w2(wn
−1)2

dw2. This theorem generalizes the results of papers [3, 4].

[1] Dubinin, V.N., Symmetrization in the geometric theory of functions of a complex variable, Uspekhi Mat.
Nauk, 49:1(295) 3-76 (1994).

[2] Bakhtin, A.K., Bakhtina, G.P., Zelinskii, Yu.B., Topological-algebraic structures and geometric methods in

complex analysis, Proceedings of the Institute of Mathematics of NAS of Ukraine, 308 (2008).
[3] Zabolotnii, Ya.V., Application of the separating transformation in problems on non-overlapping domains,

Reports of NAS of Ukraine, 4, 20-23 (2011).
[4] Denega, I.V., Quadratic differentials and separating transformation in extremal problems on non-overlapping

domains, Reports of NAS of Ukraine, 4, 15-19 (2012).
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A fast algorithm to determine the flux around closely spaced non-overlapping disks

This talk is devoted to application of the fast algorithm to determine the flux around closely
spaced non-overlapping disks on the conductive plane. This method is based on succesive ap-
proximations applied to functional equations. When the distances between the disks are suffi-
ciently small, convergence of the classical method of imagies fails numerically. In this talk, the
limitations on geometric parameters of the fast method are described.
[1] Kolpakov A.A. and Kolpakov A.G.,2009. Capacity and Transport in Contrast Composite Structures: As-

ymptotic Analysis and Applications. CRC Press Inc., Boca Raton etc.
[2] V.V. Mityushev,N. Rylko: A fast algorithm for computing the flux around non-overlapping disks on the

plane,Mathematical and Computer Modelling,57, 1350-1359 (2013).
[3] V.V. Mityushev, S.V. Rogosin: Constructive methods to linear and non-linear boundary value problems of

the analytic function. Theory and applications, Chapman & Hall / CRC, Monographs and Surveys in Pure
and Applied Mathematics, Boca Raton etc. 2000.
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Asymptotic approximations of a thin elastic beam with Robin condition

We start with 3D linear elasticity in a thin beam with anisotropic Robin condition on a
part of boundary. The relative thickness of the beam, ε = radius

length
, is small. This induces a

bad conditioning for a direct numerical 3D computation. Therefore we reduce the dimension
of the problem with an asymptotic approach following [2]. The Robin parameters are scaled
differently in the longitudinal and cross-sectional directions. The 3-D Robin conditions result
into 1-D Robin boundary conditions for corresponding ODEs, see [1]. We slightly modify the
scaling of the volume forces proposed in [1], extend the asymptotic approximation to the second
order and estimate the approximation error. From the mechanical point of view the second order
extension is necessary to approximate thicker beams because the second order model includes
shear effects, which are present for thicker beams see [3], but are not included in the zeroth
order model obtained in [1].
[1] Bare Contreras, D.Z., Orlik,J., Panasenko G. Asymptotic dimension reduction of a Robin-type elasticity

boundary value problem in thin beams, submitted to Applicable Analysis
[2] Panasenko, G. Multi-scale modeling for structures and composites, Springer Verlag, 2005
[3] Trabucho, L. and Viano, J.M. Mathematical modelling of rods, Handbook of Numerical Analysis, Vol. IV,

1996
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The existence of solution for hemivariational inequality involving p(x)-Laplacian with
the sign-changing weight

We consider a nonlinear elliptic differential inclusions with p(x)-Laplacian and with Dirichlet
boundary condition. They are derived with the help of subdifferential in the sense of Clarke.

In particular, we will consider the following problem

(1)

{
−∆p(x)u(x)− λ|u(x)|p(x)−2u(x) ∈ ∂j(x, u(x)) a.e. in Ω,
u = 0 on ∂Ω,

where Ω is a bounded domain in R
N with the smooth boundary ∂Ω, p : Ω→ R is a continuous

function satisfying p(x) > 1 for all x ∈ Ω. The function j(x, t) is locally Lipschitz in t-variable
and measurable in x-variable. By ∂j(x, t) we denote the subdifferential with respect to the
t-variable in the sense of Clarke.

We provide the necessary conditions for the existence of a solution to problem (1) in the
situation when λ change the sign. It is a lot of papers with λ negative. There are also some
results in the situation when λ is positive, but in some small intervals or with a lot of restrictions
on index p such as p+ < N or

√
2p− > N . This assumption is necessary to demonstrate the

compactness of the embedding of the Sobolev spaceW 1,p(x)(Ω) into the spaces C0(Ω) and L∞(Ω).

Now we significantly expand the class of considered functions because we claim that λ ∈ R.
By using the Ekeland variational principle and the properties of variational Sobolev spaces, we
establish conditions which ensure the existence of a solution for our problem.

[1] S.Barnaś, Existence result for hemivariational inequality involving p(x)-Laplacian, Opuscula Mathematica 32
(2012), 439-454.

[2] S.Barnaś, Existence result for differential inclusion with p(x)-Laplacian, Schedae Informaticae 21 (2012),
41-55.

[3] S.Barnaś, Existence of a nontrivial solution for Dirichlet problem involving p(x)-Laplacian, arXiv:1212.4482.
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Existence of a positive solution of discrete equations of (k+1)st order

We use the following notation: for integers s, q, s ≤ q, we define Z
q
s := {s, s+1, . . . , q} where

s = −∞ and q =∞ are admitted, too.
The topic of our study is a linear scalar discrete equation

∆u(n) = f(n, u(n), u(n− 1), . . . , u(n− k)),

where f : Z∞

a × R
k+1 → R and k ≥ 1 is an integer.
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C
∗ algebras of singular integral operators with shifts

Representations on Hilbert spaces for nonlocal C*algebras of singular integral operators with
piecewise slowly oscillating coefficients extended by unitary shifts operators associated with
discrete amenable groups of homeomorphisms are constructed. Fredholm symbol calculi are
established. The talk is based on joint works with C.A. Fernandes and Y. Karlovich.

[1] M.A. Bastos, C.A. Fernandes, and Yu.I. Karlovich, Spectral measures in C
∗-algebras of singular integral

operators with shifts, J. Funct. Anal. 242 , 86-126 (2007).
[2] M.A. Bastos, C.A. Fernandes, and Yu.I. Karlovich, A nonlocal C∗-algebra of singular integral operators with

shifts having periodic points, Integral Equations and Operator Theory 71, 509–534 (2011).
[3] M.A. Bastos, C.A. Fernandes, and Yu.I. Karlovich, A C

∗-algebra of singular integral operators with shifts

admitting distinct fixed points, submitted.
[4] M.A. Bastos, C.A. Fernandes, and Yu.I. Karlovich, A C

∗-algebra of singular integral operators with shifts

similar to affine mappings, submitted.
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Commutative Banach algebras generated by Toeplitz operators:
structural results and applications

We study new classes of commutative Banach algebras that are generated by Toeplitz oper-
ators acting on the standard weighted Bergman space A2

λ
(Bn) over the complex n-dimensional

unit ball Bn in C
n. These algebras are induced by certain abelian subgroups of the automorphism

group of Bn and only given in terms of their generators. Moreover, they are not invariant under
the involution of L(A2

λ
(Bn)) and cannot be extended to commutative C∗-algebras. The aim of

this talk is to describe the Gelfand theory of the above type of algebras that are subordinate to
the quasi-elliptic group of automorphisms of Bn. More precisely, we characterize the maximal
ideal spaces and provide the Gelfand transform on a dense sub-algebra. These algebras are not
semi-simple and in some cases the radical can be calculated explicitely. Finally, we point out
that these observations lead to various applications in the spectral theory of Toeplitz operators
and can be applied to a further structural analysis of the algebras, e.g. we partly can prove their
spectral invariance which typically is not easy to obtain. The results presented in this talk are
joint work with Nikolai Vasilevski (CINVESTAV, Mexico).
[1] W. Bauer, N. Vasilevski, On the structure of a commutative Banach algebra generated by Toeplitz operators

with quasi-radial quasi-homogeneous symbols, Integr. Equ. Oper. Theory 74 (2012), 199-231.

Z
a

× R → R ≥

Sufficient conditions are derived for the existence of at least one positive solution

u = u(n) > 0, n → ∞

of given equation.
[1] J. Baštinec, J. Dibĺık: One case of appearance of positive solutions of delayed discrete equations, Appl. Math.,

48 (2003), 429–436.
[2] J. Baštinec, J. Dibĺık, M. Růžičková: Initial data generating bounded solutions of linear discrete equations,

Opuscula Mathematica, 26, No 3, (2006), 395–406.
[3] J. Baštinec, J. Dibĺık, B. Zhang: Existence of bounded solutions of discrete delayed equations, Proceedings

of the Sixth International Conference on Difference Equations, CRC, Boca Raton, FL, 359–366, 2004.
[4] J. Dibĺık: Asymptotic behavior of solutions of discrete equations, Funct. Differ. Equ., 11 (2004), 37–48.
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The parqueting-reflection principle

The parqueting-reflection principle allows to construct certain kernel functions for a class of
plane domains which are used to solve boundary value problems for complex partial differential
equations. Those kernel functions are the Schwarz kernel, the harmonic Green and Neumann
functions providing integral representaion formulas related to the Cauchy-Riemann and the
Laplace differential operators. These represention formulas give rise to solutions of the Schwarz,
the Dirichlet and the Neumann boundary value problem. Even Robin boundary value problems
can be treated for the Poisson equation. By an iteration process higher order equations, like the
polyanalytic and the polyharmonic equations, can also be considered. The parqueting-reflection
principle can be applied to domains the boundary of which is composed by arcs from lines and
circles and which by being consecutively reflected at their boundary parts provide a parqueting
of the entire complex plane possibly with the exception of finitely many points. Such domains
are e.g. circles, half planes, circle sectors, cones, rings, ring sectors, some convex polygons like
rectangles, equilateral triangles, hexagons, half hexagons, lenses, lunes, etc. The talk will mainly
present results for a circle sector which leads to a double parqueting of the complex plane and
to certain lens and lunes which are composed by the intersection of two orthogonal circles.
[1] Begehr, H. and Vaitekhovich, T., Harmonic Dirichlet problem for some equilateral triangle, Complex Var.,

Ell. Eqs. 57(2012), 185–196.
[2] Begehr, H. and Vaitekhovich, T., Modified harmonic Robin function, Complex Var., Ell. Eqs. 58(2013),

483–496.
[3] Begehr, H. and Vaitekhovich, T., The parqueting-reflection principle for constructing Green functions,

Preprint, 2013.
[4] Begehr, H. and Vaitekhovich, T., Schwarz problem in lens and lune, Preprint, 2013.
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Order of approximation of Besov classes in the metric of anisotropic Lorentz spaces

Let d = (d1, . . . , dn) ∈ N
n, T

d = {x = (x1, . . . ,xn) : xi = (xi
1
, . . . , xidi) ∈ [0, 2π)di , i =

1, ..., n}. Let 1 < p = (p1, . . . , pn) < ∞, 1 ≤ r = (r1, . . . , rn) ≤ ∞, 0 < α = (α1, . . . , αn) < ∞
and 1 ≤ q = (q1, . . . , qn) ≤ ∞. Let Lpr(T

d) be an anisotropic Lorentz space (see [1]) and

B
αq
pr (T

d) be a Besov type space (see [2]).
Let γ = (γ1, . . . , γn), s = (s1, . . . , sn), where γj > 0, sj ∈ Z+ for all j = 1, . . . , n and

Qn(γd, N) =
⋃

(γd,s)<N

ρ(s), TQn(γd,N) =





t(x) =

∑

k∈Qn(γd,N)

bke
2πi(k,x)





.

Let Eγd,N (f)Lpr
be the best approximation of f ∈ Lpr by polynomials from TQn(γd,N).

Theorem. Let d = (d1, . . . , dn) ∈ N
n, 0 < α = (α1, . . . , αn) < ∞, 1 < p = (p1, . . . , pn) <

q = (q1, . . . , qn) < ∞, 1 ≤ θ = (θ1, . . . , θn), τ = (τ1, . . . , τn), r = (r1, . . . , rn) ≤ ∞, αj0/dj0 +
1/qj0 − 1/pj0 = min{αj/dj + 1/qj − 1/pj : j = 1, . . . , n} and αj0/dj0 + 1/qj0 − 1/pj0 > 0,

γj =
αj/dj+1/qj−1/pj

αj0
/dj0+1/qj0−1/pj0

, 1 ≤ γ′j ≤ γj, j = 1, . . . , n. Then

Eγ′,N

(
Bατ

pr

)
Lqθ

≍ 2−(αj0
/dj0+1/qj0−1/pj0)NN

∑
j∈A\{j1}

(1/θj−1/τj)+ ,

( )
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On asymptotic properties of a general nonlinear delay differential equation

We discuss the following properties: existence of a global positive solution, persistence, uni-
form permanence, global asymptotic and exponential stability for the following equation

ẋ(t) =
m∑

k=1

fk(t, x(h1(t)), . . . , x(hl(t)))− g(t, x(t)).

Some applications to models of Mathematical Biology are also discussed.
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Clifford Wavelets

Wavelets, frames and associated wavelet transforms have been intensively used in both applied
and pure mathematics. They provide together with the related multi-scale analysis essential
tools to describe, analyze and modify signals, images or in rather abstract concepts functions,
function spaces and associated operators. Especially in image processing monogenic signals used
to extract certain features such as amplitude, orientation and phase from an image. To do that
properly a monogenic wavelet analysis is used.
In this presentation we will present different approaches to construct monogenic wavelets, i.e.
wavelets that are monogenic functions itself. One way to that is to use monogenic (Clifford
versions) of known wavelets where the underlying function is replaces by the Clifford version.
Here we get Clifford-Hermite wavelets and Clifford-Laguerre wavelets. This has been done in
the last decade by Clifford group in Gent. Another way which is more based on a discrete
setting was done by Held, Storath and Forster. They constructed monogenic wavelets frames
(and curvelets) based on the Riesz transform. The key point here is that a Clifford-Hilbert
transform is a monogenic function and it can be constructed by the Stein-Weiss system from an
scalar valued function.
All these constructions work well in the whole space or half space. but we need other methods
to get wavelets on Lie groups or homogeneous spaces (for example) the sphere. For that we
introduce the concept of diffusive wavelets that realizes dilations by an diffusive semi-group and
replaces translations by an action of a compact group. We will demonstrate that for the sphere.
A combination for this construction and the Stein-Weiss system leads to monogenic wavelets on
the sphere and also monogenic wavelets frames.
We close our presentation with an remark on monogenic Gabor frames.

( ) ∑

where Eγ′d,N

(
Bατ

pθ

)
Lqθ

= sup
‖f‖

B
ατ

pθ

≤1

Eγ′d,N (f)Lqθ
, A = {j : γ′j = γj , j = 1, . . . , n}, j1 = min{j :

j ∈ A}, (a)+ = max(a, 0).

[1] Nursultanov, E. D., Interpolation theorems for anisotropic function spaces and their applications, Dokl.
Math., 69:1, 16-19 (2004).

[2] Bekmaganbetov, K. and Orazgaliev, E., Embedding theorems for Nikol’skii-Besov type spaces, Abstracts of
the international conference “Inverse problems: modeling and simulation - VI”, 246-247 (2012).
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Maximisers for Sobolev–Strichartz and X
s,b estimates for the free Schrödinger

propagator

We discuss maximisers in the Sobolev–Strichartz estimates

(1) ‖eit∆f‖
L
q
tL

p
x
≤ C ‖f‖

Ḣs

and in the bilinear Xs,b estimates

(2) ‖eit∆f1 eit∆f2‖Xs,b ≤ C ‖f1‖L2‖f2‖L2

and

(3) ‖eit∆f1e
it∆f2‖Xs,b ≤ C ‖f1‖L2‖f2‖L2 .

In the above, for a space-time function F on R× R
d, and s, b ∈ R, we are writing

‖F‖
Xs,b :=

∥
∥
∥
∥ |ξ|

s |
(
τ

2
−

∣
∣ ξ
2

∣
∣2
)
b
F̃ (τ, ξ)

∥
∥
∥
∥
L
2

τ,ξ

,

where F̃ is the space-time Fourier transform of F .
When (s, b) = (2−d

2
, 0), the optimal constant in (2) was found by Ozawa and Tsutsumi in [1],

and they showed that it is attained when f1 and f2 are the same centred isotropic gaussian.
In the case (s, b) = (0, 2−d

4
), we will show that the optimal constant in (3) is also attained for

such gaussians. We will also present some new results regarding the existence/characterisation
of gaussian maximisers associated with the optimal constant in (1), (2) and (3).

[1] Ozawa, T. and Tsutsumi, Y., Space-time estimates for null gauge forms and nonlinear Schrödinger equations,
Differential Integral Equations, 11, 201–222 (1998).
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”THE MATHEMATICAL HERITAGE OF Al-Farabi” BY A.KUBESOV IN MODERN

CONDITIONS OF EDUCATION

Audanbek Kubesov’s monograph ”The mathematical heritage of Al-Farabi” [1], well-known
and was praised by foreign scientists [2]. In the book based on published and unpublished scien-
tific manuscripts illuminated in mathematics classification of Al-Farabi, geometry, trigonometry,
arithmetic, algebra of Al-Farabi and their application in astronomy and in the theory of mathe-
matical music, the doctrine of probabilities and etc. Our goal is to provide the effective usage of
the geometrical construct from the mathematics treatises of Al-Farabi [3], namely the geometri-
cal construction regular polygons when we studying the subjects of mathematics and computer
science, applying modern methods of teaching and information technology.

Studying of these tasks can cause great achievements in teaching. For example, besides of the
task in the form of algorithms for constructing specific polygons are the ability of algorithms to
construct higher-order polygons using a smaller orders. These algorithmic approaches in teach-
ing geometric construction of Al-Farabi system of e-learning didactic means. You can effectively
implement and learning mathematics-teaching to construct of polygons and e-learning methods
of teaching computer science-learning algorithms to construct specific polygons with the further
implementation of the automation of constructing any size polygon. Depending on the goals
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Asymptotic solution of one-dimensional diffusion problem for palladium-carbon
nanocomposite: comparison with experiments

Applied physics and engineering require the knowledge of the effective properties of composite
materials. When heterogeneity spreads over numerous regions, a detailed analysis and numer-
ical approach are very difficult and even impossible. The natural idea is to substitute a real
microscopic problem by an averaged one, or a macroscopic problem, such, that a solution of a
real problem differs slightly from the averaged one. A useful technique which allows obtaining
accurate results is that of homogenization, cf. [1, 2].

In this communication we propose a model of electric current flow through a one-dimensional
palladium-carbon nanostructure, and compare the results of numerical computations with the
experimental data. We focus on two aspects: 1) calculation of the current flow through the
nanowire model for a given conductivity and voltage applied at the ends of the nanowire, 2)
determination of the macroscopic parameters in the nanowire model. Since a nanowire micro-
geometry is highly complex, the homogenization method may be applied to simplify the numer-
ical computations.

A characteristic feature of the homogenization applied to the one-dimensional problem is that
an average coefficient is simply the harmonic mean.

In the paper we present the method of calculation of the electrical conductivity in a material
composed of many allotropic forms of carbon. This result is of major significance, particularly
in the case of nanocomposite materials, in which it is difficult to determine this parameter
experimentally.
[1] Zhikov V.V., Kozlov S. M. and Oleinik O.A., Homogenization of Differential Operators and Integral Func-

tionals, Springer-Verlag, Berlin (1994).
[2] Sanchez-Palencia, E., Non-Homogeneous Media and Vibration Theory , Springer-Verlag, Berlin (1980).

implementation of the automation of constructing any size polygon. Depending on the goals
of learning two subjects can offer different methods of using electronic systems and method of
teaching geometric constructions named after Al-Farabi.

[1] Kubesov A.K., Matematicheskoe nasledie Al-Farabi , Alma-Ata, ”Nauka”, 246 (1974).
[2] Carry j. Tee (Univercity of Aucland). Audanbek Kubesov, The Mathematical Heritage of al-Farabi (in Rus-

sian), Journal For The History Of Arabic Science, 150-153 (1978).
[3] Al-Farabi Matematicheskie traktaty , Alma-Ata, ”Nauka” (1972).
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Mathematical Modeling in Engineering: possibilities in teaching Differential Integral
Calculus

This work refers to a research project whose empirical data were obtained from the use of
mathematical modeling (MM) as a teaching method for Differential Integral Calculus (DIC) in
a Civil Engineering course. In Brazilian Engineering courses the discipline DIC lasts approx-
imately 240 hours and emphasizes techniques rather than applications. The project aimed at
evaluating the students learning of mathematics and verifying the possibilities of establishing
modeling as a teaching method for DIC in a regular degree course. We implemented MM as a
teaching method with 50 students in the four disciplines comprising the subject DIC (I, II, III
& IV), during two years of the Civil Engineering Course. Some themes and model processes
were used to teach modeling and the contents, which enabled students to develop a modeling
project that started in the first semester and ended in the fourth DIC discipline. Results show
that MM as a teaching and research method in Engineering provoked: (1) interest on the part
of students as regards applicability; (2) stimulated classroom participation; (3) increased the
number of research projects; and (4) increased the general average of grades in written examina-
tions; thus, resulting in a reasonable reduction in the number of dropouts and failures. Despite
these results, some facts may be highlighted: (a) students resistance to the teaching proposal,
since it is a process demanding research, creativity and reasoning; (b) the non-continuity of the
semester system, as it was difficult for some students to realize a long-term research project;
and (c) the absence of interaction among other teachers. These results allowed us to understand
that modeling is a path for those who want to study, but it is not medicine for those who are
not sure about what path to follow.

[1] Biembengut, M.S.,Modelagem Matemtica & Implicaes no Ensino e na Aprendizagem de Matemtica, 2 ed.,
Edifurb, Blumenau (2004).
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Infinitesimal version of Busemann convexity

A sequential approach to the building of pretangent and tangent spaces to a general metric
space (X, d) at a point p ∈ X was proposed in [1] (see also [2]). Such spaces are metric spaces
with a metric depending on the initial metric d and a given normalizing sequence of positive
real numbers tending to zero. The points of pretangent spaces are some classes of converging to
p sequences from X. Among these points there is a natural marked point corresponding to the
constant sequence (p, p, ...).

We describe the infinitesimal structure of general metric spaces with Busemann convex pre-
tangent spaces. To this end, the concept of the Busemann convexity at a point is introduced in
terms of middle points (for details, see [3], [4]).

Theorem 1. Let (X, d, p) be a pointed metric space. If X is Busemann convex at p, then every

separable tangent space to X at p is Busemann convex and geodesic.

Theorem 2. Let (X, d, p) be a pointed metric space. If all pretangent spaces to X at p are

Busemann convex and geodesic, then X is Busemann convex at p.
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Free boundary fluid-elasticity interactions: sensitivity analysis

We perform sensitivity analysis on the fully nonlinear coupling of Navier-Stokes and elasticity. We
linearize the system as a whole, and obtain a new linearized model where the coupling on the common
interface is quite different than the usual coupling of linear equations. In particular, we notice the pres-
ence of curvature terms and boundary acceleration, which can not be neglected for a correct physical
interpretation of the problem [1]. We end the talk with a discussion on the well-posedness analysis of the
new linearized system.

[1] L. Bociu and J.-P. Zolésio, Sensitivity analysis for a free boundary fluid-elasticity interaction, Evolution
Equations and Control Theory Volume 2, Number 1, March 2013, 55-79.
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On the degenerate oblique derivative problem for elliptic second-order equation in a
domain with boundary conical point.

We study the behavior of strong solutions to the degenerate oblique derivative problem for linear
second-order elliptic equation in a neighborhood of the boundary conical point of a bounded domain.

[1] Bodzioch, M. and Borsuk, M. On the degenerate oblique derivative problem for elliptic second-order

equation in a domain with boundary conical point. ”Complex Variables and Elliptic Equations” DOI:
10.1080/17476933.2012.718339

The characterization of CAT(0) pretangent spaces via infinitesimal Busemann convexity and
Ptolemy’s inequality is also given.

[1] Dovgoshey, O. and Martio, O., Tangent spaces to metric spaces, Reports in Math., Helsinki Univ., 480, 1-20
(2008).

[2] Dovgoshey, O. and Martio, O., Tangent spaces to general metric spaces, Rev. Roumaine Math. Pures. Appl.,
56, No 2, 137-155 (2011).

[3] Bilet, V., Geodesic tangent spaces to metric spaces, Ukr. Math. Journ., 64, No 9, 1448-1455 (2013).
[4] Bilet, V. and Dovgoshey, O., Pretangent spaces with nonpositive and nonnegative Aleksandrov curvature,

preprint available at http://arxiv.org/abs/1301.4456.
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The overdetermined Cauchy problem in (small) Gevrey classes

We consider the Cauchy problem for overdetermined systems of linear partial differential
operators with constant coefficients, in spaces Eω(R

k

t
× R

n

x
) of ultradifferentiable functions of

Beurling type with possible different scales of regularity in the time variables t and in the space
variables x.

The solvability of the Cauchy problem is equivalent to the validity of a Phragmén-Lindelöf
principle PL(ω) on the associated affine algebraic varieties V (cf. [1], [2]).

However, this requirement is not always easy to verify in concrete cases, so that we looked
for more handy equivalent conditions.

In [3] we obtained some necessary and/or sufficient conditions for the validity of PL(ω) for
affine algebraic varieties V of dimension 1, by means of Puiseux series expansions on the branches
at infinity of V . In the case of one time-variable t (and one or more space-variables x) these
necessary and sufficient conditions perfectly fit, so that we obtain a complete characterization
of algebraic curves V which satisfy PL(ω): the order of the class of (small) Gevrey (or C∞)
functions where the Cauchy problem is solvable is strictly related to the exponents and the
coefficients of the Puiseux series expansions on the branches at infinity of the algebraic curve V .

This looks quite useful, since Puiseux series expansions can be easily computed by several
programs, such as MAPLE, for instance.

Then, in [4], we considered some cases of algebraic varieties of higher dimension. In particular,
we obtained a complete characterization of hypersurfaces V that satisfy PL(ω), when V is the
set of zeros of a polynomial P (τ, ζ) ∈ C[τ, ζ1, . . . , ζn] of degree 2 with principal part P2 such
that P2(1, 0, . . . , 0) 6= 0 (non-characteristic case).

[1] Boiti, C. and Nacinovich, M., The overdetermined Cauchy problem, Ann. Inst. Fourier, Grenoble, 47, 155-
199 (1997).

[2] Boiti, C. and Nacinovich, M., The overdetermined Cauchy problem in some classes of ultradifferentiable

functions, Ann. Mat. Pura Appl. 180, 81-126 (2001).
[3] Boiti, C. and Meise, R. Characterizing the Phragmén-Lindelöf condition for evolution on algebraic curves,

Math. Nachr. 284, 1234-1269 (2011).
[4] Boiti, C. and Meise, R. The Phragmén-Lindelöf condition for evolution for quadratic forms, Funct. Approx.

Comment. Math. 44.1, 111-131 (2011).
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On multiple dyadic Hardy and Hardy-Littlewood operators

Let x̄ = (x1, x2, . . . , xn) ∈ Rn
+
and vector k̄ = (k1, k2, . . . , kn) with integer coordinates be such

that 2kj ≤ xj < 2kj+1, j = 1, 2, . . . , n. For function f(x̄) ∈ Lp(R
n
+
) (1 < p < ∞) we define the

multiple dyadic Hardy-Littlewood and Hardy operators respectively by formulas:

Bd(f)(x̄) = 2
−

n∑

j=1

kj
2
k1∫

0

2
k2∫

0

. . .

2
kn∫

0

f(t1, t2, . . . , tn)dt1dt2 . . . dtn

Hd(f)(x̄) =

+∞∑

m1=k1+1

. . .

+∞∑

mn=kn+1

2−m1−...−mn

2
m1+1∫

2
m1

. . .

2
mn+1∫

2mn

f(t1, . . . , tn)dt1 . . . dtn
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Interior Lp Estimates for Monogenic Functions in Clifford-type algebras

Roughly speaking interior estimates describe the behaviour of the derivatives of a function near
the boundary of a bounded domain. They can be found by boundary integral representations
and are possible for different norms in the case of elliptic equations in general. For holomorphic
functions the necessary interior estimate follows from the Cauchy Integral Formula in the case
of the supremum norm.

In this talk we will show an interior estimation through of the Lp-norm, for monogenic func-
tions with values in the Clifford-type algebra depending on parameters An(2, αi, γij). This
estimation is obtained from a Cauchy-type integral representation, an estimate for the product
of functions in An(2, αi, γij) and an inequality type Hölder in An(2, αi, γij).
[1] Ariza, E., Boĺıvar Y., Vanegas, C.J., Interior Lp-estimates for functions in Clifford algebras depending on

parameters, preprint, (2013).
[2] W. Tutschke and C. J. Vanegas, Clifford algebras depending on parameters an their application to partial

differential equation. Some topics on value distribution and differentiability in complex and p-adic analysis.
Science Press Beijing, 11 430-450 (2008).

∑ ∑

2 2

For the one-dimensional case the such operators were considered in [1],[2].
Let k1 ≥ 0, k2 ≥ 0, . . . , kn ≥ 0; m1,m2, . . . ,mn be integers and

Ī = I1×I2×. . .×In = Im1

k1
×Im2

k2
×. . .×Imn

kn
=

[
k1

2m1

,
k1 + 1

2m1

)

×

[
k2

2m2

,
k2 + 1

2m2

)

×. . .×

[
kn

2mn

,
kn + 1

2mn

)

is n-dimensional dyadic parallelepiped. We denote the set of dyadic parallelepipeds by D. By
definition function f ∈ Lloc(R

n
+
) belongs to the space BMOd(R

n
+
), if

‖f‖∗ = sup
I∈D

1

Ī

∫

I1

∫

I2

. . .

∫

In

|f(x1, x2, . . . , xn)− fĪ | dx1dx2 . . . dxn <∞,

where fĪ = 1

Ī

∫

I1

∫

I2

. . .
∫

In

f(x1, x2, . . . , xn)dx1dx2 . . . dxn, and |Ī| denotes the volume of the dyadic

parallelepiped. Function f ∈ L(Rn
+
) belongs to the space H(Rn

+
), if the dyadic maximal function

M(f)(x̄) = sup
x̄∈Ī,Ī∈D

1

Ī

∫

I1

∫

I2

. . .

∫

In

f(x1, x2, . . . , xn)dx1dx2 . . . dxn

belongs to the space L(Rn
+
). The norm in H(Rn

+
) is defined by ‖f‖H(Rn

+
)
= ‖M(f)‖LR

n

+

.

Theorem 1. If f ∈ BMOd(R
n
+
), then the multiple dyadic Hardy-Littlewood operator Bd is

bounded in space BMOd(R
n
+
).

Theorem 2. Multiple dyadic Hardy operator Hd is bounded in space H(Rn
+
).

[1] Eisner, T., The dyadic Cesaro operators, Acta Sci. Math. (Szeged), vol.64, 201–214 (1998).
[2] Golubov, B.I., On the boundedness of dyadic Hardy and Hardy-Littlewood operators on the dyadic spaces H

and BMO , Analysis Math., v.26, (4), 287–298 (2000).
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Biomechanical effects of rapid maxillary expansion
in cleft palate patients during Hyrax treatment

One of the anomalies of the upper jaw is a congenital defect (cleft) lip or palate. Various
orthodontic appliances could be used for their treatment for example the orthodontic appliances
Hyrax [1]. Clinical observations show that the intensity and behavior of teeth and jaw displace-
ments are depended on the design features of devices for maxillary expansion [2]. In this paper,
finite element analysis of the movements maxillary bones of the craniofacial skeleton with the
unilateral cleft palate for different designs orthodontic appliance is carry out.

Stereolithography (STL) model of the cranium is obtained with the use of software for medical
imaging MIMICS. The finite element model is obtained after processing STL-model in 3-matic
MIMICS module. Finite element model of orthodontic device, premolars and the first molars are
constructed in the ANSYS Workbench. Hyrax model and teeth is added to the finite element
model of the skull after importing to Finite Element Modeler.

The boundary conditions of skull correspond to fixed support of nodes in the foramen magnum
environment [3].

After finite element calculation the distribution of equivalent stresses and total displacements
of the cranium are obtained for seven different designs of orthodontic appliance. Hyrax con-
structions are differ by have different positions of plates comparatively the palate. In the first
case, bars and plates of orthodontic appliance locate in the same plane, in other cases the plate
orthodontic appliance locate at 0.5, 1, 2, 4, 6 and 8 mm higher (closer to the palate) to the
horizontal position.

The direction and magnitude of total displacement vary significantly when the orthodontic
appliance plates are closer to the palate. In the case of horizontal placement of bars and plates
total displacement of the upper jaw points differ approximately in half compare with the case
when the Hyrax plate raise to 8 mm above with respect to the horizontal position. This difference
of maximum total displacement can be explained by significant deformation of the nasal bone
and the frontal process of the maxilla for activated orthodontic appliance with the plates close
to the palate. Distribution pattern of movement indicates that the best design of the device is
the location of the plates at a distance of 0.5 mm from the horizontal plane.
[1] Chasonas, S. J., and Caputo A. A., Observation of orthopedic force distribution produced by maxillary or-

thodontic appliances, Am. J. Orthod., 82, 492-501 (1982).
[2] Ludwig B., Baumgaertel S., Zorkun B., Bonitz L., Glasl B., Wilmes B., and Lisson J., Application of a new

viscoelastic finite element method model and analysis of miniscrew-supported hybrid hyrax treatment , Am. J.
Orthod. and Dentofacial Orthoped., 143, 426-435 (2013).

[3] Provatidis, C., Georgiopoulos B., Kotinas A., and McDonald J. P. On the FEM modeling of craniofacial

changes during rapid maxillary expansion, Med. Eng. Phys., 29, 566-579 (2007).
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Atiyah Classes of Lie Algebroids

In [2] Kapranov proved that the Atiyah class of the tangent bundle of a complex manifold X

makes TX [−1] into a Lie algebra object in the derived category D+(X). After introducing the
notion of a (A, ♯)-connection on a holomorphic vector bundle E over X, where ♯ : A → TX is
a holomorphic Lie algebroid over X, we define the (A, ♯)-Atiyah class of E as the obstruction
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Global existence of small data solutions for semi-linear damped wave equations

The goal of our talk is to consider the global existence (in time) of small data solutions to
the following semi-linear Cauchy problem

(1) utt − a2(t)∆u+ b(t)ut = f(u, a(t)∇u, ut), u(0, x) = u1(x), ut(0, x) = u2(x)

with an increasing time-dependent speed of propagation term a2(t) and a time-dependent posi-
tive coefficient b(t) in the damping term b(t)ut. We distinguish between two semi-linear models
with respect to the following classification of b(t): non-effective dissipation and effective dissipa-
tion. The first model we are interested in is the model with non-effective dissipation and on the
right-hand side a source in the form f(a(t)∇u, ut) = u2t − a2(t)|∇xu|

2 (in the case b(t) ≡ 0 the
results can be found in [2]), whereas in the other model with effective dissipation we consider
the right-hand side source in the form |f(u)| ≈ |u|p. Here we follow the technique of [3].
The results presented are part of the thesis of Bui Tang Bao Ngoc[1].
[1] Tang Bao Ngoc Bui, Wave models with time-dependent speed and dissipation, PhD thesis, Technical University

Bergakademie Freiberg, in preparation, 2013.
[2] M. R. Ebert, M. Reissig: The influence of oscillations on global existence for a class of semi-linear wave

equations, Mathematical Methods in the App. Sci. 34(11), 1289-1307 (2011).
[3] M. D’Abbicco, S. Lucente, M. Reissig: Semi-linear wave equations with effective damping , Chin. Ann. Math.

34B(3), 1-38 (2013).
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Generalized shift operators generated by convolutions of integral transforms and their
properties

In this work we discuss the generalized shift operators generated by nonclassical convolution
constructions of integral transforms. In particular, we consider the shift operators defined by
the convolutions for Hankel integral transform with the function jν(xt) = (2xt)νΓ(ν + 1)Jν(xt)
in the kernel. Here Jν(xt) is the Bessel function of the first kind of order ν, Re ν > −1/2. We
introduce the explicit view of these operators and obtain their properties.
The generalized shift operator generated by classical convolution for Hankel transform was

introduced and studied by B.M. Levitan in 1951 and D.T. Haimo in 1965. More recently, it has
been studied by J.J. Betancor and co-authors in spaces of generalized functions.

to the existence of a (A, ♯)-connection on E. We will show that usual constructions like jet
bundles, bundles of differential operators, etc., admit natural generalizations in the framework
of (A, ♯)-connections. Finally we will prove an analogue of Kapranov’s theorem, obtained by
replacing the tangent bundle TX with any holomorphic Lie algebroid over X. Namely, we will
prove that for any holomorphic Lie algebroid ♯ : A → TX , the (A, ♯)-Atiyah class of A makes
A[−1] into a Lie algebra object in the derived category.

Similar results have been obtained independently by Z. Chen, M. Stiénon and P. Xu in [1],
by using different techniques.

[1] Z. Chen, M. Stiénon, P. Xu, From Atiyah classes to homotopy Leibniz algebras, arXiv:1204.1075v2.
[2] M. Kapranov, Rozansky–Witten invariants via Atiyah classes, Compositio Math. 115 (1999), 71–113.
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Spectral perturbation for vibrating plate models

We consider two different models for the vibration of a clamped plate: the Kirchhoff-Love
model, which leads to the well known biharmonc operator, and the Reissner-Mindlin model,
which instead gives a system of differential equations. We point out similarities and differences,
showing the connections between these two problems. After recalling the known results in shape
optimization for the biharmomic operator, we state some analyticity results for the dependence
of the eigenvalues upon domain perturbations and Hadamard-type formulas for shape deriva-
tives. Using these formulas, we will that balls are critical for the symmetric functions of the
eigenvalues under volume constraint.
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Interpolation theorems for general local Morrey-type spaces

We consider the real interpolation method and prove that for general local Morrey-type spaces,
in the case when they have the same integrability parameter, the interpolation spaces are again
general local Morrey-type spaces with appropriately chosen parameters.

Let (Ω, µ) be a space with a positive σ-finite Borel measure µ. By G = {Gt}t>0
we denote a

parametric family of µ-measurable subsets of Ω, for which

Gt 6= Ω for some t > 0, Gt1 ⊂ Gt2 if 0 < t1 < t2 <∞ and
⋃

t>0

Gt = Ω.

Definition. Let 0 < p, q ≤ ∞ and 0 < λ < ∞ if q < ∞ and 0 ≤ λ < ∞ if q = ∞. We define
the space LMλ

p,q(G,µ) as the space of all functions f µ-measurable on Ω such that

‖f‖LMλ
p,q(G,µ) =

( ∞∫

0

(
t−λ‖f‖Lp(Gt,µ)

)q dt

t

)
1/q

<∞.

Theorem. Let 0 < p, q0, q1, q ≤ ∞, 0 < λ0, λ1 <∞, λ0 6= λ1, 0 < θ < 1 and λ = (1−θ)λ0+θλ1.

Then

(LMλ0

p,q0
(G,µ), LMλ1

p,q1
(G,µ))θ,q = LMλ

p,q(G,µ).

For details and corollaries see [1]. This result is a particular case of the interpolation theorem
for much more general spaces. The classical interpolation theorems due to Stein-Weiss, Peetre,
Calderón, Gilbert, Lizorkin, Freitag can also be derived from that theorem.
[1] Burenkov, V. I., Darbayeva, D. K., and Nursultanov, E. D., Description of interpolation spaces for general

local Morrey-type spaces, Eurasian Math. J. 4 (2013), no. 1, 46-53.
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Preliminary results on the accuracy of a simple approximate solution for Ph/Ph/c/K
queues

A large number of systems with multiple homogenous servers and limited queueing room
can be modeled as instances of the Ph/Ph/c/K queue. Phase-type distributions are used to
represent general distributions of the times between arrivals and of service times thus leading to
more realistic models. The exact analytical solution of such queues is not known so that (outside
simulation) the state equations have to be solved numerically. As the number of servers and
the number of phases in the service and inter-arrival time distributions increase, the number of
equations involved and the memory space needed for the solution increase very rapidly making
the solution of many models impractical.

In an attempt to reduce the inherent complexity of the Ph/Ph/c queue, we propose to replace
the solution of such a queue by an iteration between the solution of an M/Ph/c queue with
state-dependent arrivals and a Ph/M/c queue with state-dependent service. To the extent that
the number of iterations needed remains relatively small, this approach has the obvious potential
to reduce the complexity of the overall solution process and allow tackling problems with larger
numbers of servers and/or phases than currently feasible. This paper presents preliminary results
investigating the accuracy of the proposed approach. These results indicate that the relative
errors compared to an exact numerical solution appear generally modest.
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The Chern-Simons-Dirac equations in the Coulomb Gauge

The Chern-Simons-Dirac equations are a semi-linear hyperbolic system with a gauge invari-
ance. Somewhat surprisingly, they exhibit an elliptic component independently of the choice
of gauge. This is unlike the related Maxwell-Dirac, or Yang-Mills systems which only have an
elliptic component in the Coulomb gauge. We show how this elliptic structure can be used
together with the Coulomb gauge to obtain local well-posedness at low regularities with only
the use of the refined Strichartz estimates of Klainerman-Tataru. In particular we have no
need to exploit the null structure of the Chern-Simons-Dirac equations, nor do we use the more
complicated X

s,b type spaces. This is joint work with Nikolaos Bournaveas and Shuji Machihara.
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� Catană Viorel - University Politehnica of Bucharest, Bucharest, Romania,

email: catana viorel@yahoo.co.uk,

Sobolev estimates and spectra for generalized SG-hypoelliptic pseudo-differential
operators on L

p
(R

n
)

The first goal of this talk is to present an analogue of Agmon-Douglis-Nirenberg estimates
in the frame of the Lp-Sobolev spaces Hs1,s2,p, 1 < p < ∞, −∞ < s1, s2 < +∞, for a class
of generalized SG-hypoelliptic pseudo-differential operators introduced and studied by Camperi
in [1]. We also state and prove some results concerning spectra or essential spectra for such
kind of SG-hypoelliptic pseudo-differential operators perturbed or not by suitable singular po-
tentials on Lp(Rn), 1 < p < ∞. A self-adjointness result is proved for some perturbations
of a SG-hypoelliptic pseudo-differential operators on L2(Rn), which symbol is independent of
x ∈ R

n. Finally, a perturbation result concerning strongly continuous semigroups of contractions
generated by SG-hypoelliptic pseudo-differential operators on Lp(Rn), 1 < p <∞ is given.
[1] Camperi, I., Global hypoellipticity and Sobolev estimates for generalized SG-hypoelliptic pseudo-differential

operators, Rend. Sem. Mat. Univ. Pol. Torino, vol. 66, 2(2008), 99-112.
[2] Catană, V., Essential spectra and semigroups of perturbations of M-hypoelliptic pseudo-differential operators

on L
p(Rn), Complex Variables and Elliptic Equations, vol. 54, 8(2009), 731-744.

[3] Dasgupta, A. and Wong, M.W., Spectral theory of SG-pseudo-differential operators on L
p(Rn), Studia Math.,

187(2008), 186-197.
[4] Nicola, F. and Rodino, L., Global Pseudo-Differential Calculus on Euclidean Spaces, Pseudo-differential

operators, theory and applications, Vol. 4, Springer, 2010.
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A Boundary Value Problem for Bi-analytic Functions in a Multiply Connected Domain

We consider a boundary value problem for bi-analytic function in D = Ĉ\
n⋃

k=1

Dk where

Dj ∩ Dl = ∅ if l 6= j. We employ the equivalent R-linear problems to find the solutions.
Particularly, in the case of n = 2 we have obtained an explicit solution.

� P. Cerejeiras CIDMA - Department of Mathematics, University of Aveiro, Aveiro, Portugal,

email: pceres@ua.pt

Towards a discrete function theory: tackling Hardy spaces

In recent years one can observe an increasing interest in obtaining discrete counterparts for
various continuous structures. While such ideas are very much developed in the complex case
(see e.g. recent results of S. Smirnov in connection with complex discrete function theory ) the
higher-dimensional case is yet underdeveloped. This is mainly due to the fact that discrete Clif-
ford analysis started effectively only in the eighties and nineties with the construction of discrete



44

� Pak-Leong Cheung - Department of Mathematics, The University of Hong Kong, Pokfulam,

Hong Kong, email: mathcpl@hku.hk, Tuen-Wai Ng - Department of Mathematics, The University

of Hong Kong, Pokfulam, Hong Kong, email: ntw@maths.hku.hk, Jonathan Tsai - Department of

Mathematics, The University of Hong Kong, Pokfulam, Hong Kong, email: jtsai@maths.hku.hk and
S.C.P. Yam - Department of Statistics, The Chinese University of Hong Kong, Shatin, Hong Kong,

email: scpyam@sta.cuhk.edu.hk

Critical points of random polynomials

In this presentation, I will introduce a quite recent problem lying at an intersection of complex
polynomials and probability theory, which can be stated concisely as:

For random complex polynomials with independent and identically distributed

zeros following any common probability distribution µ on C, it follows readily

from Kolmogorov’s strong law of large numbers that the empirical measures of

these zeros converge weakly to µ almost surely. Does the same weak convergence

happen for those of the derived critical points? How probable (e.g. almost surely,

in probability)?

This straightforward question was initiated by Pemantle and Rivin [2] in 2011 (with late O.
Schramm’s contribution to its preliminary ideas in 2001) as a very first probabilistic framework
for studying critical points of large degree polynomials.

In contrast to the long tradition of prescribing probability distributions to coefficients, the
randomness of the polynomials in the present problem comes from their zeros, thus opening an
alternative path in the theory of random polynomials. On the theory of complex polynomials
side, via [2], we can suggest a probabilistic viewpoint to respond to the issue of the locations of
the critical points relative to the zeros, which is one type of classical questions in geometry of
polynomials (e.g. the well known Gauss–Lucas theorem, and the still open Sendov’s conjecture).

There are two follow-ups to [2], namely Subramanian [3] and Kabluchko [1]. I will briefly ex-
plain our completion and generalization of [3].

Dirac operators either for numerical methods of partial differential equations or for quantized
problems in physics (c.f. [1, 2, 3, 4, 5]). The development of genuinely function theoretical
methods only started quite recently (see [6, 7]). In this talk we study the boundary behavior of
discrete monogenic functions, i.e. null-solutions of a discrete Dirac operator, in the upper and
lower half space. Calculating the Fourier symbol of the boundary operator we construct the cor-
responding discrete Hilbert transforms, the projection operators arising from them, and discuss
the notion of discrete Hardy spaces. Hereby, we focus on the 3D-case with the generalization to
the n-dimensional case being straightforward.

[1] Hommel, A., Fundamentallösungen partieller Differentialoperatoren und die Lösung diskreter Randwertprob-
leme mit Hilfe von Differenzenpotentialen. PhD thesis, Bauhaus-Universitaät Weimar, Germany, 1998.

[2] Gürlebeck, K., Hommel A., On finite difference Dirac operators and their fundamental solutions, Adv. Appl.

Cliff. Alg. 11(S2), 89-106, (2001).
[3] N. Faustino, K. Gürlebeck, A. Hommel, U. Kähler, Difference potentials for the Navier-Stokes equations in

unbounded domains, J. Diff. Eq. & Appl. 12(6), 577-595, (2006).
[4] N. Faustino, U. Kähler, F. Sommen, Discrete Dirac operators in Clifford analysis, Adv. Appl. Cliff. Alg.

17(3), 451-467, (2007).
[5] Cerejeiras, P., Faustino, N., Vieira, N. , Numerical Clifford analysis for nonlinear Schrödinger problem,

Numerical Methods for Partial Differential Equations 24(4), 1181-1202, (2008).
[6] Brackx, F. De Schepper, H. Sommen, S., Van de Voorde, L., Discrete Clifford analysis: a germ of function

theory. In: I. Sabadini, M. Shapiro, F. Sommen (eds.), Hypercomplex Analysis, Birkhäuser, 37-53, 2009.
[7] De Ridder, H., De Schepper, H., Kähler, U., Sommen, F., Discrete function theory based on skew Weyl

relations, Proceeding of the American Mathematical Society 138(9), 3241-3256, (2010).
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Development of some analytical methods for calculating of cusped prismatic shells

Natalia Chinchaladze

Cusped plates and beams, on the one hand, are very important details from the practical point
of view, such plates and beams are often encountered in spatial structures with partly fixed edges,
e.g., stadium ceilings, aircraft wings, submarine wings etc., in machine-tool design, as in cutting-
machines, planning-machines, in astronautics, turbines, and in many other areas of engineering
(e.g., dams); on the other hand, their theoretical analysis and calculation are mathematically
connected with the study of very difficult problems for degenerate partial differential equations
which are not covered by the general theory for degenerate partial differential equations (see,
e.g., [1], [2]). Some satisfactory results are achieved in this direction in the case of Lipschitz
domains but in the case of non-Lipschitz domains there are a lot of open problems. To investigate
such open problems is a main part of the the present talk. To this end there are used function-
analytic, approximate and special methods (suitable to problems peculiarities). As results,
boundary value problems in the zero approximation for I.Vekuas hierarchical models of cusped
plates and beams in case of 3-D non-Lipschitz domains will be investigated.

Acknowledgement: The present work was supported by the Shota Rustaveli National Sci-
ence Foundation within the framework of the project(Grant #SHRNSF/D13/18)
[1] Vekua, I.N., Shell Theory: General Methods of Construction, Pitman Advanced Publishing Program, Boston-

London-Melbourne (1985).
[2] Jaiani, G., Cusped Shell-like Structures, Springer, Heidelberg, Dordrecht, London, New York (2011).

[1] Kabluchko, Z., Critical points of random polynomials with independent identically distributed roots,
arXiv:1206.6692v2 (2012).

[2] Pemantle, R. and Rivin, I., The distribution of zeros of the derivative of a random polynomial ,
arXiv:1109.5975v1 (2011).

[3] Subramanian, S. D., On the distribution of critical points of a polynomial , Electron. Commun. Probab., 17,
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Parametric Continuity of Choquet and Sugeno Integrals

For a fixed function f and a fixed set A, the continuity with respect to the real parameter λ

of the Choquet or Sugeno integral

∫

A

fdm(λ) is proved. Here m(λ) are all possible λ−measures

generated by a fixed classical measure.
[1] Choquet, G., Theory of Capacities, Ann. de l’Institut Fourier, 5, 131-295 (1953-1954).
[2] Dinculeanu, N., Vector Measures, Veb. Deutscher Verlag der Wissenschaften, Berlin (1966).
[3] Halmos, P. R., Measure Theory, D Van Nostrand Comp., Inc., Princeton, New Jersey, New York, Toronto,

London (1950).
[4] Schmeidler, D., Integral Representations without Additivity, Proc. Amer. Math. Soc. 97, 255-261 (1986).
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Critical point theory and the asymmetric beam system

We show the existence of at least two solutions for a class of systems of the critical growth
nonlinear suspension bridge equations with Dirichlet boundary condition and periodic condition.
We first show that the system has a positive solution under suitable conditions, and next show
that the system has another solution under the same conditions by the linking arguments.
Key Words and Phrases: System of the critical growth suspension bridge equations, linking
arguments, eigenvalue of a matrix, boundary value problem.
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On Inequalities with Alternating Signs

Most known inequalities are essentially concerned with non-negative sequences. Inequalities
with alternating signs were first obtained by G. Szegö (1950), H. F. Weinberger (1952), R. Bell-
man (1953). Further development was due to H. D. Brunk (1956), I. Olkin (1959), R. Bellman
(1959) (see [1] and [2, §§49-52]), who considered inequalities of Jensen type.

Our aim is to obtain inequalities of Hölder, Minkowski and Hardy type for sums with alter-
nating sign. Let us formulate some results.

We assume that the sequences {ak} and {bk} are non-negative, monotone decreasing, and

0 < a ≤ ak ≤ A <∞, 0 < b ≤ bk ≤ B <∞ ∀k = 1, n.

Theorem 1. Let p > 1 and 1/p+ 1/q = 1. Then the following inequality of Hölder type holds
(

n
∑

k=1

(−1)k+1a
q
k

)

1/q ( n
∑

k=1

(−1)k+1b
p
k

)

1/p

≤
Ab+ aB

ab

n
∑

k=1

(−1)k+1akbk.

In case of p = q = 2 we can obtain an inequality with a better constant if the sequences {ak}
and {bk} satisfy additional conditions.

Theorem 2. Let the sequence {ak/bk} be monotone. Then the following inequality of Cauchy-

Bunyakovsky-Schwarz type holds
√

√

√

√

n
∑

k=1

(−1)k+1a2k

n
∑

k=1

(−1)k+1b2k ≤
1

2
max

{

a2 +A2

aA
;
b2 +B2

bB

} n
∑

k=1

(−1)k+1akbk.
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Extinction and positivity for the evolution p-Laplacian equations with absorption on
networks

In recent years, the discrete p-Laplacian ∆p,ω on networks (or weighted graphs) has attracted
many researcher’s attention not only because it is a useful tool for modeling nonlinear phenomena
on discrete media (see [1, 2, 3, 4, 5, 6] and references therein) but also because it can be considered
as the discrete analogue of the p-Laplacian on Riemannian manifolds (for a physical meaning of
the p-Laplacian on continuum, see [7]).
In this lecture, we discuss the extinction and positivity of solutions of evolution p-Laplacian
equations with absorption ut − ∆p,ωu + |u|q−1u = 0 on finite networks with p > 1 and q > 0.
We obtain the necessary and sufficient conditions for extinction and positivity.
More precisely, it is proved that the solution is positive if p ≥ 2 and q ≥ 1, whereas the solution
becomes extinct in finite time if 1 < p < 2 or 0 < q < 1. In addition, it is proved that the
solution decays either exponentially, or polynomially but not exponentially, according to the
conditions p, q when the solution is positive, and an estimate for the extinction time is derived
if the solution become extinct in finite time.
[1] A. Elmoataz, O. Lezoray, S. Bougleux, Nonlocal discrete regularization on weighted graphs: a framework for

image and manifold processing, IEEE Tr. on Image Processing 17 (2008), no. 7, 1047–1060.
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Equality holds if ak = A = a and bk = B = b.
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Application of symbolic-numerical calculation to the determination of effective
conductivity of random two-dimensional composites with non-overlapping circular

inclusions.

We study the effective conductivity of equal unidirectional infinite circular cylinders randomly dis-
tributed in a uniform host (disks on the plane). The problem is reduced to a boundary value problem for
the two–dimensional Laplace equation. A symbolic–numerical algorithm was proposed in the previous
papers to solve the boundary value problem with arbitrary deterministic locations of disks. Application
of the Monte Carlo method for the uniform non–overlapping distribution of disks yields the effective
conductivity of random composites. The expected value of the effective conductivity is written exactly
in the form of a power series in the concentration and Bergman’s contrast parameter. This formula is
valid for all concentrations.

[1] Czapla R., Nawalaniec W., Mityushev V.: Effective conductivity of random two-dimensional composites with

circular inclusions. Computational Materials Science 63, 118-126 (2012).
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Recent results on the F-functional calculus

In the recent years the theory of slice hyperholomorphic functions has become an important
tool to study functional calculi for n-tuples of operators. In particular, using the Cauchy formula
for slice hyperholomorphic functions it is possible to give the Fueter mapping theorem an integral
representation. Thanks to this integral representation it has been defined a monogenic functional
calculus for n-tuples of bounded commuting operators, the so called F-functional calculus, which
is based on the notion of F-spectrum and of F-resolvent operator. Using this resolvent operator
we have introduced a new notion of convergence for an n-tuples of operators. Moreover, we
show that it is possible to define this calculus also for n-tuples of unbounded operators and we
obtain an integral representation formula. As we will see, it is not an easy task to provide the
correct definition of F-functional calculus in the unbounded case.
[1] D. Alpay, F. Colombo, I. Sabadini, On some notions of convergence for n-tuples of operators, submitted,

(2013).
[2] F. Colombo, I. Sabadini, The F-functional calculus for unbounded operators, submitted, (2013).
[3] F. Colombo, I. Sabadini, The F-spectrum and the SC-functional calculus, Proc. Roy. Soc. Edinburgh Sect.

A, 142 (2012), 479–500.
[4] F. Colombo, I. Sabadini, F. Sommen, The Fueter mapping theorem in integral form and the F-functional

calculus, Math. Meth. Appl. Sci., 33 (2010), 2050-2066.
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Canonical divisors on surfaces of general type

One of the applications of Reider’s theorem is the classical result of Bombieri to the effect
that the linear system |mKX | is base point free for m ≥ 4. This implies, in particular, that
the base point freeness of pluricanonical maps is determined numerically. We investigate here
to what extend the assumptions in the Reider’s theorem are optimal and whether the existence
of base loci of pluricanonical systems is numerically determined also for small values of m. In
order to do this, we consider two linear systems: |3KX | and |2KX |.

[1] Andreatta, M., An introduction to Mori theory: the case of surfaces, available at
http://alpha.science.unitn.it/~andreatt/scuoladott1.pdf, access date February 1, 2012.

[2] Beauville, A., Complex Algebraic Surfaces. Second Edition, Cambridge University Press, Cambridge (1996).
[3] Bombieri, E., Canonical models of surfaces of general type, Publ. Math. IHES 42, 171-219 (1973).
[4] Czapliński, A., The Enriques Kodaira Classification, Unpublished Master Thesis, Pedagogical University of

Cracow (2012).
[5] Fletcher, I., A., R., Working with weighted complete intersections, Explicit birational geometry of 3-folds

(ed. A. Corti and M. Reid), 101-173, London Math. Soc. Lecture Note Ser., 281, Cambridge Univ. Press,
Cambridge (2000).

[6] Hartshorne, R., Algebraic Geometry, Springer Verlag, New York, Berlin, Heidelberg (1997).
[7] Reider, I., Vector bundles of rank 2 and linear systems on algebraic surfaces, Ann. Math. 127, 309-316 (1988).
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An application of Lp − L
q decay estimates to the semilinear wave equation with

structural parabolic-like damping

In this talk we discuss the global existence of the small data solution to

utt −△u+ 2a(−△)σut = |u|
p , u(0, x) = u0(x) , ut(0, x) = u1(x) ,

where σ ∈ (0, 1/2] and p > 1. Assuming small data in some Sobolev spaces, we obtain global
existence for p > 1 + 2/(n− 2σ), in space dimension n ≤ n, where n = n(σ)ր∞, as σ → 1/2.
In particular, n(1/2) =∞. Thanks to the use of (Lp ∩Lq)−Lq estimates [1, 2], not on the con-
jugate line, which generalize the Lq −Lq estimates derived in [4], we may extend some previous
result obtained in [3].

[1] D’Abbicco, M. and Ebert, M. R., Diffusion phenomena for the wave equation with structural damping in the

L
p
− L

q framework, preprint, 20 pages.
[2] D’Abbicco, M. and Ebert, M. R., An application of Lp

−L
q decay estimates to the semilinear wave equation

with parabolic-like structural damping, preprint, 21 pages.
[3] D’Abbicco, M. and Reissig, M., Semilinear structural damped waves, Math. Methods in Appl. Sc. 2013, to

appear, doi:10.1002/mma.2913; arXiv:1209.3204 [math.AP]
[4] Narazaki, T. and Reissig, M., L1 estimates for oscillating integrals related to structural damped wave models,

in Studies in Phase Space Analysis with Applications to PDEs, Cicognani M, Colombini F, Del Santo D
(eds), Progress in Nonlinear Differential Equations and Their Applications. Birkhäuser, 2013; 215–258.
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Multi-quasielliptic and Gevrey regularity of hypoelliptic differential operators

A large class of hypoelliptic linear differential operators with constant complex coefficients is
considered, the so called multi-quasielliptic differential operators, see [5] for an exhaustive study.

We first show the theorem of L. Zanghirati [11] and C. Bouzar and R. Chäıli [1] only in the
case of the linear differential operators with constant complex coefficients.

Due to a result of Hörmander [8] every hypoelliptic linear partial differential operators with
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The Cauchy Problem for the Stokes Equations

In the domain Ω = {(x, y) ∈ R2 : x ∈ (−a, a), y ∈ (ψ1(x), ψ2(x))} consider the Cauchy
problem for the Stokes system

(1) ∆u−∇p = 0,

(2) div u = 0,

(3) u = ϕ, (x, y) ∈ Γ0,

(4) pn−
∂u

∂n
= f, (x, y) ∈ Γ0,

where u = (u1, u2)), ∂Ω = Γ0 ∪ Γ1 is the boundary of the domain Ω, Γ1 = {(a, y) : y ∈

[ψ1(a), ψ2(a)]}, n = (n1, n2) is the outward unit normal to ∂Ω, ϕ ∈ H
1/2
00

(Γ0), f ∈
(

H
1/2
00

(Γ0)
)⋆
.

This spaces are consided in [1]. The problem (1)-(4) is ill-posed. It can be formulated as the
inverse problem for some direct well-posed problem. Analogous approach for other problems
may be found in [2].
Consider the problem (1)-(3) with the following condition

(5) pn−
∂u

∂n
= q, (x, y) ∈ Γ1.

The direct problem: given the function q = (q1, q2) on Γ1, determine the solution (u, p) of the
problem (1)-(3), (5). This problem is well-posed.
Then the initial problem (1)-(4) is reduced to the following inverse problem: it is required to

determine q on Γ1 from the additional information (4) about the solution of the direct problem
(1)-(3), (5).
Consider the operator
A : q := (pn− ∂u

∂n)|Γ1
→ f := (pn− ∂u

∂n)|Γ0
, where (u, p) is the solution of the direct problem

(1)-(3), (5). Then the inverse problem (1)-(3), (5), (4) can be written as an operator equation

(6) Aq = f,

where A :
(

H
1/2
00

(Γ1)
)⋆
→

(

H
1/2
00

(Γ0)
)⋆
, f is the given function, q is unknown function. The

inverse problem (6) numerical is solved on the bases combination of the finite method element
end the optimization method.
[1] Bastay, G., Johansson, T., Lesnik, D., Kozlov, K., An Alternating Method for the Stationary Stokes System,

ZAAM (Z.Angew.Math.Mech), 86, 268-280 (2006).
[2] Kabanikhin, Sr., Inverse and ill-posed problems, the Siberian scientific publishing house (2009).
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Dirichlet problem in a planar domain with a small hole

We consider a Dirichlet problem in a planar domain with a hole of diameter proportional to a
real parameter ǫ and we denote by uǫ the corresponding solution. The behavior of uǫ for ǫ small
and positive can be described in terms of real analytic functions of two variables evaluated at
(ǫ, 1/ log ǫ). We show what happens when the parameter ǫ is negative. We also show that under
suitable assumptions one can get rid of the logarithmic behavior displayed by uǫ for ǫ small and
describe uǫ by real analytic functions of ǫ. The results presented continue the work of [1], where
the Dirichlet problem in a perforated domain of Rn, with n ≥ 3, has been investigated. Here
instead we focus on the two-dimensional case.

[1] Dalla Riva, M. and Musolino, P., Real analytic families of harmonic functions in a domain with a small hole,
J. Differential Equations, 252, 6337-6355 (2012).

constant coefficients is Gevrey hypoelliptic in some anisotropic Gevrey spaces. We first explicit
this anisotropic Gevrey regularity result for multi-quasielliptic differential operators.

Zanghirati [11] has also proved that there exists a Gevrey regularity result for multi-quasielliptic
differential operators in the context of the so called multi-anisotropic Gevrey spaces.

We prove that the multi-anisotropic Gevrey regularity result is more precise than the anisotropic
Gevrey regularity for multi-quasielliptic differential operators. An illustrative example is given.

The aim of this paper is to prove the multi-anisotropic Gevrey regularity of hypoelliptic linear
differential operators with complex constant coefficients and consequently we precise the result
of L. Hörmander and extend the result of L. Zanghirati.

[1] Bouzar, C., Chaili, R., Gevrey vectors of multi-quasielliptic systems. Proc. Amer. Math. Soc., 131:5, 1565-
1572, (2003).

[2] Bouzar, C., Dali, A., Mutli-anisotropic Gevrey regularity of hypoelliptic operators. Operator Theory : Ad-
vances and Applications, vol. 189, 265-273, (2008).

[3] Bouzar, C., Dali, A., The Gevrey regularity of multi-quasielliptic operators, Annali dell’Universita di Ferrara,
sezione VII-Scienze Matematiche, Vol. 57: 201-209, 2011.

[4] Friberg, J., Partially hypoelliptic differential equations. Math. Scand., 9, 22-42, (1961).
[5] Gindikin, S. G., Volevich, L. R., The Method of Newton Polyhedron in the Theory of Partial Differential

Equations, Kluwer, 1992.
[6] Gorin, E. A., Partially hypoelliptic differential equations with constant coefficients. Sibirskii Mat. Z., 3,

500-526, (1962).
[7] Grusin, V. V., Connection between local and global proprerties of hypoelliptic operators with constant

coefficients. Mat. Sbornik, 66:4, 525-550, (1964).
[8] Hörmander, L., The analysis of linear partial differential operators II, Differential operators with constant

coefficients. Springer-Verlag, 2005.
[9] Mikhailov, V. P. : The behavior at infinity of a class of polynomials. Proc. Steklov Inst. Math. 91, 65-86,

(1967).
[10] Volevich, L. R., local properties of solutions of quasielliptic systems. Mat. Sbornik 59(101), 500-526, (1962).
[11] Zanghirati, L., Iterati di una class di operatori ipoellipticie classi generalizzati di Gevrey. Suppl. Boll. U. M.

I, 1, 177-195, (1980).
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GEVREY FUNCTIONS AND ULTRADISTRIBUTIONS ON COMPACT LIE

GROUPS AND HOMOGENEOUS SPACES

[1] C. Garetto and M. Ruzhansky, On the well-posedness of weakly hyperbolic equations with time dependent
coefficients, J. Differential Equations, 253 (2012), 1317–1340.

[2] H. Komatsu, Ultradistributions, I, II, III, J. Fac. Sci. Univ. of Tokyo, Sec. IA, 20 (1973), 25–105, 24 (1977),
607–628, 29 (1982), 653–718.

[3] G. Köthe, Topological vector spaces. I. Springer, 1969.
[4] W. H. Ruckle, Sequence Spaces, Pitman, 1981.
[5] M. Ruzhansky and V. Turunen, Pseudo-differential operators and symmetries, Birkhäuser, Basel, 2010.
[6] Y. Taguchi, Fourier coefficients of periodic functions of Gevrey classes and ultradistributions. Yokohama

Math. J. 35 (1987), 51–60.
[7] N. Ja. Vilenkin and A. U. Klimyk, Representation of Lie groups and special functions. Vol. 1. Simplest Lie

groups, special functions and integral transforms. Kluwer Academic Publishers Group, Dordrecht, 1991.
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Split functions, Fourier transform and multipliers

We study the effect of a splitting operator St on the Lp norm of the Fourier transform of a
function f and on the operator norm of a Fourier multiplier m. Most of our results assume p is
an even integer, and are often stronger when f or m has compact support. Some of the result
are in a joint paper with S. Hufdson
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On the Helmholtz equation on exterior domains

In a series of joint works with F.Cacciafesta, R.Luca’ and B.Cassano (Postdoc and Ph.D.
students) we consider an Helmholtz equation with fully variable coefficients and lower order
terms on the exterior of a star-shaped domain in R

n (n ≥ 3) with Dirichlet boundary conditions.
We prove a sharp weighted L2 estimate of solutions under weak conditions on the coefficients;
in particular, the metric of the principal part of the opreator is not required to be flat at infinity
in dimension n ≥ 4 (while it can be a long range perturbation of identity in dimension n = 3).
We also remark that no nontrapping condition is imposed, but only explicit assumptions in
physical space variables. Applications include smoothing estimates for Schrödinger and wave
equations with fully variable coefficients, and scattering for nonlinear Schrödinger equations via
the interaction Morawetz technique.

.
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Schatten classes and r−nuclearity on Compact Lie groups

In this work we study some ideals of operators on Compact Lie groups. We start by a char-
acterisation of invariant operators in Schatten classes. As an application we consider negative
powers of some differential operators on compact Lie groups. In particular the case of powers
of sublaplacians is explained as well as powers of Schrodinger operators. Secondly we present
sufficent conditions for r−nuclearity on Lp spaces and some applications to Lidskii formula and
distribution of eigenvalues. It is also put in evidence how the concept of r−nuclearity is closely
related to the discrete decomposition of kernels with respect to the discrete unitary dual. The
criterias are given in terms of symbols. The main idea consist in exploiting the notion of global
matrix-symbol.
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On a problem of estimation of product of generalized inner radii in n-dimensional
complex space.

A purpose of this work is to study a problem of finding the product of powers of generalized
conformal radii poly-cylindrical non-overlapping domains. This problem relates to a number of
problems with so-called ”free” poles (see, for example, [1, 2]). Dimensional analogues of some
well-known results on non-overlapping domains on the plane were obtained in [3]. For this in
the [3] the concept of inner radius was generalized, namely, a concept of harmonic radius of
the space domain B ⊂ R

n with respect to some internal point was introduced. In this work
an approach is proposed that allows to transfer some results known in the case of the complex
plane on the space C

n

. Another approach was proposed in [3].

[1] Dubinin, V.N., The symmetrization method in problems on nonoverlapping domains, Mat. Sb. (N.S.),
128(170):1(9) 110-123 (1985).
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Compulsory behavior of solutions of dynamic equations on time scales

Let bi, ci : T → R, i = 1, . . . , n be delta differentiable functions, bi(t) < ci(t), t ∈ T ⊂ [t0,∞)
where T is a time scale. Let Ω ⊂ T× R

n, Ω := {(t, u) : t ∈ T, u ∈ ω(t)} and (for t ∈ T)

ω(t) := {u ∈ R
n : bi(t) < ui < ci(t), i = 1, . . . , n}.

We consider a dynamic system
u∆ = f(t, u)

where f : T×R
n → R

n and f is continuous. Moreover, for every fixed non-isolated point t ∈ T,
let S(t) ⊂ T×R

n be a closed set, [t−a, t+a]∩Ω ⊂ S(t) for an a > 0, inf T ≤ t−a, supT ≥ t+a,
such that f is rd-continuous, bounded and Lipschitz continuous on S(t); if t = t0 is non-isolated,
we define the set S(t0) in a similar way. Let t ∈ T, t > t0 and

u(t) = u∗ ∈ ω(t).

Sufficient conditions are derived for the existence of at least one solution such that (t, u(t)) ∈ Ω
for each t ∈ T.

[1] Dibĺık, J., Růžičková, M. and Z. Šmarda, Ważewski’s method for systems of dynamic equations on time

scales, Nonlinear Anal. 71 (2009), no. 12, e1124–e1131.
[2] Dibĺık, J. and Vı́tovec, J. Bounded solutions of delay dynamic equations on time scales, Adv. Difference Equ.

2012, 2012:183, 1–9.
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On a p-adic invariant cycles theorem

Let X be a smooth complex manifold, f : X → D a projective morphism and D the unit disk
in the complex plane. We suppose that every fiber of X is smooth except f−1(0) := X0, which
is a divisor with normal crossing. Steenbrink [4] defined a limit cohomology Hlim endowed an
operator which is (the logarithm of) the monodromy operator. The invariant cycles theorem says
that every element in Hlim which is invariant under the action of the monodromy operator comes
from an element of the cohomology of X0. In a joint work with B. Chiarellotto, R. Coleman
and A. Iovita [2] we study a p-adic analogue of this theorem. Let X be a proper semistable
curve over a DVR, i.e the special fiber is a normal crossing divisor and the generic fiber is
smooth. The limit cohomology on which the monodromy operator acts is given in this case by
the Hyodo-Kato cohomology [3]. We give a new proof of a theorem of Chiarellotto ([1]) which
says that the kernel of the monodromy operator, acting on the first Hyodo-Kato cohomology
group, coincides with the first rigid cohomology group associated to the special fiber. We also
analyze the case of cohomologies with nontrivial coefficients.
[1] Chiarellotto, B., Rigid cohomology and invariant cycles for a semistable log scheme, Duke Math. J., 97 (1),

155-169, (1999).
[2] Chiarellotto, B., Coleman, R., Di Proietto, V. and Iovita, A., On a p-adic invariant cycles theorem,

arXiv:1207.7110v1 math.AG, (2012).
[3] Hyodo, H. and Kato, K., Semi-stable reduction and crystalline cohomology with logarithmic poles, Astérisque,

no. 223, 221–268, (1994).
[4] Steenbrink, J., Limits of Hodge structures, Invent. Math., 31 , no. 3, 229–257, (1975).
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Multi-metamonogenic function in different dimension

A metamonogenic of first order function or simply metamonogenic function is a function that
satisfies the differential equation (D − λ)u = 0, where D is the Cauchy-Riemann and λ ∈ R.
Using this definition we can say that a multi-metamonogenic function u is separately metamono-

genic in several variables xj , j = 1, . . . n with n ≤ 2, if xj = (x
(j)

1
, . . . x

(j)

mj ) runs in the Euclidean
space Rmj , that is (Dj −λ)u = 0, for each j = 1, . . . , n,. Using the theory of algebras of Clifford
type depending on parameters (see [4, 5]), the present proposal discusses the properties of u in
case the dimensions mj are different from each other following the ideas exhibited in [2].

[1] Brackx, F., Delanghe, R. and Sommen, F. C lifford Analysis. Pitman Research Notes. (1982).
[2] Tutschke, W. and Le Hung Son. Multi-monogenic Functions In Different Dimensions. Complex Variables
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Functions. Algebraic structures in partial differential equations related to complex and Clifford analysis , Ho
Chi Minh City Univ. Educ. Press, Ho Chi Minh City, 6778, 2010.

[4] Tutschke, W. and Vanegas, C. C lifford algebras depending on parameters and their applications to partial
differential equations. Some topics on value distribution and differentiability in complex and p-adic analysis.
Science Press, Beijing, 430− 449, 2008.

[5] Tutschke, W. and Vanegas, C. Métodos del análisis complejo en dimensiones superiores. XXI Escuela Vene-
zolana de Matemáticas, (2008).
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Robin function and conformal welding a new proof of existence

Green’s function is a powerful tool for solving boundary value problems of potential theory.
Depending on the boundary problem there are three kinds of Green’s function. Green’s function
of the mixed boundary-value problem for harmonic function is sometimes called Robin function.

Let Ω ∋ ∞ be a domain of connectivity n in the extended complex plane Ĉ with the boundary
∂Ω = C = ∪n

i=1
Ci, where Ci are simply closed Jordan curves.

On Ci there may be given mij , i = 1, ..., n, j = 1, ...,mij closed arcs Aij , which can also be

equal to Ci, it is also possible that no arc Aij is given on Ci, A = ∪n

i=1
∪
mij

j=1
Aij .

The Robin function RΩ,A(z, ζ) of the domain Ω with respect to the boundary set A is defined
by the following properties:
1.RΩ,A(z, ζ) is harmonic in Ω and continuous in Ω, except at z = ζ, where RΩ,A(z, ζ)+log |z−ζ|
is harmonic, for ζ =∞ this is modified to require that RΩ,A(z, ζ)− log |z| be harmonic in Ω,
2. RΩ,A(z, ζ) = 0 for all z ∈ A,

3.
∂RΩ,A(z,ζ)

∂n
(z, ζ) = 0 for all z ∈ B, where n denotes the inner normal.

P. L. Duren and M. .M. Schiffer [1, 2, 3] found among other properties of the Robin function a
way to prove the existence of the Robin function for a simply connected domain Ω. The aim of
this talk is a new proof of existence for the case that Ω is n-fold connected basing on conformal
welding.
[1] Duren, P. L., Robin capacity , 177-190 in Computational Method and Function Theory 1997, Eds. Pa-
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On a type of generalized moduli of smoothness and their application

The talk presents a method for constructing an unweighted fixed-step modulus of smoothness,
which is equivalent to a weighted K-functional. The approach is applicable to a very broad class
of K-functionals, including such as

K(f, t) = inf
g∈ACr−1

loc

{‖w1(f − g)‖Lp[a,b] + tr‖w2g
(r)‖Lp[a,b]}

for power-type weights w1 and w2 with singularities only at the ends of the interval with arbitrary
exponents, as well as

K(f, t) = inf
g∈ACr−1

{‖f − g‖Lp[a,b] + tr‖Lg‖Lp[a,b]},

where L is a linear differential operator of order r, with constant leading coefficient and generally
non-constant but smooth lower coefficients.

The method is based on relating two K-functionals by means of a continuous linear transform
of the function.

We consider applications in defining moduli which characterize the error of weighted ap-
proximation by Bernstein-type operators, best algebraic and trigonometric approximation, and
L-spline approximation.
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p-Adic and adelic gravity and cosmology

Since 1987, there has been a large activity in application of p-adic and adelic methods in
modeling of some physical systems and some other ones, which is known as p-adic mathematical

physics [1]. In physics, in particular, investigation has been oriented towards string theory,
geometry of space-time at the Planck scale, quantum theory, gravity and cosmology.

Adelic approach enables to consider real and p-adic aspects of a system simultaneously. It
gives possibility to connect p-adic effects with the real ones. It is a more complete approach
than the usual one, which takes into account only real effects. As a result in adelic quantum
cosmology one obtains discreteness of space and time at the Planck scale.

In this contribution, it will be presented an introduction to p-adic and adelic analysis, a brief
review of p-adic and adelic gravity [2], and p-adic and adelic cosmology [3, 4], including adelic
quantum cosmology [5]. It will be also discussed possible p-adic origin of dark matter and dark
energy, and their role in evolution of the Universe.

pamichael, N., Ruscheweyh, St. and Saff, E. B.
[2] Duren, P. L. and Schiffer, M. M., Robin functions and energy functionals of multiply connected domains,

Pacific J. Math. 148, 251-273 (1991).
[3] Duren, P. L. and Schiffer, M. M., Robin functions and distortion of capacity under conformal mapping,

Complex Variables Theory and Appl. 21, 189-196 (1993).
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Dissipativity for mixed order systems

We consider elliptic systems of Douglis-Nirenberg type, defined in mixed order Sobolev spaces
of Lp type, endowed with a suitable norm. For such function spaces, we determine the sub-
differential of the norm and present conditions on the mixed order elliptic operator to generate
a contraction semigroup in the function space.
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Weighted Young’s inequalities for radial functions and related embedding theorems

We will present results on convolution inequalities obtained in [1] for Lebesgue and Lorentz
spaces with power weights when the functions involved are assumed to be radially symmetric,
improving the range of exponents obtained in the general case by R. Kerman in the classical
paper [3].

We will then comment on applications of those results to weighted embeddings theorems for
radial Besov and Triebel-Lizorkin spaces, in the spirit of those obtained in [2, 4] in the un-
weighted case, that are the subject of ongoing research.

[1] De Nápoli, P.L., Drelichman, I., Weighed convolution inequalities for radial functions, submitted for publi-
cation, arXiv:1210.1206.

[2] Epperson, J., Frazier, M., An almost orthogonal radial wavelet expansion for radial distributions, J. Fourier
Anal. Appl., 1, no. 3, 311–353 (1995).

[3] Kerman, R. A. Convolution theorems with weights, Trans. Amer. Math. Soc. 280, no. 1, 207–219 (1983).
[4] Sickel, W., Skrzypczak, L., Radial subspaces of Besov and Lizorkin-Triebel classes: extended Strauss lemma

and compactness of embeddings, J. Fourier Anal. Appl., 6, no. 6, 639–662 (2000).

[1] Dragovich B., Khrennikov A. Yu., Kozyrev S. V. and Volovich I.V., On p-adic mathematical physics, p-Adic
Numbers, Ultrametric Analysis and Applications 1 (1), 1–17 (2009); arXiv:0904.4205 [math-ph].

[2] Aref’eva I. Ya., Dragovich B., Frampton P. H. and Volovich I. V., The wave function of the Universe and

p-adic gravity, Int. J. Mod. Phys. A 6, 4341–4358 (1991).
[3] Dragovich B., Adelic harmonic oscillator, Int. J. Mod. Phys. A 10, 2349–2365 (1995); arXiv:hep-th/0404160.
[4] Dragovich B., p-Adic and adelic quantum cosmology: p-Adic origin of dark energy and dark matter, in p-Adic

Mathematical Physics, AIP Conf. Series 826, 25–42 (2006); arXiv:hep-th/0602044.
[5] Djordjevic G. S., Dragovich B., Nesic Lj. D. and Volovich I. V., p-Adic and adelic minisuperspace quantum

cosmology, Int. J. Mod. Phys. A 17, 1413–1433 (2002); arXiv:gr-qc/0105050.
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Ateb transform as the generalization of Fourier transform

This paper proposes usage of Ateb-functions for protection of information in computer net-
works. For this purpose, the Ateb- transform based on Ateb-sinus ca(m,n, x) and Ateb-cosine
sa(n,m, x), as a generalization of orthogonal Fourier transform, where m,n- parameters of Ateb-
function, x-argument, was considered. It was proved that this transform satisfy the properties
of linearity, symmetry and similarity. The product and convolution of Ateb-transform and the
derivative formula of this transform were deducted. For the case m = 1 and n = 1 the in-
troduced Ateb-transform shall be known as orthogonal Fourier transform [1]. The function
casa(m,n, x) = ca(m,n, x)m + sa(n,m, x)n was considered, and the formulas for the direct and
inverse Hartley Ateb-transforms were formed. The Hartley Ateb-transform is a real linear op-
erator, and is symmetric and self-inverse properties for Hartley Ateb-transform were proved. It
follows that the Hartley Ateb-transform is an unitary and an orthogonal operator.

Discrete transforms shall be used for information security in the computer networks. There-
fore, the one-dimensional discrete and two-dimensional discrete Ateb transforms or the one-
dimensional discrete and two-dimensional discrete Hartley Ateb-transform were put forward for
consideration.

The algorithm of embedding a digital water mark into the image was implemented. Formulas
of discrete Ateb-transforms shall be applied to the image. For the transformed image, the well-
known additive algorithm of embedding the digital watermark in the frequency domain shall be
applied [2]. The algorithm of inverse discrete Ateb transform shall be applied to the image and
the presence of a digital watermark shall be verified. A series of experiments in regard to using
the processed scheme of embedding the digital watermark in order to study its robustness were
performed. The proposed method was tested on image files, but it can also be used to protect
audio and video files, as well as electronic text documents in computer networks.

[1] Pinsky Mark, Introduction to Fourier Analysis and Wavelets, Graduate studies in mathematics, 102,
Brooks/Cole, 376 P. (2002).

[2] I.J.Cox, J.Kilian, F.T.Leighton, and T.Shamoon, Secure spread spectrum watermarking for multimedia, Image
Processing, IEEE Transactions , 6(12), 1673-1687, (1997).
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Functional equations and stress tensor in composite material with circular inclusions

Two-dimensional elastic problem on the plane with mutually disjoint circular inclusions is re-
duced to functional-differential equations for analytic functions φ(z) and ψ(z) from the Kolosov-
Muskhelishvili representations [1]

σx + σy = 4ℜ{φ′(z)} = 2
[

φ′(z) + φ′(z)
]

,

σx − σy + 2iτxy = −2
[

zφ′′(z) + ψ′(z)
]

,

2µ(u+ iv) = κφ(z)− zφ′(z)− ψ(z).

The functional–differential equations [2] can be solved by the method of successive approxima-
tions.
[1] Muskhelishvili, N.I., Some Basic Problems of the Mathematical Theory of Elasticity , Springer, (1977).
[2] Drygas P., Mityushev V., Effective conductivity of arrays of unidirectional cylinders with interfacial resis-

tance, Q J Mechanics Appl Math 62, 235-262 (2009).
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Spectral Theory of the Hermite Operator on L
p
(R

n
)

We prove that the minimal operator and the maximal operator of the Hermite operator are
the same on Lp(Rn), 1 < p < ∞. The domain and the spectrum of the minimal operator (= the
maximal operator) of the Hermite operator on Lp(Rn), 1 < p < ∞, are computed.
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On effective conductivity formula for bounded symmetric composite material

It is considered effective conductivity of a 2D bounded symmetric composite material [1]. The
main method of the study is the reduction of the corresponding boundary value problem to the
vector-matrix problem for analytic method. It allows to reduce the problem for a compound
domain to the problem for multiply connected circular domain which is solved by the functional
equation method [2]. It is obtained an exact formula for effective conductivity.
[1] Dubatovskaya M.V., Rogosin S.V., On Heat Conduction in Bounded 2D Composite Materials with Symmet-

ric Inclusions, In: Analytic Methods of Analysis and Differential Equations: AMADE-2006 (A.A.Kilbas,
S.V.Rogosin Eds.). Cottenham, UK: Cambridge Scientific Publishers, - 55–68 (2008).

[2] Mityushev V.V., Rogosin S.V., Constructive Methods for Linear and Nonlinear Boundary Value Problems for

Analytic Functions. Theory and Applications, Monographs and Surveys in Pure and Applied Mathematics,
108. Boca Raton - London: Chapman & Hall / CRC (1999).
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RIEMANN BOUNDARY VALUE PROBLEMS ON THE POSITIVE REAL AXIS

In this paper, some Riemann boundary value problems on the positive real axis are presented.
Firstly, we introduce the concepts of the principal part and the order at the infinity and the
zero point for the holomorphic function on the complex plane cut along the positive real axis.
Then, the behavior of Cauchy type integral on the positive real axis at the infinity and the
zero point is discussed. Based on those, the Riemann boundary value problems for sectionally
holomorphic functions with the positive real axis as their jump curve are solved. As example,
some boundary value problems for matrix valued functions are also discussed, which play very
important role in the asymptotic analysis for the orthogonal polynomials on the positive real axis.

[1] Jian-Ke Lu, Boundary Value Problems for Analytic Functions, World Scientific, Singapore(1993).
[2] Muskhelishvili, N. I., Singular Integral Equations, 2nd ed., Noordhoff, Groningen(1968).
[3] Gakhov, F. D., Boundary Value Problems, Nauka, Moscow (1977).
[4] Obolashvili, E., Higher Order Partial Differential Equations in Clifford Analysis, Progress in Mathematical

Physics (28), Birkhäuser, Boston, Basel, Berlin(2003).
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On the existence of solutions of ordinary differential equations
in Banach spaces

In this talk we shall give sufficient conditions for the existence of solutions of a first order
differential equation in a Banach space. We investigate the Cauchy problem

(1) x′ = f(t, x), x(t0) = x0

where E is a Banach space, B is the ball in E and f : [0, a] × B 7→ E is a bounded con-
tinuous function. Our considerations are inspirated by the paper [1] concerning the unicity
of solutions of the problem (1). We suppose that f satisfies generalized α–Nagumo condition

limr→0+ α(f((t− r, t+ r) ∩ [0, a]×X)) ≤ u
′
(t)

u(t)
ω(α(X)), where α is the measure of noncompact-

ness, X ⊂ B and t ∈ (0, a), for some smooth function u : [0, a] → [0,∞) with u(0) = 0 and
u′(t) > 0 a.e. on [0, a] and for some continuous and increasing function ω : [0,K] → [0,∞)

which is null in 0 and positive every else, and also satisfies the integral inequality
∫

r

0

ω(s)

s
ds ≤

r, r ∈ (0,K] (K > 0). Moreover, assuming lim t→0+

r→0+

α(f(t,B(0,r)))

u′(t)
= 0, where B(0, r) is the ball

with center 0 and radius r, we shall prove that there exists a compact subinterval J of [0, a]
such that the problem (1) has at least one solution defined on J . Our assumptions and proofs
are expressed in terms of the measure of noncompactness.

[1] Constantin, A., On Nagumo’s theorem Proc. Japan Acad., 86(A), 41–44 (2010).
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Total nonnegativity of infinite Hurwitz matrices of entire and meromorphic functions

We fully describe functions generating the infinite totally nonnegative Hurwitz matrices. In
particular, we generalize the well-known result by Asner and Kemperman on the total nonneg-
ativity of the Hurwitz matrices of real stable polynomials (see [2, 4]). A criterion alternative
to [1] for entire functions to generate a Pólya frequency sequence is also obtained.

The results are based on a connection between a special factorization of totally nonnegative

[5] Bernstein, S., On the left linear Riemann problem in Clifford analysis, Bulletin of the Belgian Mathematical
Society, 3, 557-576(1996).

[6] Yafang Gong and Jinyuan Du, A kind of Riemann and Hilbert boundary value problem for left monogenic

function in R
n (m ≥ 2), Complex Variables, 49, 303-318(2004).

[7] Gürlebeck, K. and Zhongxiang Zhang, Some Riemann boundary value problems in Clifford analysis, Mathe-
matical Methods in the Applied Sciences, 33, 287-302(2010).

[8] Yude Bu and Jinyuan Du, The RH boundary value problem of the k-monogenic functions, Journal of Math-
ematical Analysis and Applications, 347, 633-644(2008).

[9] Le Jiang and Jinyuan Du, Riemann boundary value problems for some K-regular functions in Clifford analysis,
Acta Mathematica Scientia, 32(B5), 2029-2049(2012).

[10] Blaya, RA and Reyes, JB, Boundary value problems for quaternionic monogenic functions on non-smooth

surfaces, Advances in Applied Clifford Algebras, 9(1), 1-22(1999).
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matrices of the Hurwitz type and the expansion of Stieltjes meromorphic functions into Stieltjes
continued fractions (regular C-fractions with positive coefficients). An analogous approach was
successfully applied earlier in [3] to the case of rational functions.

[1] M. Aissen, A. Edrei, I. J. Schoenberg and A. Whitney, On the generating functions of totally positive se-

quences, Proc. Nat. Acad. Sci. USA, 37, 303–307 (1951).
[2] B. A. Asner, Jr, On the total nonnegativity of the Hurwitz matrix , SIAM J. Appl. Math., 18-2, 407–414

(1970).
[3] O. Holtz and M. Tyaglov, Structured matrices, continued fractions, and root localization of polynomials SIAM

Rev., 54-3, 421–509 (2012).
[4] J. H. B. Kemperman, A Hurwitz matrix is totally positive, SIAM J. Math. Anal., 13-2, 331–341 (1982).
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On ellipticity of pseudodifferential equations with small parameter

One of the most often used approaches to elliptical pseudodifferential equations(ΨDO) de-
pending on a small parameter is based on Poincaré’s asymptotic expansion. Upon this the
symbols a(x, ξ, ǫ) are regarded as continuous function with respect to ǫ ∈ [0, ǫ0) with the re-
duced symbol a0(x, ξ) = a(x, ξ, ǫ)‖ǫ=0 and define ΨDO Aǫ : H1 → H2. Further, the problems of
convergence of perturbed solutions to the degenerated one in H1 are considered.

With another approach the principal symbol a(x, ξ, ǫ) is expanded algebraically to perturbed
and non-perturbed terms and it was developed by L. Frank and G. Grubb. Due to these ΨDO

algebras some known results for PDE with were generalized to pseudodifferential case.
Both methods allow to obtain asymptotic solutions for a vast amount of physical and me-

chanical problems. However, there are differential problems with cuspidal boundary where the
classical points of view are not applied (e.g. E. Dyachenko and N. Tarkhanov, Degeneration of

Boundary Layer at Singular Points, preprint 2012). In this case the small variable ǫ can be con-
sidered as a new variable and a(x, ξ, ǫ) is interpreted as an operator-valued symbol transforming
(x, ξ) ∈ T ∗X into functions of ǫ. Here we propose the ways to construct these algebras and
consider possible applications.
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Diffusion phenomena for the wave equation
with structural damping in the L

p − L
q framework

The goal of this talk is to explain the diffusion phenomena for the wave equation with struc-
tural damping

(1) utt −△u+ 2a(−△)σut = 0 , u(0, x) = u0(x) , ut(0, x) = u1(x) ,

with a > 0 and σ ∈ (0, 1/2). We show that u has a heat-type profile for low frequencies, i.e., u
behaves like the solution v to
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Special functions and Verma modules

Recently, generalisations to arbitrary dimension of the classical Appell sequences in complex
analysis have gained new interest, see e.g. [1, 2, 4]. These sequences are usually defined as
polynomials sets, containing polynomials which are indexed by a non-negative integer referring
to the degree of homogeneity, on which one may define the action a raising and lowering operator.
Under this action, the Appell sequence behaves like a family of generalised monomials, turning
the set into a representation for the Heisenberg algebra. In this paper, we construct Appell
sequences in higher dimensions by means of infinite-dimensional Verma modules for the Lie
algebra sl(2), hence obtaining several generalisations of classes of polynomials in terms of bases
for Verma modules. This allows a unifying picture for special functions appearing in those
frameworks where an underlying dual partner isomorphic to the aforementioned Lie algebra
exists (see e.g. [3]). Note that this can also be extended to the Lie superalgebraic refinement,
hence obtaining special functions as bases for Verma modules for osp(1, 2).
[1] Bock, S., Gürlebeck, K., Lávička, R., Souček, V., The Gelfand-Tsetlin bases for spherical monogenics in

dimension 3, Rev. Mat. Iberoamericana 28 No. 4, 11651192 (2012).
[2] Cação, I., Falcão, M., Malonek, H., Laguerre derivative and monogenic Laguerre polynomials: an operational

approach, Math. Comput. Model. 53 1084-1094 (2011).
[3] De Bie, H., Sommen, F., A Clifford analysis approach to superspace, Ann. Physics. 322, 2978-2993 (2007).
[4] Eelbode, D., Monogenic Appell sequences as representations of the Heisenberg algebra, Adv. Appl. Cliff. Alg.

22 No. 4, 1009-1023 (2012).

behaves like the solution v to

vt +
1

2a
(−△)1−σv = 0 , v(0, x) = v0(x) ,

for suitable choice of initial data v0. More precisely, we derive Lp − Lq decay estimates for the
difference u − v and its time and space derivatives, where 1 ≤ p ≤ q ≤ ∞, possibly not on
the conjugate line, satisfying some additional condition related to σ. In particular, we show
that, under suitable assumptions on p, q, σ, a double diffusion phenomenon appears, that is, the
difference u− v behaves like the solution to

wt + 2a (−△)σw = 0 , w(0, x) = w0(x) ,

for a suitable choice of initial data w0.
The motivation for this work was the results obtained in the articles [2], [3] and by a remark

done by the first author of the present work [1] about the L2−L2 decay estimates for the solution
of (1). In [3] the authors got some Lp−Lq estimates for the solution u of (1), with 1 ≤ p ≤ q ≤ ∞
and σ ∈ (0, 1]. The limit case σ = 0 in (1) corresponds to the classical damped wave, for which
the diffusion phenomena was already obtained(see [2] and the references therein).
[1] M. D’Abbicco and M. R. Ebert, Diffusion phenomena for the wave equation with structural damping in the

L
p
− L

q framework, preprint.
[2] T. Narazaki, Lp

− L
q estimates for damped wave equations and their applications to semilinear problem, J.

Math. Soc. Japan 56, 586–626(2004).
[3] T. Narazaki and M. Reissig, L1 estimates for oscillating integrals related to structural damped wave models,

41pp., accepted for publication in a Birkhäuser volume of invited papers.
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The internal structure of multivariate pairs of dual wavelet frames

We study the multiresolution structure of multi-window wavelet frames. For any nontrivial
overcomplete dyadic tight wavelet frame, the induced multiresolution analysis {Vj}j∈Z with
associated wavelet spaces {Wj}j∈Z is degenerated, meaning that the standard decomposition
V1 = V0 ⊕W0 known for wavelet bases turns into V1 = W0, cf. [1].

We shall extend the latter in 3 ways [2]: First and most significantly, we do not require a tight
wavelet frame and verify that the result still holds for a pair of dual wavelet frames. Secondly,
we allow for general scaling matrices. Thirdly, the pair of dual wavelet frames is not required
to form a frame for L2(R

d) but only for a pair of dual Sobolev spaces (Hs(Rd);H−s(Rd), cf. [3].
Thus, the dual refinable function does not have to be contained in L2(R

d). We also construct
pairs of dual wavelet frames for a pair of dual Sobolev spaces from any pair of multivariate
refinable functions.
[1] H. O. Kim, R. Y. Kim, J. K. Lim, Internal structure of the multiresolution analyses defined by the unitary

extension principle, J. Approx. Theory, 154(2), 140-160 (2008).
[2] M. Ehler, The multiresolution structure of pairs of dual wavelet frames for a pair of Sobolev spaces, Jaen

J. Approx., 2(2), 193-214 (2010).
[3] B. Han, Z. Shen, Dual Wavelet Frames and Riesz Bases in Sobolev Spaces, Constr. Approx., 29(3), 369-406

(2009).

� Mark Elin Ort Braude College, Karmiel, Israel, email: mark elin@braude.ac.il

Inequalities for Angular Derivatives and Boundary Interpolation

The classical Julia–Wolff–Carathéodory theorem asserts that the angular derivative of a holo-
morphic self-mapping of the open unit disk at its boundary fixed point is a positive number. In
1982, Cowen and Pommerenke proved that if a self-mapping has several boundary regular fixed
(or contact) points then the angular derivatives at these points are subject to certain inequali-
ties. In this talk we present a unified approach to establish relations between angular derivatives
of such functions with a prescribed (possibly, infinite) collection of either mutual contact points
or boundary fixed points. This approach yields diverse inequalities improving both classical and
more recent results. We apply them to study the Nevanlinna–Pick interpolation problem with
boundary data. Our methods lead to fairly explicit formulas for the set of solutions.

The talk is based on a joint work with V. Bolotnikov and D. Shoikhet.
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Quaternionic Hyperbolic Function Theory

We consider harmonic functions with respect to the Laplace-Beltrami operator of the Rie-

mannian metric ds2 = x−2k
2

(

∑

2

i=0
dx2i

)

and their function theory in R
3. If the set of quaternions

H is generated by 1, e1, e2 and e12 = e1e2 satisfying the relation eiej+ejei = −2δij , i, j = 1, 2, 12
and C is identified by the set {x0 + x1e1|x0, x1 ∈ R} the modified Dirac operator is introduced
by Mkf = Df + kx−1

2
Qf , where Qf is given by the decomposition f (x) = Pf (x) + Qf (x) e2

with Pf (x) and Qf (x) in C and Qf is the usual complex conjugation. Leutwiler noticed around
1990 that if the usual Euclidean metric is changed to a hyperbolic one, that is k = 1, then
the power function (x0 + x1e1 + x2e2)

n, calculated using quaternions, is the conjugate gradi-
ent of the a hyperbolic harmonic function. We study generalized holomorphic functions, called
k−hypermonogenic functions satisfying Mkf = 0. Note that 0-hypermonogenic are monogenic
and 1-hypermonogenic functions are hypermonogenic defined by H. Leutwiler and the author.

The function |x|k−1 x−1 is k-hypermonogenic.
We prove the Cauchy type integral formulas for k-hypermonogenic where the kernels are

calculted using the hyperbolic distance of the Poincare upper half space model. Earlier these
results have been proved for hypermonogenic functions.
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Cyclic contractions on G-metric Spaces

In this talk, we discuss the concept of cyclic maps and define some special types of cyclic
contractions on G-metric spaces. We investigate the existence and uniqueness of fixed points of
Banach type cyclic contractions and generalized weak ψ cyclic contractions on G-metric spaces.

[1] Mustafa, Z. and Sims, B., A new approach to generalized metric spaces, J. Nonlinear Convex Anal., 7, 289–297
(2006).

[2] Z. Mustafa, Z., Shatanawi, W. and Bataineh, M., Existence of fixed point results in G-metric spaces, Int. J.
Math. Math. Sci., Vol 2009, Article ID 283028, 10 pages, (2009).

[3] Jachymski, J., Equivalent conditions for generalized contractions on (ordered) metric spaces, Nonlinear Anal.,
74, 768–774, (2011).

[4] Karapınar, E., Fixed point theory for cyclic φ-weak contractions, Appl. Math. Lett., 24, 822–, (2011).
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Ordinary differential equations in algebras of generalized functions

A local existence and uniqueness theorem for ODEs in the special algebra of generalized func-
tions is established, as well as versions including parameters and dependence on initial values in
the generalized sense. Finally, a Frobenius theorem is proved.

[1] Erlacher, E. and Grosser, M., Ordinary differential equations in algebras of generalized functions, In: Pseudo-
differential operators, generalized functions and asymptotics, vol. 231 of Oper. Theory Appl. Adv., 253-270,
Birkhäuser, Basel (2013).
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Infinity and rest point

In [1, p. 222] there is a description of Alexandroff’s one-point compactification of a locally
compact non-compact space. In [2, pp. 162-164] it is shown that owing to the Riemann sphere
the process of such compactification of a locally compact Hausdorff space can be visualized. The
visualization is used in order to construct analytically the homeomorphism of R2 on S \ {N}.
As in [2], S \ {N} is a sphere minus its north pole N. It is considered the question. To what
conditions at infinity (∞) must satisfy an autonomous system of differential equations defined
on R

2 in order corresponding to it under the homeomorphism system defined on S \ {N} had
rest point N. Here ∞ and N are considered as “ideal points” of one-point compactifications for
R

2 and S \ {N}. The same question is considered for R and part of R.

[1] Ryszard Engelking “General Topology” Warszawa 1977 Polska Aakademia Nauk, Instytut Matematyczny.
Monografie Matematyczne. Tom 60. P.W.N.-Polish Scientific. Warszawa 1977

[2] George F. Simmons, “Introduction to topology and modern analysis”, New York : McGraw-Hill, 1963.
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Initial-boundary value problems for Zakharov–Kuznetsov equation on the plane

Initial-boundary value problems for Zakharov–Kuznetsov equation

ut + uxxx + uxyy + uux = 0 (1)

in various domains are considered and problems of well-posedness are studied. The most recent
results are related to the problem in a layer ΠT = (0, T ) × Σ, where Σ = {(x, y) : x ∈ R, 0 <

y < L} is a horizontal strip of a given width L and T > 0 – arbitrary. Initial condition

u(0, x, y) = u0(x, y), (x, y) ∈ Σ, (2)



66

� Milton Ferreira, Polytechnic Institute of Leiria, Leiria, Portugal,

email: milton.ferreira@ipleiria.pt, and CIDMA - Center for Research and Development in Mathe-

matics and Applications, University of Aveiro, Portugal.

Continuous wavelet transform over an n-dimensional ball

It is well-known that the proper Lorentz group SO0(1, n) (and also its double covering
Spin+(1,n)) is the conformal group of the unit sphere and of the unit ball in R

n. This group gives
a well-established theory for the continuous wavelet transform on the unit sphere as studied by
the author in [2]. However, for the case of the ball the proper Lorentz group SO0(1, n) is not
sufficient for a wavelet theory, since dilations are not contained in it.

Recently it was developed the continuous wavelet transform on the upper sheet of the 2-
hyperboloid [1] by defining a class of suitable dilations on the hyperboloid through conic projec-
tion and by incorporating hyperbolic motions belonging to the proper Lorentz group SO0(1, 2).
The resulting wavelet transform is invertible whenever the wavelet mother satisfies a particular
admissibility condition, which turns out to be a zero-mean condition.

In this talk we will show how to obtain similar results in a ball of Rn with arbitrary radius.
First we define a class of radial relativistic dilation operators for the ball which allow us to
define the continuous wavelet transform together with motions on the ball. We study the
admissibility condition for this transform in order to have admissible wavelets and we give
examples of admissible hyperbolic wavelets. For large radiuses of the ball the continuous wavelet
transform on the ball matches the usual continuous wavelet transform in R

n.

[1] Bogdanova, I., Vandergheynst, P., and Gazeau, J. P., Continuous wavelet transform on the hyperboloid , Appl.
Comput. Harmon. Anal., 23(3), 285-306 (2007).

[2] Ferreira, M., Spherical continuous wavelets transforms arising from sections of the Lorentz group, Appl.
Comput. Harmon. Anal., 26, 212-229 (2009).

∈

and Dirichlet boundary condition

u(t, x, 0) = u(t, x, L) = 0, (t, x) ∈ (0, T )× R, (3)

are set.
For any α ≥ 0 introduce function spaces

Lα
2
= H0,α = {ϕ ∈ L2(Σ) : (1 + x+)

αϕ ∈ L2(Σ)},

H1,α = {ϕ ∈ H1(Σ) : ϕ,ϕx, ϕy ∈ Lα
2
}

with natural norms (here x+ = max(x, 0)). Solutions to the considered problem are constructed
in spaces Xk,α(ΠT ), k = 0 or 1, consisting of functions u(t, x, y) such that

u ∈ Cw([0, T ];H
k,α), sup

x0∈R

∫ T

0

∫ x0+1

x0

∫ L

0

|Dk+1u|2 dydxdt < ∞

and if α > 0 then, in addition,

(1 + x)α−1/2|Dk+1u| ∈ L2

(
(0, T )× (0,+∞)× (0, L)

)
,

where |Dkϕ| =
( ∑

k1+k2=k

(∂k1
x ∂k2

y ϕ)2
)
1/2

.

Theorem 1. Let u0 ∈ Lα
2
for a certain α ≥ 0. Then there exists a weak solution to problem

(1)–(3) in the space X0,α(ΠT ).

Theorem 2. Let u0 ∈ H1,α for a certain α ≥ 0 and u0|y=0 = u0|y=L = 0. Let u0 ∈ Lα
2
for a

certain α ≥ 0. Then there exists a weak solution to problem (1)–(3) in the space X1,α(ΠT ). If

α ≥ 1/2 such a solution is unique.

Similar rusults are established for other types of boundary conditions (Neumann and perodic).
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Multiple orthogonal polynomials and their properties

I shall talk about multiple orthogonal polynomials and their properties and connection to
Riemann-Hilbert problems and differential equations based on the paper [1]. This is a joint
work with W. Van Assche and L. Zhang (KULeuven, Belgium).

[1] Filipuk, G., Van Assche, W. and Zhang, L., Ladder operators and differential equations for multiple orthogonal

polynomials, J. Phys. A: Math. Theor. 46, 205204 (2013). (http://arxiv.org/abs/1204.5058).
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Boundary Problems in the Fracture Mechanics of Solids with Cracks

Solution methods of 2D boundary value problems for solids with multiple fractures of suffi-
ciently arbitrary configurations are developed. For this purposes complex analysis approaches
and the technique of singular integral equations are used [1]. As an example, it is considered a
fractured anisotropic half-plain loaded by concentrated forces along the straight-line boundary.
Fractures are statistically distributed by Gaussian low. It is supposed that the banks of cracks
are free from loadings or under the normal pressure. The appropriate boundary problem is
reduced to a singular integral equation system that is uniquely solvable due to additional con-
ditions of fracture closure. Further an asymptotic analysis of solutions is conducted and based
on such procedure stress intensity factors at the tip of each fracture are calculated. Numerical
procedures have been performed in the following sequence. The centers of cracks were got out in
a random way on two-dimensional normal distribution with the center in a point z0. The form
of cracks is the polynomials which power got out in a random way from previously defined set.
Length and rotation angle of cracks were also set randomly. Being crossed cracks were excluded
from consideration. Thus, in the set area rather large number of cracks was distributed. After
that numerical calculation of the stress intensity factor at the tip of each crack was carried out.
The described procedure was repeated rather large number of times. As a result, the expected
value and the variance of stress intensity factors [2] at crack tips have been received.

[1] Bardzokas D.I., Filshtinskii L.A., Filshtinsky M.L. Actual Problems of Coupled Physical Fields in Deformable

Solids. Monograph in 5 Volumes, vol. 1, NIC Regulyarnaya I Khaoticheskaya Dinamika, Izhevsk (2010), In
Russian.

[2] Bardzokas D.I., Filshtinsky M.L., Filshtinsky L.A., Mathematical Methods in Electro-Magneto-Elasticity ,
Springer Berlin Heidelberg New York. (2007).
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Pseudo-Differential Operators on Lie groups

Pseudo-differential operators (PDO’s) are primarily defined in the familiar setting of the
Euclidean space. In this short talk, I will present recent results regarding PDO’s in the settings
of Lie groups. This is a joint work with Michael Ruzhansky (Imperial College London).
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Kähler metrics and geometric quantization

Kähler metrics on a compact toric manifold were explicitly parametrized in [1]. We consider
natural degenerations of these metrics and their relation with geometric quantization of the toric
manifold, [2].

In particular, these degenerations allow to interpolate between geometric quantizations in the
holomorphic and real polarizations and show that sections of the prequantum bundle converge
to Dirac delta distributions supported on Bohr-Sommerfeld fibers.

Analogous descriptions of Kähler metrics on spherical manifolds and corresponding degener-
ations will also be considered.
[1] Abreu, M., Kähler geometry of toric manifolds in symplectic coordinates. In: Symplectic and contact topology:

interactions and perspectives (Toronto, Montreal, QC, 2001), 1–24, Fields Inst. Commun., 35, Amer. Math.
Soc., Providence, RI, 2003.

[2] Baier, T., Florentino, C., Mourão, J. M.; Nunes, J. P. Toric Kähler metrics seen from infinity, quantization

and compact tropical amoebas. J. Differential Geom. 89 (2011), no. 3, 411–454.
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The Dirichlet problem on the sphere for the modified Cauchy- Riemann operator

In this work we will show how guarantee the existence of the Dirichlet-type boundary value
problem solution on the sphere. It was discussed for modified Cauchy-Riemann operator in [4].

Dq =
n
∑

i=0

qiei∂i

where the parameters qi can be real-valued functions,matrix value function or Clifford Algebra-
valued functions in the context of the generalized Clifford Analysis.
[1] Brackx, F. Delanghe, R and Sommen, F.(1982). Clifford Analysis. Pitman Research Notes.

´
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Redundant Lifting Scheme for Multiscale Keypoint Analysis

A redundant lifting scheme that can build the discrete wavelet transform with translation-
invariant property is presented. The original lifting of Sweldens [1, 2] has been widely used in a
range of applications, as it can provide a particularly easy way to construct perfect reconstruction
filters that are defined even on general domains such as irregular grids over arbitrary surfaces. In
particular, any discrete wavelet transform with finite impulse response filters can be decomposed
into a finite sequence of simple lifting steps [3]. The computation of the wavelet decomposition or
reconstruction implemented via the lifting is efficient and thus fast, because it uses the polyphase
decomposition that divides a one-dimensional discrete signal into even and odd components,
which is also called decimation or downsampling by a factor of 2. However, due to the nature
of the polyphase decomposition, this leads to a large number of artifacts when the signal is
reconstructed after modification of its wavelet coefficients.

The proposed redundant lifting scheme does not use the decimation or downsampling. The
decomposed output signals are redundant components whose sum has a length of two times from
an original signal, but they make the reconstruction robust to the ringing artifact, which can be
very important in some applications such as feature detection. Furthermore, the redundancy of
the lifting framework can be used for redesigning new wavelet filters. We applied these filters to
some applications such as edge detection and keypoint analysis [4] of an image, in order to show
that the redundancy of the transforms offers some advantages comparing with the conventional
method.
[1] Sweldens W., The lifting scheme: a custom-design construction of biorthogonal wavelets, J. Appl. Comput.

Harmon. Anal., Vol. 3, No. 2, 186–200 (1996)
[2] Sweldens W., The lifting scheme: a construction of second generation wavelets, SIAM J. Math. Anal., Vol. 29,

No. 2, 511–546, (1997)
[3] Daubechies I. and Sweldens W., Factoring wavelet transforms into lifting steps, J. Fourier Anal. Appl., Vol. 4

No. 3, 247–269 (1998)
[4] Lowe, D. G., Distinctive image features from scale-invariant keypoints, International Journal of Computer

Vision, Vol. 60, No. 2, 91–110 (2004)

[2] Boĺıvar Y., Vanegas C. (2012) General Cauchy-Riemann operators and some applications to Clifford
Analysis, en preparación.

[3] Tutschke, W. Solution of initial value problems in classes of generalized analytic functions, Springer, 4
1989.

[4] Tutschke, W. and Vanegas, C. (2008). Métodos del Análisis complejo en dimensiones superiores. XXI
Escuela Venezolana de Matemáticas.
* Trabajo conjunto con
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On the interpolation of orthonormal wavelets with compact support

Daubechies wavelets have good properties; the compact support and the vanishing moment,
and often are applied to the numerical analysis, e.g., image compression. They are constructed
from the square of their low-pass filter by using the spectral factorization (see [1]). Let mN

0
be

the low-pass filter associated with the N -th order Daubechies wavelet and MN

0
(ξ) =

∣
∣mN

0
(ξ)

∣
∣2.

Then, MN

0
is given as

MN

0
(ξ) =

(
1 + e−iξ

2

)2N

L (ξ) ,

where L (ξ) = PN

(
sin2 ξ/2

)
with

PN (y) =
N−1∑

k=0

(
N − 1 + k

k

)

yk.

Daubechies wavelets correspond to the spectral factorization which yields the minimum phase
filter mN

0
. Other choices allow us to get more smoother wavelets, or more symmetric wavelets

(e.g., symlets). The N -th order Daubechies wavelet has N vanishing moments. Daubechies [3]
constructed wavelets such that scaling functions also have vanishing moments and named them
coiflet. The regularities of Daubechies wavelets and coiflets increase with increasing the order
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Gabor transform of analytic functional on the sphere

We have studied analytic functionals on the complex sphere S̃(r) with radius r measured by

the Lie norm in Cn+1. The Fourier-Borel transform FT of an analytic functional T on S̃(r) is
defined by

FT (ζ) = 〈Tz, exp(z · ζ)〉,

where z · w = z1w1 + · · · + zn+1wn+1 for z, w ∈ Cn+1. We denote by Pk,n(t) the Legendre
polynomial of degree k and of dimension n + 1. The extended Legendre polynomial Pk,n(z, w)

of degree k and dimension n + 1 is defined by Pk,n(z, w) = (
√
z2)k(

√
w2)kPk,n(

z
√

z2
· w
√

w2
),

where z2 = z · z. For the analytic functional T , we call S̃k(w) = N(k, n)〈Tz, Pk,n(z, w)〉 the k-
spherical harmonic component of T , where N(k, n) is the dimension of the space of homogeneous
harmonic polynomials of degree k in Cn+1. Since exp(z · ζ) can be expanded by using the
extended Legendre polynomials and the entire Bessel functions, FT can be expressed by using
the k-spherical harmonic component of T and the entire Bessel functions.

In this talk, following our previous results we consider the Gabor transform Gω0
T of T defined

by

Gω0
T (τ, a) =

〈

Tx , a
−(n+1)/2 exp(−iω0 ·

x− τ

a
) exp

(

−
1

2

(

x− τ

a

)

2
)〉

,

where ω0 ∈ Rn+1 is fixed, a ∈ R+ and τ ∈ Cn+1.
[1] Morimoto, M., Analytic Functionals on the sphere, Translation of mathematical monographs, 178, American

Mathematical Society, Providence, RI, 1998.
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coiflet. The regularities of Daubechies wavelets and coiflets increase with increasing the order
of them (see [2], [4], etc.).

In this talk, we introduce a new scheme which constructs new orthonormal wavelets. In some
cases, the resulting wavelets are in agreement with our recent works [5] and [6]. Moreover, by
combining the scheme with the spectral factorization, we can interpolate between two compactly-
supported wavelets. Finally, we report some properties of new wavelets.
[1] Daubechies, I., Orthonormal bases of compactly supported wavelets, Communications on pure and applied

mathematics, 41 (7), 909-996 (1988).
[2] Daubechies, I., Ten lectures on wavelets, Society for Industrial and Applied Mathematics, Philadelphia (1992).
[3] Daubechies, I., Orthonormal bases of compactly supported wavelet II. variations on the theme, SIAM Journal

on Mathematical Analysis, 24 (2), 499-519, Philadelphia (1993).
[4] Cohen, A., Numerical analysis of wavelet methods, vol. 32, Elsevier, Amsterdam (2003).
[5] Fukuda, N. and Kinoshita, T., On the new family of wavelets interpolating to the Shannon wavelet , JSIAM

Letters, 3, 33-36 (2011).
[6] Fukuda, N. and Kinoshita, T., On the construction of new families of wavelets, Japan Journal of Industrial

and Applied Mathematics, 29 (1), 63-82 (2012).
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The Wintner–Perko termination principle and new bifurcational geometric methods
for the global qualitative analysis of polynomial dynamical systems

We carry out the global qualitative analysis of polynomial dynamical systems. To control all
of their limit cycle bifurcations, especially, bifurcations of multiple limit cycles, it is necessary
to know the properties and combine the effects of all of their rotation parameters. It can
be done by means of the development of new bifurcational geometric methods based on the
well-known Weierstrass preparation theorem and the Perko planar termination principle stating
that the maximal one-parameter family of multiple limit cycles terminates either at a singular
point which is typically of the same multiplicity (cyclicity) or on a separatrix cycle which is
also typically of the same multiplicity (cyclicity) [1]. This principle is a consequence of the
principle of natural termination which was stated for higher-dimensional dynamical systems by
A.Wintner who studied one-parameter families of periodic orbits of the restricted three-body
problem and used Puiseux series to show that in the analytic case any one-parameter family
of periodic orbits can be uniquely continued through any bifurcation except a period-doubling
bifurcation. The Wintner–Perko termination principle can be applied for studying multiple limit
cycle bifurcations of planar polynomial dynamical systems [1].

If we do not know the cyclicity of the termination points, then, applying canonical systems
with field rotation parameters, we use geometric properties of the spirals filling the interior and
exterior domains of limit cycles. Applying this method, we have solved, e. g., Smale’s Thirteenth
Problem proving that the Liénard system with a polynomial of degree 2k + 1 can have at
most k limit cycles. Generalizing the obtained results, we have also solved the problem of the
maximum number of limit cycles surrounding a singular point for an arbitrary polynomial system
and Hilbert’s Sixteenth Problem for a general Liénard polynomial system with an arbitrary
(but finite) number of singular points [2].

Finally, applying the same approach, we consider three-dimensional polynomial dynamical
systems and, in particular, complete the strange attractor bifurcation scenario in the classical
Lorenz system globally connecting the homoclinic, period-doubling, Andronov–Shilnikov, and
period-halving bifurcations of its limit cycles.

[1] Gaiko, V.A., Global Bifurcation Theory and Hilbert’s Sixteenth Problem, Kluwer Academic Publishers, Boston
(2003).

[2] Gaiko, V.A., The applied geometry of a general Liénard polynomial system, Appl. Math. Letters, 25, 2327-2331
(2012).
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Mathematical modeling of the acute phase of HIV-1 infection

Mathematical models describing relationship between infectious pathogens and an immune
system are used for both identification of the model unknown parameters and for comparison
and investigation of the various hypotheses, as well as for evaluation in real time of the drugs
action and their side effects during a long period of time (years), for investigation of viral genetic
variability.

The events during the acute phase of HIV-1 are the important factors for predicting the
further course of the infection process. They allow estimation of the time duration of infection
latent phase before progression of HIV into AIDS as well as the severity of disease course. Key
factors are the viral set point and the T-cell level at the moment of acute phase completion.

The paper provides an overview of a number of publications, beginning with the early models,
and to the works of recent years, in which dynamics of the HIV-1 acute phase is described in
terms of ordinary differential equations. Most of the modern mathematical models are based
on the earlier basic model (see, for example [1]) binding three main compartments: noninfected
target T-cells; infected T-cells; free virions. On the base of the comparative analysis the common
and individual factors of the mathematical models were determined.
[1] Perelson, A.S., and Nelson, P.W., Mathematical Analysis of HIV-1 Dynamics in Vivo, SIAM REVIEW, 41,

No. 1, 3-44 (1999).
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Blow-up for some differential inequalities

Catastrophes occur in many natural and technical processes. An effective tool for their study
is the theory of blow-up of solutions to nonlinear differential equations and inequalities. So
far it was developed mostly for differential operators with regular coefficients or for those with
singularities on bounded sets, such as a single point [1].

We establish sufficient conditions for blow-up of solutions to nonlinear partial differential
inequalities such that their coefficients and/or initial data have singularities on unbounded sets.
Our proofs are based on an appropriate modification of the method of nonlinear capacity [2].

An example of our results is as follows. Let k ∈ N, q > 1, α, λ, µ ∈ R, T > 0, and c > 0.
Denote Πn = {(x1, . . . , xn) ∈ R

n : xn = 0}. Consider the nonlinear parabolic Cauchy problem
of higher order

(1)







ut −∆ku ≥ uq|xn|
α (x ∈ R

n \Πn, t ∈ (0, T )),
u(x, t) ≥ 0 (x ∈ R

n \Πn, t ∈ (0, T )),
u(x, 0) = u0(x) ≥ c|x|λ|xn|

µ (x ∈ R
n \Πn).

Theorem. Let

α > max{(µ− λ)(q − 1) + 2k, 0}.

Then any solution of the Cauchy problem (1) blows up.

Similar results were obtained for a large class of nonlinear elliptic and parabolic inequalities
with various geometrical structure of singularities, as well as for systems of such inequalities.

[1] Brezis, H. and Cabré, X., Some simple nonlinear PDE’s without solutions, Boll. Unione Mat. Italiana, Sez.
B, Artic. Ric. Mat., 78/1, 223-262 (1998).

[2] Mitidieri, E. and Pohozaev, S., A priori estimates and blow-up of solutions to nonlinear partial differential

equations and inequalities, Proc. Steklov Inst. Math., 234, 1-362 (2001).
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Computing the time-frequency solution of a differential equation with the generalized
input/output method

Differential equations are the most common model for deterministic and random physical
phenomena. In general, when the forcing term of the differential equation is nonstationary the
solution is nonstationary, and its frequency content changes with time. Time-frequency analysis
provides an effective representation of such time-varying spectrum. We discuss the generalized
input/output method, which allows the calculation of the time-frequency distribution of the
solution to the equation when the forcing term is nonstationary [1]. The method takes advan-
tage of a technique to transform the differential equation in time to a differential equation in
the time-frequency domain of the Wigner distribution [2], [3]. The forcing term and solution
of the corresponding time-frequency equation are the time-frequency distributions of the forc-
ing term and solution of the time equation, respectively. Although the Wigner distribution is
nonlinear, the time-frequency equation is still linear. By using this property, we expand the
time-frequency forcing term in a sum of functions, the generalized inputs, and we compute the
corresponding time-frequency solutions, the generalized outputs. The linear combination of the
generalized outputs returns the time-frequency solution for the given nonstationary forcing term.
The terms generalized inputs and generalized outputs refer to the fact that these functions are
not proper Wigner distributions. By using the generalized input/output method we compute the
time-frequency distribution of the solution when the forcing term belongs to a class of common
nonstationary signals. All results are exact. Furthermore, we show how to extend the method
to approximate the time-frequency distribution of the solution for a wide class of nonstationary
forcing terms.

[1] Galleani, L., Response of dynamical systems to nonstationary inputs, IEEE Trans. Sig. Process., 60, 11,
5775-5786 (2012).

[2] Galleani, L., The transient spectrum of a random system, IEEE Trans. Sig. Process., 58, 10, 5106-5117
(2010).

[3] Galleani, L. and Cohen, L. Direct time-Frequency characterization of linear systems governed by differential

equations, IEEE Sig. Proc. Lett., 11, 9, 721-724 (2004).
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Microlocal Analysis for Hyperbolic Equations in the Einstein & de Sitter Spacetime

In the talk we consider the waves propagating in the universe modeled by the so-called Einstein
& de Sitter cosmological model. The wave equation in the Einstein & de Sitter spacetime is
strictly hyperbolic in the domain with positive time, while the coefficients have singularities at
time t = 0 (the cosmological singularity, the moment of Big Bang). We set initial data on the
hyperplane separated from the singularities and investigate asymptotic behavior of the solution
as time approaches zero. We give explicit representation formulas and parametrixes of the
Cauchy problem in the terms of Fourier integral operators. This allows us to prove rigorously
some known physically motivated asymptotics.
[1] Galstian A., Kinoshita T., Yagdjian K., A Note on Wave Equation in Einstein & de Sitter Spacetime,

J. Math. Phys. 51, 052501–0525018 (2010).
[2] Gorbunov D. S., Rubakov V. A., Introduction to the Theory of the Early Universe. Hot Bing Bang Theory ,

World Scientific (2011).
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Wavelet approach for the problems of discerning samples obtaining from acoustic
measuremens

The experimental data are obtained after the registration of the backscattered signals of the
initial ultrasound impulse. Here the problem of discerning data the obtained from different
samples arise. That will mean developing the further methods of skin pathology detecting,
[1]-[2], or constructing the correct physical model, cf. [3].

Acoustic experiment results the original signal as the discrete dataset which is modified then
using the Hilbert transform. The proposed method is based on decomposition of the modified
signal representing by analytic function in the upper half-plane using Daubechies 6 and complex
Morlet wavelet, [4]-[5].

[1] Piotrzkowska H.,Litniewski J.,Szymańska E.,Nowicki A. Ultrasonic Echosignal Applied to Human Skin Le-

sions Characterization, Archives of Acoustic, 37, 103–108 (2012).
[2] Piotrzkowska H., Litniewski J., Szymańska E., Lewandowski M., Nowicki A. Statistics of envelope of high

frequency ultrasound signal backscattered in human dermis, Hydroascoustic, 13, 205–214 (2010).
[3] Kruglenko E., Mizera A., Gambin B., Tymkiewicz R., Zienkiewicz B., Litniewski J., Nagrzewanie ul-

tradźwiȩkami tkanek miȩkkich in vitro i w lasnośći akustyczne wytworzonych wzorców tkanek miȩkkich, Mate-
ria ly Konferencyjne, 59 Otwarte Seminariom z Akustyki po la̧czone z Warsztatami Szkoleniowymi Strategiczne
Zarza̧dzanie Ha lasem z uwzglȩdnieniem Ha lasu Lotniczego, 10-14.09.2012, Poznań-Boszkowo, Wydawca Pol-
skie Towarzystwo Akustyczne, 129–132 (2012).

[4] Addison P. The Illustrates Wavelet Transform Handbook , IoP, Bristol-Philadelphia, (2002).
[5] Daubechies I. Ten Lectures on Wavelets, SIAM, Philadelphia (1993).
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GIT stability, symplectic reduction and cosmic strings

In ongoing work with Luis Alvarez-Consul and Oscar Garcia-Prada, we have recently found
an interesting relation between the Coupled Kähler–Yang–Mills (CKYM) equations, introduced
in [3], and physical equations describing gravitating vortices over a Riemann surface. These
vortices, known in the physics literature as cosmic strings (or topological defects) in the Abelian–
Higgs model [2], correspond to static solutions of the Einstein–Yang-Mills–Higgs equations in
4 dimensions for Abelian gauge group. They model the coupling of gravity with a condensed
matter system.

In this talk, we explain how this physical interpretation of the CKYM equations arises via
dimensional reduction, from 4 to 2 dimensions, in the product of a Riemann surface X with
a 2-sphere. When X is the Riemann sphere, the existence problem for the gravitating vortex
equations has been previously studied by Y. Yang in [4], leading to sufficient criterion for the
existence of solutions. Relying on Yang’s criterion and on the general theory for the CKYM
equations developped in [1], we will derive a conjectural explicit description of the moduli space
of cosmic strings on CP

1 as a finite-dimensional GIT quotient.

[1] L. Álvarez-Cónsul, M. Garcia-Fernandez and O. Garćıa-Prada, Coupled equations for Kähler metrics and

Yang–Mills connections, arXiv:1102.0991 [math.DG] (2011).
[2] A.Comtet and G. Gibbons, Bogomol’nyi bounds for cosmic strings, Nuc. Phys. B299 719–733 (1988).
[3] M. Garcia-Fernandez, Coupled equations for Kähler metrics and Yang–Mills connections, PhD Thesis, 2009.
[4] Y. Yang, Prescribing Topological Defects for the Coupled Einstein and Abelian Higgs Equations, Comm.

Math. Phys. 170 541–582 (1995).
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Reciprocity laws for analytic functions on curves

We will introduce a functional analytic variant of the notion of locally linearly compact topo-
logical vector space (also known as Tate space). We will show how this notion can be used to
define commutator symbols which satisfy Weil-type reciprocity laws for algebraic curves, both
in the complex and in the p-adic analytic setting.
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L
p microlocal properties for vector weighted pseudodifferential operators with smooth

symbols

The authors introduce a class of pseudodifferential operators, whose symbols satisfy com-
pletely inhomogeneous estimates at infinity for the derivatives, namely:

|∂α

ξ
∂β

x
a(x, ξ)| ≤ cα,βm(ξ)Λ(ξ)−α,

where m(ξ) is a suitable positive continuous weight function, which indicates the “order” of the
symbol, and Λ(ξ) = (λ1(ξ), . . . , λn(ξ)) is a weight vector.
Continuity properties in suitable weighted Sobolev spaces of Lp type are given and Lp microlocal
properties studied.

[1] Beals, R., A general calculus of pseudodifferential operators, Duke Math. J. 42, 1-42, (1978).

[2] Garello, G., Morando, A., Lp microlocal properties for multi-quasi-elliptic pseudodifferential operators, Pliska
Stud.Math. Bulgar. To appear (2013)

[3] M.E. Taylor M.E., Pseudodifferential Operators, Princeton Univ. Press, 1981.
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Strictly and weakly hyperbolic Cauchy problems with non-regular coefficients.

In this survey talk I will describe a Colombeau approach to hyperbolic Cauchy problems with
non-regular coefficients. The results presented during the talk have been obtained in collabora-
tion with Michael Oberguggenberger (Innsbruck University) for equations without multiplicities
(strictly hyperbolic) and in collaboration with Michael Ruzhansky (Imperial College London)
for equations with multiplicities (weakly hyperbolic).
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Results of geometric theory of hypercomplex functions on the unit ball of quaternions

The geometric theory of slice regular functions is developing nicely. In this talk we present
a few recent results of geometric function theory in the open unit ball B of the space H of
quaternions. The quaternionic versions of the Bohr, the Bloch-Landau and the Landau-Toeplitz
theorems are illustrated, and their differences with their complex counterparts are put under
scrutiny. Questions of rigidity of Burns-Krantz type are also addressed.
[1] Della Rocchetta, C., Gentili, G. and Sarfatti, G., The Bohr theorem for slice reg- ular functions , Math.

Nachr., 285 2093-2105 (2012).
[2] Della Rocchetta, C., Gentili, G. and Sarfatti, G., A Bloch-Landau theorem for slice regular functions, in

Advances in Hypercomplex Analysis, ed. by G. Gentili, I. Sabadini, M. V. Shapiro, F. Sommen, D. C.
Struppa, Springer INdAM Series, Springer, Milan, 2013, pp. 55-74.

[3] Gentili, G. and Sarfatti, G., Landau-Toeplitz theorems for slice regular functions, Preprint, Università di
Firenze: http://www.math.unifi.it/users/sarfatti/LTPreprint.pdf, (2013).
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On countinuity of the solution map for the cubic 1d periodic half - wave equation

The talk treats the well – posedness of the semilinear equation

(1) (i∂t − |Dx|)u = σ|u|2u for t ≥ 0 ,

where σ = ±1 and u(t, x) is assumed to be 2π periodic in x.

For the case σ = −1 and x ∈ R a blow - up result is established in [1].
We study the case σ = +1 and impose initial data

u(0, x) = f(x) ∈ Hs(0, 2π)

with s < 1/2 by using suitable Bourgain type spaces.
[1] J. Krieger, E. Lenzmann, P. Raphaël, Nondispersive solutions of the L

2 critical half - wave equation,
Preprint arxive 1203.2476v, 2012.
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Existence of the global attractors for parabolic equations involving weighted p-Laplacian
operator

In this work, we study the long time behaviour (in the sense of attractors) of the quasilinear

parabolic equations with variable coefficients and involving weighted p-Laplacian operator. We

prove that the dynamical systems have global attractor in L
2(Rn).

[1] Anh, C. T., Ke, T. D., On quasilinear parabolic equations involving weighted p-Laplacian operators, Nonlinear

Differential Equations and Applications NoDEA 17 (2), 195-212 (2010)

[2] Anh, C. T., Ke, T. D., Long time behavior for quasilinear parabolic equations involving weighted p-Laplacian

operators, Nonlinear Analysis, Vol 71, 4415-4422 (2009)

[3] Babin, A. V., Vishik, M. I., Attractors of differential evolution equations in unbounded domain, Proc. Roy.

Soc. Edinburgh Sect. A 116, 221-243 (1990)

[4] Caldiroli, P., Musina, R., On a variational degenerate elliptic problem, Nonlinear Differential Equations and

Applications NoDEA 7, 187-199 (2000)

[5] Carvalho, A. N., Gentile, C. B., Asimptotic behavior of non-linear parabolic equations with monotone principal

part , J. Math. Anal. Appl. 280, 252-272 (2003)

[6] Chen, C., Shi, L., Wang, H., Existence of a global attractors in L
p for m-Laplacian parabolic equation in R

n,

Boundary Value Problems, Vol. 2009, Article ID 563767, 17 pg. (2009)

[7] Khanmamedov, A. Kh., Global attractors for 2 − D wave equations with displacement-dependent damping ,

Math. Methods in the Applied Sciences 33, 177-187 (2010)

[8] Khanmamedov, A. Kh., Global attractors for one dimensional p-Laplacian equation, Nonlinear Analysis 71,

155-171 (2009)

[9] Khanmamedov, A. Kh., Existence of a global attractor for the parabolic equation with nonlinear Laplacian

principal part in an unbounded domain, J. Math. Anal. Appl. 316, 601-615 (2006)

[10] Krasnoselskii, M. A., Rutickii, Y. B., Convex Functions and Orlicz Spaces, P. Noordhoff LTD., The Nether-

lands (1961)

[11] Melnik, S. V., Valero, J., On Attractors of Multivalued Semi-Flows and Differential Inclusions, Set-Valued

Analysis 6, 83-111 (1998)

[12] Nakao, M., Chen, C., On global attractor for a nonlinear parabolic equation of m-Laplacian type in R
n,

Funkcialaj Ekvacioj 50, 449-468 (2007)

[13] Yang, M., Sun, C., Zhong, C., Global attractors for p-Laplacian equation, J. Math. Anal. Appl. 337, 1130-

1142 (2007)

[14] Yang, M., Sun, C., Zhong, C., Existence of a global attractor for a p-Laplacian equation in R
n, Nonlinear

Analysis 66, 1-13 (2007).
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On hyperholomorphic functions of spatial variable and some properties of a Cauchy type
integral in quaternion analysis

Let H(C) be the algebra of complex quaternions a =
∑

3

k=0
akik, where {ak}

3

k=0
⊂ C, i0 = 1

be the unit, i1, i2, i3 be imaginary quaternion units. Let Ω be a domain in R
3 ∋ z := z1i1+z2i2+

z3i3, let function f : Ω → H(C) has first order partial derivatives, and let Dl[f ] :=
∑

3

k=1
ik

∂f

∂zk
,

Dr[f ] :=
∑

3

k=1

∂f

∂zk
ik.



78

∑

∑

∂zk

Definition. Function f := f0 + f1i1 + f2i2 + f3i3 is called left-hyperholomorphic or right-

hyperholomorphic in a domain Ω when its components f0, f1, f2, f3 are R
3-differentiable func-

tions in Ω and satisfy the condition Dl[f ] = 0 or Dr[f ] = 0 respectively.

Let δ > 0, Γz,δ := {ζ∈Γ : |ζ − z| 6 δ}, let mes Γz,δ be the surface measure of the set Γz,δ, and
d(Γz,δ) be its diameter. The next theorem is an analog of the Cauchy theorem from complex
analysis.

Theorem (see [1]). Let Ω be a bounded domain with piecewise smooth boundary Γ, which for

arbitrary z ∈ R
3, δ > 0 satisfies the condition

d(Γz,δ)

mesΓz,δ
6 Λ,

where Λ is a positive constant, let a function f : Ω→ H(C) be right-hyperholomorphic in Ω and

continuous in Ω, and let a function g : Ω→ H(C) be left-hyperholomorphic in Ω and continuous

in Ω. Then

(1)

∫∫

Γ

f(z) ν(z) g(z) ds = 0,

where ν(z) is the unit normal vector to the surface Γ in the point z.

The formula (1) was proved formerly (see [2]) under the additional requirement of continuity
for partial derivatives of functions f and g.
We also found sufficient conditions for existence of a quaternion singular Cauchy integral on a

closed rectifiable regular surface in the space R3 and proved an upper estimate for its continuity
module in terms of the continuity module of the integrand.
[1] Herus, O. F. On hyperholomorphic functions of the space variable, Ukrainian Mathematical Journal, vol. 63,

no. 4, 530-537 (2011).
[2] Kravchenko, V. V., Shapiro, M. V. Integral representations for spatial models of mathematical physics, Addison

Wesley Longman, Pitman Research Notes in Mathematics Series, vol. 351 (1996).

� Dorin Ghisa - York University, Toronto, Canada, email: dghisa@yorku.ca

On the Generalized Riemann Hypothesis

It is known [1] that for any Dirichlet primitive character χ, the corresponding L-function
L(s, χ) verifies a functional equation relating L(s, χ) and L(1−s, χ) such that s0 is a non trivial
zero of L(s, χ) if and only if 1− s0 is a non trivial zero of L(s, χ). Then, proving that this can
happen only if s0 = 1 − s0, i.e. Re s0 = 1/2 is equivalent to proving the generalized Riemann
Hypothesis for this class of functions.

We show that such an equality is a corollary of some global mapping properties [2] of the
functions L(s, χ).

[1] Montgomery and Voghan, Multiplicative Number Theory, Cambridge University Press (2007)
[2] Dorin Ghisa, Fundamental Domains and the Riemann Hypothesis, Lambert Academic Publishing (2012)
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The singular perturbation problem for Kirchhoff equations

We consider a family of second order Kirchhoff equations

ǫu′′ǫ (t) +m(|A1/2uǫ(t)|
2)Auǫ(t) +

1

(1 + t)p
u′ǫ(t) = 0

where ǫ is a small parameter, 0 ≤ p ≤ 1, A is a non-negative linear operator on a

Hilbert space and m is a non-negative continuous function. When ǫ → 0 we formally

obtain the first order equation

u′(t) + (1 + t)pm(|A1/2u(t)|2)Au(t) = 0.

We prove optimal decay estimates for the solutions of the hyperbolic problem, and

optimal decay-error estimates for the difference between uǫ and u.

These estimates show a quite surprising fact: in the nondegenerate case, that

this when m ≥ ν > 0, the analogy between parabolic equations and dissipative

hyperbolic equations is weaker than in the degenerate case ([3]). In the degenerate

case, when m(σ) = σγ, under some assumption on the initial data the difference

between solutions decays faster than the two terms separately while under the

complementary assumption the optimal decay-error estimates involve a decay rate

which is slower than the decay rate of the two terms ([1], [2]).
[1] Ghisi M., Gobbino M., Hyperbolic-parabolic singular perturbation for mildly degenerate Kirchhoff equations:

decay-error estimates, J. Differential Equations 252 6099-6132 (2012) .
[2] Ghisi M., Gobbino M., Optimal decay-error estimates for the hyperbolic-parabolic singular perturbation of a

degenerate nonlinear equation, J. Differential Equations 254 911-932 (2013).
[3] Ghisi M., Gobbino M., On the parabolic regime of a hyperbolic equation with weak dissipation: the coercive

case, in “Progress in Partial Differential Equations: asymptotic profiles, regularity and well posedness ”
Reissig M. and Ruzhansky M. editors (2013).
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Generalized functions as a category of smooth set-theoretical maps

We present a new approach to generalized functions, so-called generalized smooth func-

tions (GSF), as set-theoretical maps defined on, and taking values in ˜R, the non-Archimedean
Colombeau’s ring of generalized numbers (CGN). We prove that GSF form a concrete category
GC

∞ which unifies and extends Schwartz distributions and Colombeau generalized functions.
The calculus of these generalized functions is closely related to classical analysis, with point val-
ues, composition, non linear operations, the usual rules for differentiation and integration and
classical theorems like the intermediate value theorem, the mean value theorems, the extreme
value theorem and several forms of Taylor formula. The basic idea is to impose the minimal
logical conditions to have maps of CGN generated by nets (uε) of ordinary smooth functions,
with uε ∈ C∞(Ωε,R

d) and Ωε ⊆ R
n open. The differential calculus of this type of functions can

be developed in an intrinsic way using the Fermat-Reyes theorem (see [1]), which states existence
and uniqueness of a generalized smooth incremental ratio r satisfying f(x+h) = f(x)+h·r(x, h).
The integral calculus of GSF can be developed proving existence and uniqueness of primitives.
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On numerical invariants of a Fuchsian system

To a system of Fuchsian differential equationsdf = ωf defined on a Riemann surface X of
genus g, where ω is a meromorphic 1-form with the set of singular points S = s1, s2, , sm, we
will associate certain numerical invariants [1]. These invariants are numerical characteristics
of algebraic, analytic and topological objects obtained from the system. The above Fuchsian
system determines the monodromy representation ρ : π1(X − S, z0)→ GL(n,C) from which on
the non-compact Riemann surface X − S one obtains the holomorphically trivial vector bundle
Eρ → X − S with the holomorphic connection ∇, whose connection matrix is the 1-form ω. It
is known that the bundle (Eρ,∇ρ) may be extended to the whole Riemann surface X so that
one obtains a family of holomorphically nontrivial bundles with logarithmic connections, which
does not in general contain any semistable bundles. If (E0,∇0) is the canonical extension of
the given bundle [2], then using the monodromy representation one can compute the Chern
number, Fuchs weight, and the moduli spece of holomorphic deformations of this bundle. We
will use these invariants to investigate the s. c. inverse problem (see [1] or [3]). The latter
purports construction, from a given representation as above, of a Fuchs system whose mon-
odromy representation coincides with ρ. Along with this problem we will also consider the linear
conjugation problem with the piecewise-constant boundary condition which is constructed from
the monodromy matrices.

[1] Anosov, D., Bolibruch, A., The Riemann-Hilbert problem. Aspects of Mathematics, E22, Friedr. Vieweg and
Sohn, Braunschweig ( 1994).

[2] Deligne P. , Équations différentielles à points singuliers r éguliers , Lecture Notes in Mathematics, vol. 163,
Springer-Verlag, Berlin-New York ( 1970).

[3] Giorgadze, G., G-systems and holomorphic principal bundles on Riemannian surfaces, J. Dynam. Control
Systems, 8, 245-291 (2002).

We finally present a useful characterization of Schwartz distributions among GSF that permits
to easily prove that functions like a generalized mollifier f(x) = i−α ·ϕ(i−1 ·x), where i is infini-
tesimal, α 6= 1 and ϕ ∈ D(R), or like g = I ·χBi(q)

, where χBi(q)
is the characteristic function of

a ball of infinitesimal radius i and I is an infinite density, or like a wave with infinite frequency
h(t) = (cos(I · t), sin(I · t)), are not distributions.

[1] Giordano, P., Fermat-Reyes method in the ring of Fermat reals. Advances in Mathematics, 228: 862-893,
2011.

[2] P. Giordano, M. Kunzinger, Generalized functions as smooth set-theoretical maps. See
www.mat.univie.ac.at/~giordap7/#preprints.
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Optimal decay estimates for semi-linear parabolic and hyperbolic equations

We consider abstract semi-linear parabolic equations of the form

u′(t) +Au(t) + f(u(t)) = 0,

and abstract semi-linear dissipative hyperbolic equations of the form

u′′(t) +Au(t) + u′(t) + f(u(t)) = 0,

where A is a non-negative linear operator with closed range on a Hilbert space. We prove
optimal decay estimates for solutions under suitable assumptions concerning the behavior of the
non-linear terms near the origin.

In the case where the linear part has a nontrivial kernel, we show the coexistence of slow
solutions (with polynomial decay rate) and fast solutions (with exponential decay rate). We
also classify all possible exponential decay rates.
[1] Ghisi M., Gobbino M., Optimal decay estimates for the general solution to a class of semi-linear dissipative

hyperbolic equations. Preprint.
[2] Ghisi M., Gobbino M., A complete description of all possible decay rates for solution to semi-linear parabolic

equations. In preparation.
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Refining Schatten class properties of Hankel operators

We will present some results about Schatten class properties of Hankel operators with Hölder
continuous symbols on Hardy spaces of strictly pseudo-convex domains in Stein manifolds. In
particular, we will discuss some refinements to weak Schatten class properties in the limit case.
For the circle, such a refinement is easily carried out and has an interesting consequence for
functionals on Hölder spaces.
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On the Convergence of Multiple Fourier series of Functions of Bounded Partial
Generalized Variation

The convergence of multiple Fourier series of functions of bounded partial Λ -variation is
investigated. The sufficient and neccessary conditions on the sequence Λ = {λn} found for the
convergence of partial sums of Fourier series of functions of bounded partial Λ -variation. We
introduce a new concept of Λ -variation of multivariate functions and investigate its connection
with the convergence of double Fourier series.
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Equicontinuity of plane homeomorphisms with controlled p-module

We deal with plane homeomorphisms preserving integrally quasiinvariant the weighted p-
module and provide conditions ensuring the local Hölder continuity of such mappings with
respect to euclidian distances and to their logarithms. The related properties, as equicontinuity
and normality, are also discussed.

Let G be a domain in C and Q : G → [0,∞] be a Lebesgue measurable function. A home-
omorphic mapping w = f(z) : G → C is called Q-homeomorphism with respect to p-module,
if

(1) Mp(fΓ) ≤

∫

G

Q(z)ρ2(z)dm(z)

for every family Γ of curves located in G and any ρ admissible for Γ.

The following result states the Hölder continuity of Q-homemorphisms with respect to p-
module

Theorem 1. Let G and G∗ be domains in C, and let f : G→ G∗ be a Q-homeomorphism with

respect to p-module, 1 < p < 2, with Q(z) ∈ Lα(G), α > 2

2−p
. Then for an arbitrary compact

set F ⊂ G and for any pair of points z, ζ ∈ F , such that |z − ζ| < δ, δ = 1

4
dist (F, ∂G), the

following inequality holds

(2) |f(z)− f(ζ)| ≤ λp‖Q‖
1

2−p

α |z − ζ|
1−

2

α(2−p) ,

with a constant λp depending only on p.

The above estimate (2) can be refined by exchanging the euclidian distance by its logarithmic
counterpart.

Theorem 2. Let G and G∗ be two domains in C, ζ ∈ G, and

Q ∈ L
2

2−p (B(ζ, r0)) , r0 ≤ min
(
1, dist4 (ζ, ∂G)

)
.

Then for every Q-homeomorphism f : G→ G∗ with respect to p-module, 1 < p < 2,

(3) |f(z)− f(ζ)|

(

log
1

|z − ζ|

) p

2(2−p)

≤ Cp ‖Q‖
1

2−p

2

2−p

, |z − ζ| < r0,

where ‖Q‖ 2

2−p

=

(
∫

B(ζ,r0)

Q
2

2−p (z) dm(z)

) 2−p

2

and Cp > 0 is a constant depending only on p.

The sharpness with respect to the logarithm order p/2(2−p) in the estimate (3) is illustrated
by such automorphism of the unit disk

w = eiθ
(

1 +
2− p

p− 1
log

1

|z|

)
−

p−1

2−p

, z 6= 0, and w(0) = 0, z = |z|eiθ.
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Conformal Weights on Sobolev Soaces

Let Ω be a simply connected plane domain with nonempty boundary. We study embeddings

of Sobolev spaces
◦

W 1

p
(Ω) into weighted Lebesgue spaces Lq(Ω, h) with a “universal” weight that

is the Jacobian of a conformal homeomorphism ϕ from Ω to the unit disc B(0, 1). Weighted
Lebesgue spaces with such weights depend only on the conformal (hyperbolic) structure of the
domain Ω. For this reason, we call the weights h(z) conformal weights.

Compactness of embeddings of Sobolev spaces
◦

W 1

2
(Ω) into Lq(Ω, h) is proved for any 1 ≤

q < ∞. With the help of Brennan’s Conjecture, we extend these results to the Sobolev spaces
◦

W 1

p
(Ω). In this case q depends on p. Applications to degenerate elliptic boundary value problems

will be discussed.
We use a version of Brennan’s Conjecture for composition operators on Sobolev spaces pro-

posed recently by the authors [2].
The novel points include the use of a ”transfer” scheme of Sobolev type embedding theorems

from regular domains to non-regular domains (proposed in [1]) in combination with the Riemann
Mapping Theorem and the Brennan’s Conjecture. The “transfer” scheme is based on systematic
applications of the theory of composition operators on Sobolev spaces.
[1] V. Gol’dshtein, L. Gurov, Applications of change of variables operators for exact embedding theorems,

Integral Equations Operator Theory, 19, 1–24, (1994).
[2] V. Gol’dshtein, A. Ukhlov, Brennan’s Conjecture for composition operators on Sobolev spaces, Eurasian

Math. J., 3, 35-43, (2012).
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Radial positive definite functions and best approximation in L
2
(R

n
)

Let Kn be a class of radial positive definite functions f : Rn → R of spherical exponential

type 2, ‖f‖1 <∞, f̂(0) = 0,

Fr(x, f) =
r∑

k=1

(−1)k−1
(

2r

r−k

)

(
2r

r−1

) f(kx), r ∈ N,

and
λn

r
= inf{λ : Fr(x, f) ≤ 0, |x| ≥ λ, f ∈ Kn}.

Lemma 1 ([1]). The exact Jackson–Chernykh inequality

Eσ(f)2 ≤

(
2r

r

)
−1/2

ωr

(
δ∗

σ
, f

)

2

, δ∗ = 2λn

r

is valid for any function f ∈ L2(Rn). This inequality fails for any argument δ < δ∗.

Theorem 2 ([2]). We have λn

1
= qα. The unique extremal function is

f∗
1
(x) =

j2
α
(|x|)

q2
α
− |x|2

, α = n/2− 1.

Here jα is normalized Bessel function, qα is it’s first zero.
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Gevrey class regularity for a strongly damped wave equation with hyperbolic dynamic
boundary conditions

We consider a linear system of PDEs of the form

utt − c∆ut −∆u = 0 in Ω× (0, T )
utt + ∂n(u+ cut)−∆Γ(cαut + u) = 0 on Γ1 × (0, T )

u = 0 on Γ0 × (0, T )
(u(0), ut(0), u|Γ1

(0), ut|Γ1
(0)) ∈ H

on a bounded domain Ω with boundary Γ = Γ1 ∪ Γ0. We show that the system generates a
strongly continuous semigroup T (t) which is analytic for α > 0 and of Gevrey class for α = 0. In
both cases the flow exhibits a regularizing effect on the data. In particular, we prove quantitative
time-smoothing estimates of the form ‖(d/dt)T (t)‖ . |t|−1 for α > 0, ‖(d/dt)T (t)‖ . |t|−2 for
α = 0. Moreover, when α = 0 we prove a novel result which shows that these estimates hold
under relatively bounded perturbations up to 1/2 power of the generator.

� Todor Gramchev Todor Gramchev -Dipartimento di Matematica e Informatica, Università di

Cagliari, email: todor@unica.it

Cauchy problems for hyperbolic systems with characteristics admitting superlinear growth
for |x| → ∞

We study the Cauchy problem for classes of first order hyperbolic systems Dt + A(t, x,Dx)
for t ∈ R, x ∈ R

n, where A(t, x,Dx) = {Ajk(t, x, ξ)}
m
j,k=1

is first order m × m matrix valued
pseudodifferential operators in x depending continuous in t ∈ R. We consider real characteristic
roots admitting superlinear growth with respect to |x| → ∞.

We outline some new results on well–posedeness in weighted function spaces for classes of
systems with principal parts first order differential operators with characteristic admitting arbi-

In particular cases theorem 2 was proved by N. Chernykh (the case of torus T), B. Logan
(n = 1), and A. Moskovskiy (n = 3).

Theorem 3 ([1]). We have λ3

1
= λ3

2
= π.

Theorem 4. We have qα ≤ λn

r
≤ qα+1. The following function provides the upper bound

f(x) =
j2
α
(|x|)

q2
α
− |x|2

+
(j′

α
)2(|x|)

q2
α+1

− |x|2
.

For n = 1 in the case of torus theorem 4 was proved by N. Chernykh.

[1] Gorbachev, D. V., and Strankovskii, S. A., An extremal problem for even positive definite entire functions of

exponential type, Math. Notes, 80, 5-6, 673-678 (2006).
[2] Gorbachev, D. V., Extremum problems for entire functions of exponential spherical type, Math. Notes, 68, 2,

159-166 (2000).
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Using the Schottky-Klein prime function to solve free boundary problems
in multiply connected domains

The Schottky-Klein prime function is a special transcendental function which plays a central
role in problems involving multiply connected domains. This function can be used to great
advantage in many varied applications. In this talk, we will explore two different free boundary
problems (arising in fluid mechanics) defined over two distinct multiply connected geometries.
For both problems, we will show that it has been expedient to employ the Schottky-Klein prime
function and its associated function theory in order to construct analytical solutions. We will
also outline a novel numerical method which we have recently derived to rapidly and accurately
compute the Schottky-Klein prime function.

� Yuri Grigoriev, 58, Belinsky Str., Yakutsk, 677000 Russia, grigyum@yandex.ru

Quaternion functions method for the Moisil-Theodorescu system and it’s applications

We used a quaternion function method [1] for the Moisil-Theodorescu system (MTS) [2, 3].
Solutions of the MTS are (left-) regular quaternion functions f(r) = f0(r) + f(r) = f0(x, y, z) +
ifx(x, y, z) + jfy(x, y, z) + rfz(x, y, z) of a reduced quaternion variable r = ix + jy + kz. The
analogues of main theorems of complex analysis for the MTS in quaternion forms are established:
Cauchy, Cauchy integral formula, Taylor and Loran series, approximation theorems, Cauchy
type integral properties. The analogues of a positive powers (inner spherical monogenics) are
investigated: the set of recurrence formulas between inner spherical monogenics and explicit
formulas for them are established. Some applications of regular function in elasticity theory and
hydrodynamics are given. The generalized Kolosov-Muskhelishvili formulae has obtained in the
form:

2µu(r) = κΦ(r) + rϕ(r)− ψ(r), κ = 8ν − 7, Φ = ∇ϕ, κΦ0 = r ·ϕ+ ψ0. (1)

trary superlinear growth on infinity under Hamiltonian integrability conditions on vector fields
in R

n. We discuss also applications to the action of Fourier integral operators in weighted func-
tion spaces.

[1] Cappiello M., Gourdin D., and Gramchev T., Cauchy problems for hyperbolic systems in R
n with irregular

principal symbol in time and for |x| → ∞, J. of Differential Equations, 250, 2624-2642 (2011).
[2] Ichinose W., The continuity of solutions with respect to a parameter to symmetric hyperbolic systems, Oper.

Theory Adv. Appl., 213, 219-234, Birkhüser/Springer Basel AG, Basel (2011).
[3] Ruzhansky M. and Sugimoto M., Global L2-boundedness theorems for a class of Fourier integral operators,

Comm. Partial Differential Equations 31, 547-569 (2006).
[4] Shubin, M.A., Pseudo differential operators and spectral theory , Springer Series In Soviet Mathematics,

Springer Verlag, Berlin (1987).



86

� Gryshchuk S.V. Institute of Mathematics, National Academy of Sciences of Ukraine,

Tereshchenkivska Str. 3, 01601, Kyiv-4 , serhii.gryshchuk@gmail.com,

Rogosin S.V. Dep. of Economics, Belarusian State University, Nezavisimosti ave 4, BY-220030, Minsk,

Belarus, rogosinsv@gmail.com

Effective Conductivity of 2D Disk – Ring Composite Material

For 2D bounded composite material geometrically composed by a disk of variable radius r and
an outer ring it is determined in an analytic form the x-component of the effective conductivity
tensor. Namely, it is shown that the x-component is a sum of geometrical progression with
respect to powers of r2 for all sufficiently small r. If one have to construct the composite
material with a prescribed value of the x-component of the effective conductivity tensor and
given value of the conductivity of matrix (inclusion), then obtained formula helps to find a
functional representation of the conductivity of inclusion (matrix) in terms of r.
[1] Gryshchuk S.V., Rogosin S.V., Effective Conductivity of 2D Disk - Ring Composite Material, Mathematical

Modelling and Analysis (to be published), (2013).
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On M-conformal mappings and their geometric properties

Conformal mappings in the plane are described by holomorphic functions. The theory of
holomorphic functions can be generalized to higher-dimensional Euclidean spaces. It is well
known that the definition of hyperholomorphic functions by means of a generalized Cauchy-
Riemann system, certain series expansions or limits of special differences are equivalent. The
question is whether hyperholomorphic functions can be defined also by geometrical properties.
First ideas can be found in [6], [4] and [1] where the derivability of functions is characterized by
means of differential form. More precisely, surface and volume forms must be related in a certain
way to define the hypercomplex derivability of a Clifford algebra valued function. Malonek
introduced in [3] the concept of M-conformal mappings in a similar way but motivated by

− − ∇ ·

By means of the formula (1) in star-shaped domains it is shown, that each main problem of an
elastic sphere equilibrium can be reduced to three independent Dirichlet and Neumann problems
and solutions of all these problems are expressed in a quadrature with the hypergeometric Appel
functions. A quaternion analogue of the Muskhelishvili integral equations, a basis of quaternion
boundary elements methods are established. It is shown that some ill-posed problems in elastic-
ity and hydrodynamics are reduced to problems of a regular quaternion function continuation
from part of the boundary into the interior of a domain.

[1] Grigoriev, Yu.M. and Naumov, V.V.,Approximation theorems for the Moisil-Theodorescu system, Siberian
Mathematical Journal, 25, Issue 5, 693–701 (1984).

[2] Brackx, F., Delanghe R. and Sommen F.,Clifford analysis, Pitman, London (1982).
[3] Gurlebeck, K., Habetha, K. and Sprobig, W. Holomorphic Functions in the Plane and n-Dimensional Space,

Birkhauser, Basel (2008).
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On the geometrically nonlinear theory for non-shallow spherical shell

In the present paper, using the method of I. Vekua [1], the three dimensional problems of
the non-linear theory of elasticity are reduced to the tow dimensional problems of non-shallow
spherical shell [2].

The components of the deformation tensor have the following form:

eij =
1

2
(R∂iu+Ri∂ju+ ∂k

u∂ku),

where R are covariant basis vectors, u is the displacement vector.
Using the method of the small parameter, approximate solutions of these equations are con-

structed [3], [4]. The small parameter ε = h
R
, where 2h is the thickness of the shell, R is the

radius of the middle surface of the spherical shell. Some boundary value problems are solved for
the approximation of order N = 0.

Acknowledgement: The present work was supported by the Shota Rustaveli National Science
Foundation within the framework of the project 12/14.
[1] Vekua, I. N., Shell Theory: General Methods of onstruction, Pitman Advanced Publishing Program, Boston-

London-Melbourne (1985).
[2] Meunargia, T.V., On one method of construction of geometrically and physically non-linear theory of non-

shallow shells, Proc. A. Razmadze Math. Inst., 119, 133-154 (1999).
[3] Vekua, I. N., On construction of approximate solutions of equations of shallow spherical shell , Intern. J. Solid

Structures, 5, 991-1003 (1969).
[4] Meunargia, T.V., On the application of the method of a small parameter in the theory of non-shallow I.N.

Vekua’s shells, Proc. A. Razmadze Math. Inst., 141, 87-122 (2006).

introduced in [3] the concept of M-conformal mappings in a similar way but motivated by
geometric properties of the hyperholomorphic functions. In a series of papers, Morais et. al. (see
e.g. [2]) studied the class of M-conformal mappings as a subclass of quasi-conformal mappings
and found that M-conformal mappings map infinitesimal small balls to special ellipsoids. These
ellipsoids are characterized by the property that the length of the longest semi-axis must be
the sum of the two other semi-axes. The open question is whether this geometrical property
characterizes exactly the class of M-conformal mappings or not. For the null solutions of a
Cauchy-Riemann operator with respect to the standard generators of the Clifford algebra this
is true only by adding some (strong) conditions. If we extend the class of mappings to the class
of ψ-hyperholomorphic functions as they were introduced by Shapiro and Vasilevski in [5] then
this question finds a positive answer. This will be shown in the talk and some other properties
of these mappings will be discussed.
[1] Gürlebeck, K. and Malonek, H., A hypercomplex derivative of monogenic functions in R

n+1 and its applica-
tions, Complex Variables and Elliptic Equations 39, no. 3, pp. 199–228, 1999.

[2] Gürlebeck, K. and Morais, J., On mapping properties of monogenic functions, CUBO A Mathematical
Journal, Vol. 11, No. 1, 73-100, (2009).

[3] Malonek, H. R., Contributions to a Geometric Function Theory in Higher Dimensions by Clifford Analysis
Methods: Monogenic Functions and M-conformal mappings, Kluwer Academic Publishers, (2001).

[4] Mitelman, I.M., Shapiro, M.V. D ifferentiation of the Martinelli-Bochner integrals and the notion of hyper-
derivability, Math. Nachr. 172: 211–238, (1995).

[5] Shapiro, M.V. and Vasilevski, N.L., On the Bergman kernel function in the Clifford analysis, Clifford Algebras

and their Applications in Mathematical Physics, edited by F. Brackx, R. Delanghe, and H. Serras, Kluwer,
Dordrecht 1993, 183 – 192.

[6] Sudbery, A., Quaternionic analysis, Math. Proc. Camb. Phil.Soc. 85 199–225, (1979).
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� Selma GÜLYAZ Selma GÜLYAZ - Cumhuriyet University, Sivas, Turkey,

email: sgulyaz@cumhuriyet.edu.tr,

A coupled coincidence point theorem via implicit relation

In this talk, we discuss the existence of a coupled coincidence point for mappings F : X×X →

X and g : X → X, where F has the mixed g-monotone property via an implicit relation. The
presented results improves and extends various results in the literature. We also consider some
examples to illustrate our work.

[1] Selma Gulyaz, Erdal Karapnar, and Ilker S. Yuce, A coupled coincidence point theorem in partially ordered
metric spaces with an implicit relation, Fixed Point Theory and Applications 2013, 2013:38.
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The Amalgam Spaces W
(
Lp(x), l{pn}

)
and boundedness of Hardy-Littlewood maximal
operators

Let Lq(x) (R) be variable exponent Lebesgue space and ℓ{qn} be discrete analog of this space.

In the second section we define the amalgam spaces W
(
Lp(x), Lq(x)

)
and W

(
Lp(x), ℓ{qn}

)
and

discuss some basic properties of these spaces. Since the global components Lq(x) (R) and ℓ{qn}

are not translation invariant, they are not Wiener amalgam spaces. We show that there are
similar properties of these spaces to the Wiener amalgam spaces. We also show that there is a
variable exponent p (x) such that ℓ{pn} is the discrete space of Lp(x) and W

(
Lp(x), ℓ{pn}

)
= Lp(x).

In the third section we study on the frame expansion in Lp(x) (R) . At the end of this work we

prove that the Hardy-Littlewood maximal operator from W
(
Ls(x), ℓ{tn}

)
into W

(
Lu(x), ℓ{vn}

)

is bounded under some assumptions.

�First author Marina Ghisi - Università di Pisa (Italy), email: ghisi@dm.unipi.it, Second au-
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Optimal decay estimates of the solutions to some second order evolution problems

We report on a joint work with Marina Ghisi and Massimo Gobbino. We consider a class of
semi-linear dissipative equations of the form

u′′(t) + u′(t) +Au(t) +∇F (u(t)) = 0

where A = A∗ ≥ 0 is a possibly unbounded operator on a real Hilbert space H with non-
trivial kernel. Under appropriate assumptions on F , we prove that all solutions decay to 0, as
t → +∞, at least as fast as a suitable negative power of t. Moreover, we establish the existence
of a nonempty open set of initial data in D(A1/2) × H for which the previous decay estimate
is optimal. Our results are stated and proved in an abstract Hilbert space setting, and then
applied to partial differential equations, the model case being the damped hyperbolic equation
“at resonance”
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utt(t, x) + ut(t, x)−∆u(t, x)− λ1u(t, x) + |u(t, x)|
pu(t, x) = 0

in [0,+∞)× Ω, with homogeneous Dirichlet boundary conditions.

[1] I. Ben Arbi, A. Haraux; A sufficient condition for slow decay of a solution to a semilinear parabolic
equation. Anal. Appl. (Singap.) 10 (2012), no. 4, 363–371.

[2] M. Ghisi; Global solutions for dissipative Kirchhoff strings with non-Lipschitz nonlinear term. J. Differential

Equations 230 (2006), no. 1, 128–139.
[3] M. Ghisi, M. Gobbino; Hyperbolic-parabolic singular perturbation for mildly degenerate Kirchhoff equa-

tions: time-decay estimates. J. Differential Equations 245 (2008), no. 10, 2979–3007.
[4] M. Ghisi, M. Gobbino; Mildly degenerate Kirchhoff equations with weak dissipation: global existence and

time decay. J. Differential Equations 248 (2010), no. 2, 381–402.
[5] A. Haraux; Slow and fast decay of solutions to some second order evolution equations. J. Anal. Math. 95

(2005), 297–321.
[6] A. Haraux; Decay rate of the range component of solutions to some semilinear evolution equations. NoDEA

Nonlinear Differential Equations Appl. 13 (2006), no. 4, 435–445.
[7] A. Haraux, M. A. Jendoubi; Decay estimates to equilibrium for some evolution equations with an analytic

nonlinearity, Asymptot. Anal. 26 (2001), no. 1, 21–36.
[8] A. Haraux, M. A. Jendoubi, O. Kavian; Rate of decay to equilibrium in some semilinear parabolic

equations (Dedicated to Philippe Bénilan), J. Evol. Equ. 3 (2003), no. 3, 463–484.
[9] S.  Lojasiewicz; Une propriété topologique des sous-ensembles analytiques réels, Colloques internationaux

du C.N.R.S.: Les équations aux dérivées partielles, Paris (1962), Editions du C.N.R.S., Paris, 1963, pp. 87–89.
[10] S.  Lojasiewicz; Ensembles semi-analytiques, Preprint, I.H.E.S. Bures-sur-Yvette, 1965.
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Bloch periodicity of convolution operators and applications to differential equations

We study the structural properties of spaces of Bloch periodic functions. In particular, we
discuss the Bloch periodicity of the convolution f ∗ g of a is Bloch periodic function f and a
(Lebesgue) measurable function g satisfying some additional assumptions. Then we make exten-
sive use of the results to examine asymptotically Bloch–periodic solutions to some differential
and functional equations as well as a Volterra-like equation.
[1] R. P. Agarwal, C. Cuevas, H. Soto, M. El-Gebeily, Asymptotic periodicity for some evolution equations in

Banach spaces, Nonlinear Anal., 74, 1769-1798 (2011).
[2] J. Blot, P. Cieutat, G. M. N’Guérékata, S-asymptotically ω-periodic functions and applications to evolution

equations, African Diaspora J. Math., 12, No.2, pp. 113-121 (2011).
[3] A. Caicedo, C. Cuevas, H. Henriquez, Asymptotic periodicity for a class of partial integro-differential equa-

tions, ISRN Mathematical Analysis, (2011), to appear.
[4] H.L. Chen, Antiperiodic functions, J. Comput. Math 14(1), 32-39 (1996).
[5] Y. Q. Chen, Anti-periodic solutions for semilinear evolution equations, J. Math. Anal. Appl., 315, 337-348

(2006).
[6] M. F. Hasler, G. M. N’Guérékata, Bloch–periodic functions and some applications, Nonlinear Studies, in press

(2013).
[7] J. H. Liu, G. M. N’Guérékata, N.V. Minh, Topics on stability and periodicity in abstract differential equations,

Series on Concrete and Applicable Mathematics, 6, World Scientific, New Jersey-London-Singapore, 2008.
[8] Z.C. Liang, Asymptotically periodic solutions of a class of second order nonlinear differential equations, Proc.

Amer. Math. Soc., 99 (4) (1987), 693-699.
[9] C. Lizama, Regularized solutions for abstract Volterra equations, J. math. Anal. Appl., 243 (2000), 278-292.

[10] C. Lizama, G. M. N’Guérékata, Bounded mild solutions for semilinear integro differential equations in Banach

spaces, Integral Equ. and Operator Theory, 68 (2010), 207-227.
[11] G. M. N’Guérékata, V. Valmorin, Antiperiodic solutions of semilinear integrodifferential equations in a Ba-

nach space, Appl.Math. Computaions, 218 (2012), no. 22, 11118-11124.
[12] J. Prüss, Evolutionary integral operators and applications, Monographs in Mathematics, 87, Birkhäuser,

Boston 1993.
[13] F. Wei, K. Wang, Global stability and asymptotically periodic solutions for nonautonomous cooperative Lotka-

Volterra diffusion equation, Applied Math. and Computation, 182 (2006), 161-165.
[14] F. Wei, K. Wang, Asymptotically periodic solutions of N-species cooperative system with time delay, Nonlinear

Anal.: Real World Appl., 7 (2006), 591-596.
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Spectra of Functionalized Operators Arising from Hypersurfaces

Functionalized energies, such as the Functionalized Cahn-Hilliard, model phase separation in am-
phiphilic systems, in which interface production is limited by competition for surfactant phase, which
wets the interface. This is in contrast to classical phase-separating energies, such as the Cahn-Hilliard,
in which interfacial area is energetically penalized. In binary amphiphilic mixtures interfaces are charac-
terized by bilayers, which divide the domain of the dominant phase, A, via thin layers of phase B formed
by homoclinic connections. Evaluating the second variation of the Functionalized energy at a bilayer
interface yields a functionalized operator. We characterize the center-unstable spectra of Functionalized
operators and obtain resolvent estimates to the operators associated with gradient flows of the Function-
alized energies. This is an essential step to a rigorous reduction to a sharp-interface limit.

[1] N. Alikakos, G. Fusco, “The Spectrum of the Cahn-Hilliard operator for generic interface in higher space
dimensions”, Indiana Mathematics Journal, 42 (1993), 637-674.

[2] X. Chen, “Spectrum for the Allen-Chan, Chan-Hillard, and phase-field equations for generic interfaces”,
Communications in Partial Differential Equations, 19 (1994), 1371-1395.

[3] N. Gavish, G. Hayrapetyan, K. Promislow, L. Yang, “Curvature Driven Flow of Bi-layer Interfaces”, Physica
D: Nonlinear Phenomena, 240 (2011) 675-693.

[4] G. Hayrapetyan, K. Promislow, “Spectra of Functionalized Operators arising from hypersurfaces”, preprint.
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Asymptotics in a Complex Frequency Domain and GPR Problems

A ground penetrating radar system consists of a transmitter located over the surface and
a receiver located on the surface. A pulsed electromagnetic field is transmitted. The receiver
measures the horizontal components of both the electric and magnetic fields. The Ground
Penetrating Radars problem is in recovering electrical characteristics of the medium from the
readings of the receiver. This problem is ill-posed and cannot be solved precisely because of
insufficiency of data. We will discuss approximate solutions of the problem based on asymptotic
solutions of Maxwell’s equations in the complex frequency domain. To establish the limits of
applicability of the method, we derive error estimates and show that the method is numerically
efficient if thickness of layers is not less than some resolution threshold (which is of the order of
wave length). The efficiency of the method is illustrated by numerical testing.
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Stokes-structures for meromorphic connections

Fundamental results of K. Kedlaya and T. Mochizuki provide deep insight into the structure
of meromorphic connections in any dimension. In particular, they enable to extend the notion
of Stokes structures from the case of curves to the general situation (see [1]). In the talk, i will
present an overview over these results and then focus on applications for period integrals and
for questions regarding various functors, e.g. direct images and Fourier transform.
[1] Sabbah, C., Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, Springer-Verlag, Berlin

Heidelberg (2013).
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On second order weakly hyperbolic equations and the ultradifferentiable classes

Let us consider the Cauchy problem for second order weakly hyperbolic equation with time
dependent coefficient:

{(
∂2

t
− a(t)2∆

)
u = 0, (t, x) ∈ (0, T ]×R

n,

(u(0, x), ut(0, x)) = (u0(x), u1(x)), x ∈ R
n,

(1)

where a(t) ∈ C∞([0, T )) satisfies C−1λ(t) ≤ a(t) ≤ Cλ(t) with a positive constant C > 1 and a
strictly decreasing function λ(t) satisfying λ(T ) = 0. Moreover, we assume that

|a(k)(t)| ≤ λ(t)Mkρ(t)
k (k = 1, 2, . . .)

for a positive function ρ(t) and a logarithmical convex sequence {Mk}. Our main purpose is to
describe the weight function µ for the estimate

|(û(t, ξ), ût(t, ξ))| ≤ eµ(〈ξ〉)|(û0(ξ), û1(ξ))|,

which implies the well-posedness of (1) in µ-ultradifferentiable class of Beurling-Roumieu type,
by λ(t), ρ(t) and {Mk}.
[1] Hirosawa, F., On second order weakly hyperbolic equations with oscillating coefficients and regularity loss of

the solutions, Math. Nachr., 283, 1771–1794 (2010).
[2] Hirosawa, F. and Ishida, H., On second order weakly hyperbolic equations and the ultradifferentiable classes,

submitted.
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Generalized functions and basic symplectic geometry

Following up on the recent development and results on symplectic modules over rings of gen-
eralized numbers, we discuss the basic structures of a non-smooth symplectic geometry in terms
of a given closed non-degenerate generalized two-form on a smooth manifold. The main focus
lies on investigations of a local standard representation in terms of non-smooth Darboux coordi-
nates, generalized Lagrangian submanifolds, and the Poisson structure on generalized functions
or the Lie algebra structure of corresponding Hamiltonian vector fields.
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Becker’s quasiconformal extension criterion for L
d-Loewner chains

The main interest of this talk is so-called a Loewner chain, a parametrized holomorphic
univalent function ft(z) = etz + a2z

2 + · · · (t ≥ 0) on D := {z ∈ C : |z| < 1} satisfies the
inclusion relationship of the image domain fs(D) ⊂ ft(D) for all 0 ≤ s ≤ t < ∞. It is known
that ft(z) is absolutely continuos on t ∈ [0,∞) for each z ∈ D, and satisfies the partial differential
equation

∂tft(z) = z∂zft(z)p(z, t),

where p is a Herglotz function, i.e., analytic on z ∈ D for each t ∈ [0,∞) and measurable on
t ∈ [0,∞) for each z ∈ D satisfying Re p(z, t) > 0 for all z ∈ D and t ∈ [0,∞). The theory which
centers round Loewner chains and this type of differential equations is called Loewner theory,
originated with a work by Loewner in 1923, and making remarkable advances in the last decade,
including the celebrated Schramm-Loewner evolution.

In 1972, Becker [1] proved an interesting relation between Loewner theory and quasiconformal
mappings. If a Herglotz function p determined by a Loewner chain ft as above satisfies

∣

∣

∣

∣

1− p(z, t)

1 + p(z, t)

∣

∣

∣

∣

≤ k

for all z ∈ D and almost all t ∈ [0,∞), then f0 has a k-quasiconformal extension to the complex
plane C, that is, there exists a k-quasiconformal mapping F : C→ C such that F

∣

∣

D
≡ f0.

In this talk, we discuss the Becker’s result will be generalized for Ld-Loewner chains, a general
version of the notion of Loewner chains introduced in [3] in a deep connection with Ld-evolution
families, developed in [2].
[1] Becker. J., Löwnersche Differentialgleichung und quasikonform fortsetzbare schlichte Funktionen, J. Reine

Angew. Math. 255, 23-43 (1972).
[2] Bracci F., Contreras M. D. and Diaz-Madrigal S., Evolution families and the Loewner equation. I. The unit

disc, J. Reine Angew. Math. 672, 1-37 (2012).
[3] Contreras M. D., Dı́az-Madrigal S. and Gumenyuk P., Loewner chains in the unit disk, Rev. Mat. Iberoam.

26, no. 3, 975-1012 (2010).
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On (q, p)-Poincaré inequalities for quasihyperbolic boundary condition domains

We study the validity of (q, p)-Poincaré inequalities, when 1 ≤ q < p, in irregular domains
with a logarithmic growth condition for the quasihyperbolic metric. These domains are examples
of s-John domains, s > 1. In particular, we show that for each domain there exists an explicit
number p0 which depends on q, on the logarithmic growth condition, and on the boundary of
the domain, such that the (q, p)-Poincaré inequality holds whenever p > p0.
[1] Hurri-Syrjänen, R., Marola N. and Vähäkangas, A. V., On Poincaré inequalities in quasihyperbolic boundary

condition domains, Preprint (2012).
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On the Solution of a Mixed-Type Differential Difference Equation

In this talk we will show the construction of the solution to the mixed type differential
difference equation:

(1) x′(t) = ax(t+ τ) + bx(t− τ) + cx(t),

where a, b, c ∈ C \ {0}, τ > 0.
We use a method of derivation steps so that the following condition

ϕ(n+1)(0) = aϕ(n)(τ) + bϕ(n)(−τ) + cϕ(n)(0)

on the the initial function ϕ ∈ C∞[−τ, τ ] assures the existence and uniqueness of the smooth
solution of (1).
[1] Bellman, R., Cook K., Differential-Difference Equations, Academic Press, New York (1963).
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Boundary value problems for holomorphic functions in spaces with modulus of continuity

We consider Riemann boundary value problem

Ψ+(t) = G(t)Ψ−(t) + g(t), t ∈ L,

where contour L = {z ∈ C : |z| = 1} is dividing extended complex plane into interior set D+

and exterior set D−, g, G : L → C are given continuous functions, G(t) 6= 0 for any t ∈ L,

Ψ+ ∈ H(D+)
⋂

C(D+∪L), Ψ− ∈ H(D−)
⋂

C(D−∪L) are unknown functions. It is known ([1],
[2]) that in the case of Hölder continuous on L functions g, G there is a way to obtain solution
of the problem. Using the same approach we prove that the problem can be solved with more
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ivan.ivec@gmail.com and Nenad Antonić Department of Mathematics, Faculty of Science, Univer-

sity of Zagreb, Croatia, email: nenad@math.hr

Boundedness of pseudodifferential operators on Lebesgue spaces with mixed norm

The continuity of pseudo-differential operators, with symbols in Hörmander’s class S
0

ρ,δ
, on

the Lebesgue spaces was studied by numerous authors decades ago, and complete results can
be found in a number of standard monographs today. These results can be extended to pseudo-
differential operators of non-zero order (symbols in S

m

ρ,δ
) on Sobolev spaces, allowing for numer-

ous applications in the theory of partial differential equations.

However, in some problems arrising in partial differential equations, like fine studies of elliptic
regularity, or for evolution equations, results involving Sobolev spaces with mixed-norm would
be of significant interest. These spaces are based on the Lebesgue spaces with mixed-norm,
that were introduced by Benedek and Panzone (1961), while some further properties (including
a version of the Marcinkiewicz interpolation theorem) were obtained by Russian school (S. M.

Nikol’skĭi and collaborators) a few years later.

We shall prove the boundedness result for pseudo-differential operators with symbols in S
0

1,δ
,

0 ≤ δ < 1, on the Lebesgue spaces with mixed norm, extending the classical proof based on
Calderón-Zygmund decomposition. Furthermore, some applications to the partial differential
equations will be discussed as well.

general assumptions regarding functions g and G, namely when the functions belong to space
with modulus of continuity with special properties. Moreover, we show that behavior of solution
can also be expressed in terms of spaces with modulus of continuity and such called “logarithmic
effect” ([3]) can appear. Further, we consider and solve Riemann–Hilbert and Dirichlet boundary
value problems by reducing to the researched Riemann boundary value problem.
[1] Gakhov, F. D., Boundary value problems, Pergamon Press, Oxford (1966).
[2] Muskhelishvili, N. I., Singular Integral Equations: Boundary Problems of Function Theory and Their Appli-

cation to Mathematical Physics, Dover Publications, New York (2008).
[3] Timofeev, A. Y., Dirichlet problem for holomorphic functions in spaces with determined modulus of continuity ,

Vestn. Udmurt. Univ. Mat. Mekh. Komp’yut. Nauki, 3, 107-116 (2011).
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Ill-posedness for the Schrödinger equations
in one and two space dimensions

We consider the Cauchy problems for the Schrödinger equations with a quadratic nonlinear-
ity and study the ill-posedness by showing that the continuous dependence on initial data does
not hold in general. In one space dimension, the critical regularity in Sobolev space Hs(R) is
s = −1 for the well-posedness and the ill-posedness, and this was shown by Bejenaru-Tao (2006).
We introduce Besov spaces to show the ill-posedness in B−1

2,q
(R) (q > 2) which are larger than

H−1(R). In two space dimensions, the regularity s = −1 is critical from the view point of the
scaling invariance and the problem is ill-posed in H−1(R2).
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Construction of the fundamental solution for a Grushin type operator and its application

We will give a method to obtain a precise expression of the fundamental solution for a de-
generate operator of Grushin type. We note that this method can be applied to obtain the
fundamental solution of Kohn-Laplacian model which is studied in [1] and [2].

The key point of our method is to express the fundamental solution of a degenerate heat
equation in the polar coordinates by the modified Bessel function.

[1] Beals, R., Gaveau, B. and Greiner, P. C., On a geometric formula for the fumdamental solution of subelliptic

Laplacians, Math.Nachr.,81, 81-163 (1996).
[2] Greiner, P. C., A fundamental solution for a non-elliptic partial differential operator , Can.J.math.,31,1107-

1120 (1979).
[3] Grushin, V. V., Hypoelliptic differential equations and pseudo-differential operators with operator valued

symbols, Mat. Sb., 88, (1972), 504-521, (130), Math. USSR Sb., 17, 497-512 (1972).
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Recent results on uniqueness and continuous dependence in the Cauchy problem for
backward-parabolic operators with low-regular coefficients

We consider the Cauchy problem for backward-parabolic operators

Pu = ∂tu+

n
∑

i,j=1

∂xi
(ai,j(t, x)∂xj

u) +

n
∑

k=1

bk(t, x)∂ku+ c(t, x)u

and look for sufficient and necessary conditions to ensure the uniqueness of the solutions or
the continuous dependence of the solutions on the Cauchy data. We are especially interested
in the connections between the regularity of the principal part coefficients and the mentioned
properties. It is almost classical (Lions/Malgrange) that the questions about uniqueness and
stability have a positive answer if ai,j(t, x) are Lipschitz continuous with respect to time and
bounded with respect to the spatial variable. We follow two possibilities to weaken the Lipschitz
condition:

(P1) Local irregularity : Suppose that aij = aij(t) with |F (t)dtaij(t)| ≤ Csmall, where F is a
suitable function like F (t) = t or F (t) = t2.

(P2) Global irregularity : Suppose that aij = aij(t, x) ∈ Cµ([0, T ], L∞(Rn)∩L∞([0, T ], Cω(Rn)),
where we investigate also the possible interactions between ω and µ.

We will illustrate the necessity of our conditions by suitable counterexamples. To prove our
results we will use the Carleman estimate method and to prove suitable Carleman estimates we
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THE APPROXIMATE SOLUTION OF THE TASK ON STRUCTURE OF SHOCK

WAVES IN GASES FOR FINAL NUMBERS OF THE MOVE.

UDC 533.6.011
In work the approximate solution of a task on structure of shock waves is provided in gases.

Changes of average sizes of density, speed and internal energy of gas along width of a shock
wave are given. Dependence of width of jump on Move number which is compared to results of
other authors is received.
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The initial values problem for generalized metamonogenic initial functions

Consider the initial value problem of the type

∂ω

∂t
= L

(

t, x, ω,
∂w

∂xi

)

(1)

ω(0, x) = ψ(x)(2)

where t is the time, L is a linear first order operator in a Clifford Analysis and ψ is a first order
generalized metamonogenic function. In this work we give sufficient conditions on the coefficients
of operator L under which L is associated to differential equations with anti-metamonogenic
right-hand sides. For such operator L the initial problem (1), (2) is solvable for an arbitrary
generalized metamonogenic initial function ψ and the solution is also generalized metamonogenic
for each t.

[1] Brackx, F. Delanghe, R and Sommen, F.(1982). Clifford Analysis. Pitman Research Notes.
[2] A. Di Teodoro, Generalized monogenic functions satisfying differential equations with anti-monogenic right-

hand sides on Clifford algebras depending on parameters. Complex Variable and Elliptic Equations, Ifirst
2012.

[3] Nguyen Thanh Va. (2006) Differential Operators in A Clifford Analysis Associated to Differential Equations
With Anti-Monogenic Right-Hand Sides, The abdus SAlam International Centre for Theoretical Physics,
Miramare - Trieste 2006.

[4] W. Tutschke and U. Yüksel, Generalized monogenic functions satisfying differential equations with anti-

monogenic right-hand sides. Complex methods for Partial Diferential Equations, Kluwer Academic Publishers,
Isaac series, 1999.

results we will use the Carleman estimate method and to prove suitable Carleman estimates we
will use, e.g, Bony’s para-differential calculus. the results about local irregularity are connected
to singular Carleman weight functions. We will conclude the talk with some recent result
obtained with K. Yagdjian on uniqueness in the Cauchy problem for degenerate elliptic operators
generalizing a zone-method approach developed by Yagdjian.
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The Fejer - Riesz type results for some weighted Bergman spaces in the unit disc

In this lecture we describe the analogues of the well-known Fejer - Riesz inequality in the clas-

sical Hardy space of analytic functions for some weighted Bergman spaces of analytic functions

in the unit disc. We describe also a class of such spaces for which the Fejer - Riesz inequality

type results do not hold.
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Neutral coated inclusions of finite conductivity

We discuss conductivity of two-dimensional media with coated neutral inclusions of finite conductivity.
Such an inclusion when inserted in a matrix does not disturb the uniform external field. We are looking
for shapes of the core and coating in terms of the conformal mapping ω(z) of the unit disc onto coated
inclusions. The considered inverse problem is reduced to an eigenvalue problem for an integral equation
containing singular integrals over a closed curve L1 on the transformed complex plane. The conformal
mapping ω(z) is constructed via eigenfunctions of the integral equation. For each fixed curve L1 the
boundary of the core is given by the curve ω(L1). The boundary of the coating is obtained by the
mapping of the unit circle. It is justified that any shaped inclusion with a smooth boundary can be made
neutral by surrounding it with an appropriate coating. Shapes of the neutral inclusions are obtained in
analytical form when L1 is an ellipse.

The results obtained allows us to make the following conclusion. Any two-dimensional core, i.e., a core
of an arbitrary smooth shape and of an arbitrary conductivity can be coated by such a material that the
coated inclusion inserted in a matrix of an arbitrary fixed conductivity does not disturb the uniform field
outside the inclusion.

[1] 1. Jarczyk P., Mityushev V., Neutral coated inclusions of finite conductivity , Proc. Roy. Soc. London, 468A,
954-970 (2012).
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Boundary Properties and Biorthogonal Systems in Spaces A
2

ω
⊂ H

2

The talk is devoted to an investigation of some Hilbert spaces A2

ω
which are contained in

Hardy’s H2 of functions holomorphic in |z| < 1. In particular, it is proved a theorem stating
that the boundary properties of functions from A2

ω
are characterized by some ω-capacities and

some biorthogonal systems of functions containing small than one degrees of the Cauchy kernel
are found in A2

ω
by means of an explicit isometry between A2

ω
and H2.

[1] Djrbashian, M. M., On the Representability Problem of Analytic Functions, Soobsch. Inst. Matem. i Mekh.
Akad. Nauk Arm. SSR, 2, 3-40 (1948).

[2] Jerbashian, A. M., On the Theory of Weighted Classes of Area Integrable Regular Functions, Complex Vari-
ables, 50, 155-183 (2005).
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On Banach Spaces of Functions Delta-Subharmonic in the Unit Disc

The talk is describing some investigations finally aimed at partitioning the whole class of
functions delta-subharmonic in the unit disc into some Banach spaces.

[1] Djrbashian, M. M., On Canonical Representation of Functions Meromorphic in the Unit Disc, DAN of
Armenia, 3, 3-9 (1945).

[2] Djrbashian, M. M., On the Representability Problem of Analytic Functions, Soobshch. Inst. Math. and Mech.
AN Armenia, 2, 3-40 (1948).

[3] Djrbashian, M. M., Theory of Factorization and Boundary Properties of Functions Meromorphic in the Disc,
in: Proceedings of the ICM, Vancouver, B.C., 1974, 2, 197-202, USA (1975).

[4] Jerbashian, A. M., On the Theory of Weighted Classes of Area Integrable Regular Functions, Complex Vari-
ables 50, 155-183 (2005).

[5] Nevanlinna, R., Eindeutige Analytische Funktionen, Springer, Berlin (1936).
[6] Tsuji, M., Potential Theory in Modern Function Theory , (Maruzen Co. Ltd., Tokyo (1975).
[7] Horowitz, Ch., Factorization of Functions in Generalized Nevanlinna Classes, Proc. Amer. Math. Soc., 127,

3, 745-751 (1999).
[8] A. M. Jerbashian, A. M., Orthogonal Decomposition of Functions Subharmonic in the Unit Disc, in: Operator

Theory: Advances and Applications, 190, The Mark Krein Centenary Conference, 1: Operator Theory and
Related Topics, 335-340, Birkhäuser (2009).

ables, 50, 155-183 (2005).
[3] Jerbashian, A. M., Jerbashian, V. A., Functions of ω-Bounded Type in the Half-Plane, CMFT: Calculation

Methods and Function Theory, 7, 205-238 (2007).
[4] Djrbashian, M. M., Theory of Factorization and Boundary Properties of Functions Meromorphic in the Disc,

in: Proceedings of the ICM, Vancouver, B.C., 1974, 2, 197-202 (USA, 1975).
[5] Djrbashian, M. M., A Generalized RiemannLiouville Operator and Some of its Applications, Math. USSR

Izv., 2, 1027-1065 (1968).
[6] Djrbashian, M. M., Zakarian, V. S., Boundary Properties of Subclasses of Meromorphic Functions of Bounded

Type, Math. USSR Izv., 4, 1273-1354 (1970).
[7] Djrbashian, M. M., Zakarian, V. S., Boundary Properties of Subclasses of Meromorphic Functions of Bounded

Type, Izv. Akad. Nauk Arm. SSR, Matematika, 6, 182-194 (1971).
[8] Djrbashian, M. M., Biorthogonal Systems of Rational Functions and Representations of the Cauchy Kernel ,

Izv. Akad. Nauk Arm SSR, Matematika, 8, 384-409 (1973).
[9] Djrbashian, M. M., Biorthogonal Systems and Solution of Interpolation Problem With Knots of Bounded

Multiplicity in H
2, Izv. Akad. Nauk Arm. SSR, Matematika, 9, 339-373 (1974).

[10] Hayrapetyan, H. M., On Basicity of Some Biorthogonal Systems in the Complex Domain, Izv. Akad. Nauk
Arm. SSR, Matematika, 10, 133-152 (1975).

[11] Shapiro, H, and Shields, A., On Some Interpolation Problems for Analytic Functions, American Journal of
Mathematics, 83, 513-532 (1961).
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On convergence of double Fourier series with monotone coefficients

Dyachenko ([1]) investigated convergence of double trigonometric Fourier series
∞

∑

m1,m2=1

am1,m2
eim1xeim2y, (1)

of a function f(x, y) in the space Lp(0, 2π)
2, 1 < p < ∞.

Theorem A. Let p > 2. If a function f(x, y) ∈ Lp(0, 2π)
2 has trigonometric Fourier series (1)

with monotone coefficients on each index, then this series convergence in the Pringsheim sense
everywhere on (0, 2π)2.

Let p = (p1, p2), where 1 < p1, p2 < ∞. The space Lp(0, 1)
2 is defined as follows

‖f‖Lp
=







1
∫

0





1
∫

0

|f(x, y)|p1dx





p2/p1

dy







1/p2

< ∞.

Theorem 1. Let p = (p1, p2), where 1 < p1, p2 < ∞ and 1

p1
+ 1

p2
< 1. If the series

∞

∑

m1,m2=0

am1,m2
ϕm1

(x)ϕm2
(y),

where ϕm(x) ∈ Φ = {ϕm(x)}∞
m=1

is a regular system (see [2]), is the Fourier series of a function

f ∈ Lp(0, 1)
2 such that coefficients are monotone on each index, then the series converges in the

Pringsheim sense everywhere on (0, 1)2.

[1] Dyachenko, M.I. On the convergence of double trigonometric series and Fourier serias with monotone coef-

ficients, Mathematics of the USSR-Sbornik, 57:1, 57 (1987).
[2] Nursultanov, E.D. On the coefficients of multiple Fourier series in Lp-spaces , Izvestiya: Mathematics, 64:1,

93 (2000).
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WEAK SOLUTIONS FOR THE SINGULAR POTENTIAL WAVE SYSTEM

We prove that the following class of the system of the nonlinear wave equations with singular
potential nonlinear term

Utt − Uxx = GU (x, t, U) in (−
π

2
,
π

2
)×R,

ui(±
π

2
, t) = 0, ui(x, t) = ui(−x, t) = ui(x,−t) = ui(x, t+ π), i = 1, . . . , n,

where U = (u1, . . . , un) and G ∈ C2([−π

2
, π
2
]×R1 ×D,R1) satisfies the following conditions:

(G1) There exists R0 > 0 such that

sup{|G(x, t, U)|+ ‖grad
U
G(x, t, U)‖Rn | (x, t, U) ∈ [−

π

2
,
π

2
]×R1 × (Rn\BR0

)} < +∞.

(G2) There is a neighborhood Z of C in Rn such that

G(x, t, U) ≥
A

d2(U,C)
for (x, t, U) ∈ (−

π

2
,
π

2
)×R× Z,
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On some structural sets and a quaternionic (ϕ, ψ)-hyperholomorphic function theory

Quaternionic analysis is regarded as a broadly accepted branch of classical analysis referring
to many different types of extensions of the Cauchy-Riemann equations to the quaternion skew
field H. It relies heavily on results on functions defined on domains in R

4 (or R3) with values in
H. One of this extensions is the concept of ψ−hyperholomorphic functions related to a so-called
structural set ψ of H4 (or H3) respectively. This concept was introduced by M. Shapiro and N.
Vasilevski [3]. Later on in the study of a generalized Π-operator K. Gürlebeck, U. Kähler, and M.
Shapiro required two structural sets, which includes and uniformizes several classic cases, such
as D and D. The main goal of this talk is to present the nucleus of a (ϕ, ψ)-hyperholomorphic
function theory, i.e., simultaneous null solutions of two Cauchy-Riemann operators associated to
a pair ϕ, ψ of structural sets of H4. Following a matrix approach, a generalized Borel-Pompeiu
formula and the corresponding Plemelj-Sokhotzki formulae are established.

[1] R. Abreu Blaya; J. Bory Reyes; A. Guzmán Adán; U. Kähler, On some structural sets and a quaternionic
(ϕ,ψ)-hyperholomorphic function theory, submitted.

[2] K. Gürlebeck; U. Kähler; M. Shapiro, On the Π-Operator in Hyperholomorphic Function Theory, Adv. Appl.

Clifford Algebras, 9, 23-40 (1999).
[3] M. Shapiro; N. L. Vasilevski, Quaternionic ψ-hyperholomorphic functions, singular integral operators and

boundary value problems. I. ψ-hyperholomorphic function theory, Complex Var. Theory Appl., 27 17-46
(1995).

where D is an open subset in Rn with compact complement C = Rn\D, n ≥ 2, has at least one
nontrivial weak solution.

[1] Benci, V., Rabinowitz, P.H., Critical point theorems for indefinite functionals, In-
ventions Math. 52, 241-273(1979).

[2] Q. H. Choi and T. Jung, Multiple periodic solutions of a semilinear wave equation at

double external resonances, Communications in Applied Analysis 3, No. 1, 73-84 (1999).
[3] Choi, Q.H., Jung, T., An application of a variational reduction method to a nonlinear

wave equation, J. Differential Equations 7, 390-410(1995).
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Boundary conditions of classical potentials and its applications

Problems of finding boundary conditions of classical volume potentials such as Newton, heat
and wave potentials are stated. The problems has been solved i.e., find corresponding non–local
boundary value problem which is correct and its unique solution coincides with volume poten-
tials. And its applications were investigated.



101

�Author Svetlana Mincheva-Kaminska - University of Rzeszów, Institute of Mathematics, Rzeszów,

Poland, email: minczewa@univ.rzeszow.pl

On various classes of approximate units and the convolution of generalized functions

General sequential conditions of integrability and convolvability in various spaces of general-
ized functions, expressed in terms of different classes of approximate units, are discussed. The
equivalence of the respective convolutions of generalized functions is proved.
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On the existence and growth of the convolution of functions and generalized functions

We extend and essentially sharpen our earlier results concerning the existence and growth of
the convolution in various spaces of functions and generalized functions. The applications of the
results in the theory of integral transforms are shown.
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Lyapunov exponents for bundles over ball quotients and commensurability among lattices

A ball quotient is the orbit space of the action of a lattice in PU(1, n) on complex hyperbolic
n-space. To any flat vector bundle V over a ball quotient equipped with a suitable norm, we can
associate a set of real numbers, the Lyapunov exponents. These describe the logarithmic growth
of sections when dragged along a generic geodesic. There is a deep link between dynamics and
algebraic geometry that relates the sum of the Lyapunov exponents to ratios of Chern classes of
certain vector bundles, which was first observed by Kontsevich and Zorich for the Teichmüller
geodesic flow on the moduli space of curves. We prove a variant of the Kontsevich-Zorich formula
for ball quotients in the case that the flat bundle comes from algebraic geometry, i.e. carries a
variation of Hodge structures.

For an application of our formula, we consider the non-arithmetic lattices found by Deligne
and Mostow. They come from families of cyclic coverings of the projective line. Taking the
lattice and its Galois conjugates gives rise to a flat vector bundle which is a direct factor in
the variation of Hodge structures of this family of curves. Using our formula and the explicit
description of the period map, we compute all the individual Lyapunov exponents of this bundle.

On the other hand, we show that Lyapunov exponents are commensurability invariants of
the lattice. Since the Deligne-Mostow lattices account for all presently known commensurability
classes of non-arithmetic lattices, our results complete the commensurability classification begun
by Deligne and Mostow.
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Recent topics in fixed point theory

In this talk, we discuss the recent trends in metric fixed point theory which was initialized
by Banach [3]. In particular, we consider the correspondence between the partial metric space
[4]-[10] and usual metric space and further G-metric space[2]-[13] and usual metric space. We
examine the connection between metric like space [1] (dislocated metric space [5, 6]) and partial
metric space. We also mention the consequences of these relation to the fixed point results.

[1] A. Amini Harandi, Metric-like spaces, partial metric spaces and fixed points Fixed Point Theory and Appli-
cations 2012, 2012:204

[2] R. Agarwal and E. Karapınar, Remarks on some coupled fixed point theorems in G-metric spaces, Fixed
Point Theory and Applications 2013, 2013:2

[3] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales, Fund.
Math. 3 (1922) 133–181.

[4] R.H. Haghi, Sh. Rezapour, N. Shahzad, Be careful on partial metric fixed point results, Topology and its
Applications,160(2013),no:3, 450–454.

[5] P. Hitzler: Generalized metrics and topology in logic programming semantics, Ph. D Thesis, School of
Mathematics, Applied Mathematics and Statistics, National University Ireland, University college Cork,
2001.

[6] P. Hitzler and A. K. Seda. Dislocated topologies. J. Electr. Engin., 51 (2000), no:12 , 3-7 .
[7] M. Jleli and B. Samet, Remarks on G-metric spaces and fixed point theorems, Fixed Point Theory Appl.,

2012:210 (2012).
[8] E. Karapınar, Weak φ-contraction on partial metric spaces, J. Comput. Anal. Appl. 14 (2012), no:2, 206-210.
[9] E. Karapinar, I.M. Erhan, Fixed point theorems for operators on partial metric spaces, Appl. Math. Lett. 24

(2011), 1894–1899.
[10] E. Karapınar, Generalizations of Caristi Kirk’s Theorem on Partial Metric Spaces, Fixed Point Theory Appl.

2011: 4, (2011) doi:10.1186/1687-1812-2011-4.
[11] S.G. Matthews, Partial metric topology, Proc. 8th Summer Conference on General Topology and Applications,

Ann. New York Acad. Sci. 728 (1994), 183–197.
[12] Z. Mustafa, B. Sims, A new approach to generalized metric spaces, J. Nonlinear Convex Anal. 7 (2006)

289-297.
[13] B. Samet, C. Vetro, F. Vetro, Remarks on G-metric spaces, Int. J. Anal., 2013 (2013), Article ID 917158, 6

pages.
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On α-embedded sets

Let G∗

0
(X) and F∗

0
(X) be the collections of all functionally open and functionally closed

subsets of a topological space X, respectively. Assume that the classes G∗

ξ
(X) and F∗

ξ
(X) are

defined for all ξ < α, where 0 < α < ω1. Then, if α is odd, the class G∗

α
(X) (F∗

α
(X)) consists

of all countable intersections (unions) of sets of lower classes, and, if α is even, the class G∗

α
(X)

(F∗

α
(X)) consists of all countable unions (intersections) of sets of lower classes. The classes

F∗

α
(X) for odd α and G∗

α
(X) for even α are said to be functionally additive, and the classes

F∗

α
(X) for even α and G∗

α
(X) for odd α are called functionally multiplicative.

A subset E of a space X is α-embedded in X if for any set A of the α’th functionally additive
class in E there is a set B of the α’th functionally additive class in X such that A = B ∩ E.

Theorem 1. Let X be a topological space, E ⊆ X and

(1) X is perfectly normal, or

(2) X is completely regular and E is its Lindelöf subset, or
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(3) E is a functionally open subset of X, or

(4) X is a normal space and E is its Fσ-subset,

then E is α-embedded in X for each 0 ≤ α < ω1.

Theorem 2. There exist a completely regular space X and its 1-embedded subspace E ⊆ X

which is not 0-embedded in X.

[1] Blair, R. and Hager, A. Extensions of zero-sets and of real-valued functions, Math. Zeit. 136, 41–52 (1974).
[2] Gillman, L. and Jerison, M. Rings of continuous functions, Van Nostrand, Princeton (1960).
[3] Karlova, O. On α-embedded sets and extension of mappings, Comment. Math. Univ. Carol. (accepted).
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Pseudo-differential and convolution type operators with non-regular symbols

The talk is devoted to studying pseudo-differential operators with non-regular symbols on
weighted Lebesgue spaces. These symbols consist of all bounded measurable or piecewise con-
tinuous V (R)-valued functions on R, or of all Lipschitz Vd(R)-valued functions on R, where
V (R) is the Banach algebra of all functions of bounded total variation on R, and Vd(R) is the
Banach algebra of all functions of bounded variation on dyadic shells on R. Thus, such symbols
admit discontinuities with respect to spatial and dual variables, which leads to non-commutative
Fredholm symbol calculi for corresponding pseudo-differential operators.

Applying the theory of pseudo-differential operators with non-regular symbols, we study the
Banach algebras Ap,w generated by all convolution type operators of the form aF−1bF on
weighted Lebesgue spaces Lp(R, w) where 1 < p < ∞ and w are Muckenhoupt weights, F

is the Fourier transform, the functions a, b ∈ L∞(R) admit piecewise slowly oscillating discon-
tinuities on R ∪ {∞}, and b is a Fourier multiplier on Lp(R, w). A Fredholm symbol calculus
is constructed and a Fredholm criterion for the operators A ∈ Ap,w in terms of their Fredholm
symbols is established. This part of the talk is based on a joint work with I. Loreto-Hernández.

[1] Böttcher, A. and Karlovich, Yu. I., Carleson Curves, Muckenhoupt Weights, and Toeplitz Operators,
Birkhäuser, Basel (1997).

[2] Karlovich, Yu. I., Boundedness and compactness of pseudodifferential operators with non-regular symbols on

weighted Lebesgue spaces, Integr. Equ. Oper. Theory, 73, 217-254 (2012).
[3] Karlovich, Yu. I. and Loreto-Hernández, I., Algebras of convolution type operators with piecewise slowly

oscillating data. I: Local and structural study , Integr. Equ. Oper. Theory, 74, 377-415 (2012).
[4] Karlovich, Yu. I. and Loreto-Hernández, I., Algebras of convolution type operators with piecewise slowly

oscillating data. II: Local spectra and Fredholmness, Integr. Equ. Oper. Theory, 75, 49-86 (2013).
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Toeplitz and Wiener-Hopf operators with oscillating matrix symbols

The talk is devoted to the Fredholm theory of Toeplitz and Wiener-Hopf operators with oscil-
lating matrix symbols generated by semi-almost periodic and slowly oscillating matrix functions
on the scale of weighted Lebesgue spaces. The study is based on the theory of pseudodifferential
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Boundary Control of a Neutral Type Hyperbolic Equation

We study boundary control problems for a system described by a hyperbolic type equation
with time delays in the higher–order terms. In the theory of differential–difference equations
such equations are called neutral type equations. For fixed τ > 0 and b ∈ R we consider the
initial boundary value problem described by the equation

(1) ytt(x, t)− (p(x)yx(x, t))x+b [ytt(x, t− τ)− (p(x)yx(x, t− τ))x] = 0; 0 < x < X, 0 < t < T,

with the boundary conditions

(2) y(0, t) = 0, yx(X, t) = u(t); 0 < t < T, u ∈ L2(0, T ),

and the initial conditions

(3)

{

y(x, 0) = y0(x), yt(x, 0) = y1(x); 0 < x < X,

ytt(x, t− τ)− (p(x)yx(x, t− τ))x = g(x, t); 0 < x < X, 0 < t < τ.

Here p ∈ C1[0, X], p(x) > 0, y0 ∈ H1 := {f ∈ H1(0, X) : f(0) = 0}, y1 ∈ L2(0, X), g ∈
L2((0, X)× (0, τ)).

We prove that the initial boundary value problem (1) – (3) has the unique generalized solution
such that y ∈ C([0, T ];H1), yt ∈ C([0, T ];L2(0, X)). We demonstrate also the exact controlla-

bility of the system for T ≥ T0 := 2
∫

X

0
[p(x)]−1/2dx. More precisely, we prove that for any given

y0, y1, g from the corresponding spaces, there exists a boundary control u ∈ L2(0, T ) such that
y(·, T ) = yt(·, T ) = 0, and this control is unique if T = T0.

Then, for any T > 0, we consider minimization problem for the functional

(4) J(u) =

∫

X

0

[y2
t
(x, T ;u) + p(x)y2

x
(x, T ;u)] dx+ γ

∫

T

0

u2(t) dt

with arbitrary fixed γ > 0. We prove the existence and uniqueness of the solution u
∗
of this

problem and propose the algorithm of its construction. Our approach is based on reducing the
control problem to a moment problem and investigation of Riesz bases of the corresponding
*quasi-exponential* families.

and Calderón-Zygmund operators, the Allan-Douglas local method, the limit operators method
and different approaches to almost periodic factorization of almost periodic matrix functions. In
particular, for new classes of triangular almost periodic matrix functions, we study the existence
of such a factorization and construct it explicitly on the basis of almost periodic solutions of
corresponding Riemann-Hilbert problems, applications of the corona problem and the ergodic
theory. This allows one to elaborate also the solvability theory for Toeplitz and Wiener-Hopf
operators with corresponding almost periodic matrix symbols.

[1] Böttcher, A., Karlovich, Yu. I. and Spitkovsky, I. M., Convolution Operators and Factorization of Almost

Periodic Matrix Functions, Birkhäuser, Basel (2002).
[2] Câmara, M. C., Karlovich, Yu. I. and Spitkovsky, I. M., Constructive almost periodic factorization of some

triangular matrix functions, J. Math. Anal. Appl., 367, 416-433 (2010).
[3] Karlovich, Yu. I. and Loreto-Hernández, J., Wiener-Hopf operators with oscillating symbols on weighted

Lebesgue spaces, Operator Theory: Advances and Applications, 210, 123-145 (2010).
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Well–posedness of coupled first and second order hyperbolic systems

Existence, uniqueness and well-posedness of quasilinear wave equations that are coupled to
first order symmetric hyperbolic systems are established. Hughes, Kato and Marsden studied
systems consisting only of second order hyperbolic equations [1]. They proved existence theo-
rems for systems in R

n whose solutions (u(t), ∂tu(t)) lie in the Sobolev space Hs+1 × Hs. In
particular, they lowered the required value of s to s > n

2
in case where the coefficients of highest

order terms do not involved derivatives of the unknowns. We extent their results and obtain
the same degree of regularity for coupled first and second oder hypebolic systems. This result
is applied to show short time existence theorems for Cauchy problems for non–vacuum Einstein
equations. This is a joint work with Uwe Brauer.

initial(s) of first name(s) page numbers, year;
[1] Hughes, T. J. R., Kato, T. and Marsden, J. E., Well-posed quasi-linear second-order hyperbolic systems

with applications to nonlinear elastodynamics and general relativity, Arch. Rational Mech. Anal. 63, 273–294
(1977).
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On boundary properties of conformal homeomorphisms

Let suppose that a simply connected domain in the complex plane bounded by a smooth
Jordan curve is given. Let consider a homeomorphism of the closed unit disk onto the closure
of this domain conformal in the open unit disk. Let consider the angle between the tangent to
the curve and the positive real axis as the function of the arc length on the curve.

Kellog in 1912 proved that if this angle satisfies Hölder condition, then the derivative of the
function realizing conformal mapping satisfies Hölder condition with the same index. Connection
between properties of the boundary of the domain and properties of the considered function was
investigated in works by several authors. In particular, some results were received by author in
terms of moduli of smoothness of different types.

We represent some new estimates for derivatives of the functions realizing conformal mapping
on the boundary of the domain formulated in terms of integral moduli of smoothness introduced
by P. M. Tamrazov in 1977. Difference between these moduli and traditional integral moduli of
smoothness, introduced as the least upper bound of averaging absolute values of finite differences
is that the operators of averaging and taking of least upper bound are applied in reverse order.

Let two simply connected domains bounded by the smooth Jordan curves be given. Let
characterize boundaries of these domains by the angles between the tangent to the curves and
the positive real axis considered as the functions of the arc length on the curves.

We represent new estimates for integral moduli of smoothness of arbitrary order for derivatives
of homeomorphisms between the closures of the considered domains conformal in open domains.
In partial case when one of considered domains is the closed unit disk we receive generalizations
and inversations of Kellogs type theorems.
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Self-Similarity vs Smoothness

We consider a closed simple curve Γ and a function f(t) satisfying the Hölder condition with
exponent ν ∈ (0, 1] on this curve. If the curve Γ is rectifiable, then we denote by Φ(z) the
Cauchy integral with density f over Γ. If Γ is non-rectifiable, then Φ stands for the Cauchy
transform of distribution f∂χ, where χ is characteristic function of interior of Γ (see [1]).
If Γ is rectifiable, then the Cauchy integral Φ(z) has continuous boundary values on Γ from

the both sides for ν > 1

2
(see [2, 3]). If, additionally, the curve is piecewise smooth, then the

same is valid for ν > 0 (see, for instance, [4]).
If Γ is not rectifiable, then the Cauchy transform Φ(z) has continuous boundary values for

ν > d

2
, where d is upper metric dimension [5] of the curve Γ (see [1]). In the present report

we prove that for self-similar non-rectifiable curves the same is valid for ν > d − 1. In other
words, the self-similarity improves the boundary properties of Φ(z) in just the same degree as
the smoothness for rectifiable one.

[1] Kats, B.A., The Cauchy Transform of Certain Distributions with Application, Complex Analysis and Oper-
ator Theory, 6, 1147-1156 (2012).

[2] Dynkin, E.M., Smoothness of the Cauchy type integral , Zapiski nauchn. sem. Leningr. dep. mathem. inst.
AN USSR, 92, 115-133 (1979).

[3] Salimov, T., A direct estimate for a singular Cauchy integral over a closed curve, Azerbaidzhan. Gos. Univ.
Uchen. Zap., No.5, 59-75 (1979).

[4] Gakhov, F.D., Boundary value problems, Nauka publishers, Moscow, (1977).
[5] Kolmogorov, A.N., Tikhomirov, V.M., ε−entropy and capasity of set in functional spaces, Uspekhi Math.

Nauk, 14, 3-86 (1959).
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The Marcinkiewicz exponent with applications

We introduce the following new metric characteristic of non-rectifiable curves on the complex
plane. Let Γ be a closed Jordan curve of null area dividing complex plane into finite domain
D+ and infinite domain D−. We put

me(Γ) := sup







p :

∫∫

D+

dxdy

distp(z,Γ)
<∞







and

me
−(Γ) := sup







p :

∫∫

D∗

dxdy

distp(z,Γ)
<∞







.

Here D∗ is domain D−
⋂

{z : |z| < r}, where r is so large that Γ completely lies in the disk
{z : |z| < r}. We call these values the Marcinkiewicz exponents of the curve Γ in connection
with Marcinkiewicz’s researches of plane and spatial sets in terms of certain integrals over the
complements of these sets (see, for instance, [1]).
We apply these characteristics for solving of the Riemann boundary value on non-rectifiable

curves. Let us cite a result concerning the jump problem, i.e., the problem on evaluation of
holomorphic in C \ Γ function Φ satisfying boundary condition

Φ+(t)− Φ−(t) = g(t), t ∈ Γ,

where function g (the jump) is given.
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ON THE WELL-POSSED OF GENERAL NONLINEAR BOUNDARY VALUE

PROBLEMS FOR SYSTEMS OF IMPULSIVE EQUATIONS WITH FINITE AND

FIXED POINTS OF IMPULSES

The general nonlocal boundary value problem is considered for systems of impulsive equations
with finite and fixed points of impulses actions. Sufficient conditions are given for the solvability
and unique solvability of this problem.

Theorem 1. If the jump g satisfies on Γ the Hölder condition with exponent ν and

ν > 1−
1

2
max{me(Γ),me

−(Γ)},

then the jump problem is resolvable.

We construct examples showing that this solvability condition for the jump problem on non-
rectifiable curve is sharper than earlier known ones (see [2, 3]).

[1] Stein, E. M., Singular integrals and differential properties of functions, Princeton University Press, Princeton
(1970).

[2] Kats, B. A., The Riemann problem on closed Jordan curve, Izvestija vuzov. Matematika, No.4, 68-80, Kazan
(1983)(Russian).

[3] Kats, B. A., The Refined Metric Dimension with Applications, Computation Methods and Function Theory,
No.1, 77-89 (2007).
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Chow stability and the projectivisation of stable bundles

It appeared in the work of S.K. Donaldson that the notion of asymptotic Chow stability is
central in the problem of existence of constant scalar curvature Kähler metric on a polarized
manifold. In this talk, we are interested in ruled manifolds, i.e projectivisation of a vector bun-
dle over a polarized manifold. In the recent years, ruled manifolds have been a great source of
understanding of the so-called Yau-Tian-Donaldson conjecture relating stability and existence
of metrics with special curvature properties. We will discuss the Chow stability of the projec-
tivisation of a Gieseker stable bundle over a surface endowed with a constant scalar curvature
Kähler metric. In particular, we will provide an example of a smooth manifold which is Chow
stable but not asymptotically Chow stable. We will also provide examples of ruled manifolds
that are K-(poly)stable with respect to certain polarisations but are K-unstable with respect to
other polarisations. This is a joint work with J. Ross (Cambridge University).
[1] V. Apostolov and D. M.J. Calderbank and P. Gauduchon and C. W. Tønnesen-Friedman, Extremal Kähler

metrics on projective bundles over a curve Advances in Mathematics, 227 (6), 2385-2424 (2011)
[2] S.K. Donaldson, Scalar curvature and projective embeddings I, J. Diff. Geom. 59 (2001)
[3] J. Keller and J. Ross, A note on Chow stability of the Projectivisation of Gieseker Stable Bundles, to appear

in Journal of Geom. Analysis (DOI: 10.1007/s12220-012-9384-3) (2012)
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Queue-size distribution in energy-saving model based on multiple vacation policy

The problem of energy saving is extremely important in wireless sensor networks or mobile
nodes (stations) of WiMAX. Indeed, majority of sensor nodes are equipped with non-rechargable
batteries. To prolong the lifetime of the battery different wake-up strategies are being proposed
in the literature, focused on the optimal increasing the probability of sleeping state (see e.g. [2],
where the model with N -policy is discussed). Similarly, in the IEEE 802.16e standard of mobile
WiMAX three different classes of power-saving mechanisms are defined (see e.g. [1], [8]). Since,
during the power-saving (sleep) mode, the power consumed is much smaller than in the wake
(listening) mode, the key problem is the efficient reduction the wake mode duration. An M/G/1
queue with infinite buffer, multiple vacation policy and exhaustive service is presented in [7] as
a model of Type I power-saving mode, and some performance measures are derived there.

In the paper we investigate the transient queue-size distribution in the model of energy-
saving mechanism based on the M/G/1/N -type finite-buffer queue with repeated (multiple)
independent vacations. Every time when the server becomes idle it takes successive vacations
until, at the end of one of them, at least one packet waits for service. Then, after finishing this
vacation, a busy period begins immediately, during which the queue empties. A similar model
with infinite buffer was studied in [3] and [4], where the formulae for transforms of the queue-size
distribution and departure process were obtained, respectively.

For the transient queue-size distributions, conditioned by the numbers of packets present
in the system at the opening, we build a system of integral equations, using the paradigm of
embedded Markov chain. Using the approach proposed in [6], we obtain the general solution
of the corresponding system written for Laplace transforms in a compact form. Numerical
examples are attached as well.
[1] Dinh, N. T., A power efficiency based delay constraint mechanism for Mobile WiMAX systems, R. Lee (Ed.):

Computers, Networks, Systems & Industrial Ingeenering 2011, SCI 265, 181-191.
[2] Jiang, F.-Ch. and Huang, D.-Ch. and Yang, Ch.-T. and Leu, F.-Y, Lifetime elongation for wireless sensor

network using queue-based approaches, J. Supercomput., 59, 13121335 (2012).
[3] Kempa, W. M., The transient analysis of the queue-length distribution in the batch arrival system with N-

policy, multiple vacations and setup times, AIP Conf. Proc., 1293, 235-242 (2010).
[4] Kempa, W. M., Analysis of departure process in batch arrival queue with mutliple vacations and exhaustive

service, Commun. Stat. Theory, 40 (16), 2856-2865 (2011).
[5] Kempa, W. M., The virtual waiting time in a finite-buffer queue with a single vacation policy , Lect. Notes

Comput. Sc., 7314, 47-60 (2012).
[6] Korolyuk, V. S., Boundary-value problems for complicated Poisson processes, Naukova Dumka, Kiev (1975)

(in Russian).
[7] Mancuso, V. and Alouf, S., Analysis of power saving with continuous connectivity , Comput. Netw., 56,

2481-2493 (2012).
[8] http://standards.ieee.org/getieee802/download/802.16e-2005.pdf
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About the solvability of a nonlinear optimization of the processes described by
integro-differential equations

The optimal control problem of distributed parameter systems described by integro-differential
equations has been analyzed. We consider controlled process describable by scalar function
V (t, x), which in the domain QT = Q× (0, T ) satisfies to equation in

∫
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Rearrangement Invariant Sobolev Spaces on General Domains

This talk concerns Sobolev spaces of differentiable function on finite measure domains in
R
n. Such a space is determined by a rearrangement invariant (r.i.) functional, ρ, like those of

Lebesgue, Lorentz and Orlicz. We have two goals. First, we seek a functional to describe the
smallest set that contains the decreasing rearrangements of functions in an r.i. Sobolev space.
Second, we study refinements of Sobolev-Poincaré imbedding inequalities which, for spaces of
functions with first order derivatives, have the form

inf
c∈R

σ(u− c) ≤ Aρ(|△u|).

Here, σ is another r.i. functional, which we would like to be as large as possible. It turns out
that for the spaces of functions with higher order derivatives the two problems are connected.

×

Vt = AV +

∫ T

0

K(t, τ)V (τ, x)dτ + g(t, x)f [t, u(t)], (1)

to the initial and boundary conditions

V (0, x) = ψ(x), x ∈ Q, (2)

ΓV (t, x) ≡

n
∑

i,j=1

aij(x)Vxj
(t, x)cos(ν, xi) + a(x)V (t, x) = 0. (3)

Here f [t, u(t)] ∈ H(0, T ) is a given function of external source nonlinearly depending on the
control function u(t) ∈ H(0, T ); Q ⊂ Rn with piecewise smooth boundary γ; ν is outer exterior
normal at the point x ∈ γ, g(t, x) ∈ H(QT ), ψ(x) ∈ H(Q) are given functions; A is eliptic
operator;a(x) ≥ 0; c(x) ≥ 0 are bounded measurable functions; H is Hilbert space.
It is required to find an admissible pair (u0(t), V 0(t, x) ∈ H(0, T ) ×H(QT )) on which given

functional I[u(t)] is minimized.
We have found the conditions of control optimality and sufficient conditions of a unique op-

timal control existence, which is defined as the solution of a nonlinear integral equation and
satisfies to the additional condition in the form of inequality. The algorithm for constructing
of nonlinear optimization task solution and its approximations has been worked out. We have
proved the convergence of the approximate solutions.

[1] Kerimbekov A., On Solvability of the Nonlinear Optimal Control Problem for Processes Described by the

Semi-linear Parabolic Equations, World Congress on Engineering 2011, vol. 1, P. 270-275, 2011.
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Linear Differential Equations in the Algebra of Almost Periodic Generalized Functions

This work introduces and studies an algebra of almost periodic generalized functions gener-
alizing trigonometric polynomials, classical almost periodic functions as well as almost periodic
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Complex spaces and nonstandard schemes

The value of nonstandard mathematics [4] is in serving as a ”guiding star” and often offer-
ing a conceptually simple and elegant interpretation and generalization of classical theory and
sometimes leads to new concrete standard results.
Not so much is known about nonstandard complex analysis, unlike nonstandard real analysis
[1], topology and metric spaces theory[3]. Only some very specific applications of model theory
are used to be known as for instance the Lefschetz principle, the theorem of Tarski-Seidenberg
or some simple proofs of Hilbert’s Nullstellensatz.

Recently, in collaboration with S. Kosarew, we started a program to develop a theory of
analytic geometry using nonstandard methods. One of our fundamental constructions is that
of a category of certain ringed spaces, called bounded schemes, which contains the category of
algebraic C- schemes and which admits an essentially surjective functor, called the standard part
functor, to the category of complex spaces. The advantage of this new more algebraic category
is that it allows us to apply many constructions of standard algebraic geometry which are not
evident in the analytic context. We obtain analytic results just by taking the standard part
functor. The following tasks have been successfully carried out in our paper [2]:

- Holomorphic functions should be the standard part of polynomials of hyperfinite degree
- Complex spaces should be seen as hyperalgebraic schemes
- Generic points of irreducible complex spaces/schemes should be certain nonstandard points
-Differential forms as functions taking infinitesimal values (Leibniz vision)

[1] R. Goldblatt, Lectures on the Hyperreals, Springer-Verlag New York, 1998.
[2] A.Khalfallah, S.Kosarew, Nonstandard schemes and Complex spaces, J. logic and analysis, (2010) paper 9,

1-60
[3] A. Khalfallah, New Nonstandard topologies, Monatsh Math 2013
[4] A. Robinson, Nonstandard Analysis, North Holland, Amsterdam, 1966.

Schwartz distributions. Then we study a linear system of ordinary differential equations in this
algebra of almost periodic generalized functions.

[1] Bouzar, C and Khalladi, M. T., Almost periodic generalized functions, Novi Sad J. Math., 41, 33-42
(2011).

[2] Colombeau, J. F., New generalized functions and multiplication of distributions. North Holland, (1984).
[3] Fink, A. M., Almost periodic differential equations. Lecture Notes in Math., 377, Springer, (1974).
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A constructive method for an approximate solution to scalar Wiener–Hopf equations

This paper presents a novel method of approximating the scalar Wiener–Hopf equation, and
therefore constructing an approximate solution. The advantages of this method over the existing
methods are reliability and explicit error bounds. Additionally, the degrees of the polynomials
in the rational approximation are considerably smaller than in other approaches. The need
for a numerical solution is motivated by difficulties in computation of the exact solution. The
approximation developed in this paper is with a view of generalization to matrix Wiener–Hopf
problems for which the exact solution, in general, is not known. The first part of the paper
develops error bounds in Lp for 1 < p < ∞. These indicate how accurately the solution is
approximated in terms of how accurately the equation is approximated. The second part of
the paper describes the approach of approximately solving the Wiener–Hopf equation that em-
ploys the rational Carathéodory–Fejér approximation. The method is adapted by constructing
a mapping of the real line to the unit interval. Numerical examples to demonstrate the use of
the proposed technique are included (performed on Chebfun), yielding errors as small as 1012

on the whole real line.

[1] Kisil, A. A constructive method for an approximate solution to scalar Wiener–Hopf equations Proc. R. Soc.
A vol. 469 no. 2154 (2013).
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Differential Operators, Integral Formulae and Symmetries

Many mathematical models of physical problems possess certain group of symmetries. This
symmetries are inherited by differential equations representing the model. We discuss a proce-
dure which supplies an integral formula producing solutions to the differential equation out of
the respective symmetry group. The model example is the Cauchy integral formula producing
null-solutions of the Cauchy–Riemann equations. We produce the rest of formulae connected
with the Möbius transformations of the real line.
[1] V. V. Kisil. Erlangen programme at large: an Overview. In S. Rogosin and A. Koroleva, editors, Advances in

Applied Analysis, chapter 1, pages 1–94. Birkhäuser Verlag, Basel, 2012. arXiv:1106.1686.
[2] V. V. Kisil. Geometry of Möbius Transformations: Elliptic, Parabolic and Hyperbolic Actions of SL2(R).

Imperial College Press, London, 2012. Includes a live DVD.
[3] V. V. Kisil. Hypercomplex representations of the Heisenberg group and mechanics. Internat. J. Theoret. Phys.,

51(3):964–984, 2012. arXiv:1005.5057.
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Toeplitz Operators and Covariant Transform

Berezin showed that the co- and contravariant calculus of operators helps to study Toeplitz
operators. Both main examples considered by Berezin—the Bergman and the Segal–Bargmann–
Fock spaces—are related to certain groups. We review some connections between the represen-
tation theory of groups and operator calculus. In particular, we revisit Simonenko’s localisation
technique.
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Thermoplasticity for the Mróz’s model in the thermodynamically complete systems

The subject of our research is a thermomechanical model where the mechanical deformation
is coupled with a heat equation. Plastic deformation is consistant with the Mróz model. We
provide the proof regarding solutions’ existence of thermoplastic model. The considered model
is thermodynamically consistent.

We consider the system of equations which describes the thermoelastic body Ω (in R
3) under

the action of the external force which causes spatial deformation and changes temperature. After
some simplification we get the following system of equations

(1)















−divT = f ,

T = D(ε− ε
p),

ε
p
t = G(θ,Td),

θt −∆θ = T
d : εpt ,

with initial and boundary conditions.
Function G(θ,Td)) is the inelastic constitutive function. We make a few assumption on this

function and of possible form of G(·, ·) is function G(θ,Td) = G1(θ)T
d which describes the

Mróz model.
By finding a solution of this problem we mean to find the displacement u, plastic strain tensor

ε
p and temperature θ of the body. To do this we use two level Galerkin approximation.
This model has two difficulties. Displacement of the body and temperature are related by the

constitutive function G(·, ·). Second problem is cause by the assumption on the function G(·, ·).
The right hand side of the heat equation is only integrable function, hence, energy estimates are
not fulfilled.
[1] Boccardo, L. and Gallouet T., Non-linear elliptic and parabolic equations involving measure data, Journal of

Functional Analysis, 87(1): 149-169, 1989.

[2] Gwiazda, P. and Świerczewska, A. Large eddy simulation turbulence model with young measures, Applied
Mathematics Letters, 18(8):923-929, 2005.

[1] V. V. Kisil. Operator covariant transform and local principle. J. Phys. A: Math. Theor., 45:244022, 2012.
arXiv:1201.1749. http://stacks.iop.org/1751-8121/45/244022.

[2] V. V. Kisil. Calculus of operators: Covariant transform and relative convolutions. 2013. arXiv:1304.2792.
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Some questions related to Mizel’s problem

We consider the space R2 and let A ⊂ R2 be a set of this space.
The set A is called convex if it contains, with any two distinct points x and y, the (closed)

line segment between x and y. The boundary of A is called a convex curve.

Mizel’s problem: Every planar closed convex curve such that, no rectangle has exactly three

vertices on it is a circle.

The set A has the infinitesimal rectangle property if there is some ε > 0 such that if any
rectangle with sidelengths ratio at most ε has its three vertices on A then this rectangle has the
fourth vertex on A.

Theorem Any convex curve of constant width satisfying the infinitesimal rectangular condi-

tion is a circle.

Corollary Every Jordan curve satisfying the infinitesimal rectangle property is a circle.

[1] Besicovitch, A. S., A problem on a circle, J. London Math. Soc., 36, 241-244 (1961).
[2] Zamfirescu, T., An infinitesimal version of the Besicovitch-Danzer characterization of the circle, Geom.

Dedicata, 27, no. 2, 209-212 (1988).
[3] Zelinskii, Yu. B., Tkachuk M. V., Klishchuk B.A. Integral geometry and Mizel’s problem, Arxiv preprint

arXiv: 1204.6287v1[math.CV].
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Multiparameter bifurcation and symmetry breaking of Solutions of Systems of Elliptic
Differential Equations

The aim of my talk is to study behaviour of weak solutions of the following system of elliptic
differential equations:

(1)

{
−∆u = ∇uF (u,Λ) in Ω

u = (u1, . . . , um) = 0 on ∂Ω,

(1) Ω ⊂ R
N is an open, bounded subset,

(2) F ∈ C2(Rm × S(m,R),R) is of the form F (u,Λ) =
1

2
〈Λu, u〉+ η(u,Λ), where

(a) Λ is a real and symmetric (m×m)-matrix (we denote it Λ ∈ S(m,R)),
(b) ∇uη(0,Λ) = 0, for any Λ ∈ S(m,R), (c) ∇2

u
η(0,Λ) = 0, for any Λ ∈ S(m,R).

(N4) for any Λ ∈ S(m,R) there are CΛ > 0 and 1 ≤ pΛ < (N + 2)(N − 2)−1 such that
for any (u,Λ) ∈ R

m × S(m,R) the following inequality holds true | ∇2

u
F (u,Λ) |≤

CΛ

(
1+ | u |pΛ−1

)
.

The matrix Λ ∈ S(m,R) is considered as a parametr.
The main tool we use is the theory of the degree for SO(2)-equivariant gradient maps defined

in [1],[2]. We treat the space Rm as an orthogonal representation of the group SO(2) and assume

that the operator F is SO(2)-invariant. Hence the Hilbert space H =
m⊕

i=1

H
1

0
(Ω) is an orthogonal

representation of the group SO(2) with SO(2)-action given by the formula (g · v)(x) = gv(x) for
any g ∈ SO(2) and v ∈ H.
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Robustness of Exponential Dichotomies of Boundary-Value Problems
for General First-Order Hyperbolic Systems

We examine robustness of the exponential dichotomy of boundary value problems for linear
first-order non-strictly hyperbolic systems of a single spatial variable of the type

∂tuj + aj(x, t)∂xuj +

n
∑

k=1

bjk(x, t)uk = 0, j ≤ n, x ∈ (0, 1).

We show that the dichotomy survives in the space of continuous functions under small perturba-
tions of the coefficients aj and bjk ([1]). The main technical difficulty lies in showing the smooth
dependence of solutions to initial-boundary value problems on the coefficients aj . To overcome
this difficulty, the boundary conditions are supposed to be of types ensuring a smoothing prop-
erty of solutions [2, 3].

[1] Kmit, I.Ya., Recke, L., Tkachenko, V.I., Robustness of Exponential Dichotomies of Boundary-Value Problems

for General First-Order Hyperbolic Systems, Ukr. Math. J., 65, No. 2, 236–251 (2013).
[2] Kmit, I., Smoothing effect and Fredholm property for first-order hyperbolic PDEs, Operator Theory: Advances

and Applications, 231, Basel: Birkhäuser, 219-238 (2013).
[3] Kmit, I., Smoothing solutions to initial-boundary problems for first-order hyperbolic systems, Applicable

Analysis, 90, No. 11, 1609 – 1634 (2011).

any g ∈ SO(2) and v ∈ H.

With the system (1) we associate a C2-functional Φ : H×S(m,R) → R such that the critical
points of Φ are in one-to-one correspondence with a weak solutions of the system. In above
situation the operator ∇uΦ : H× S(m,R) → H is SO(2)-equivariant and self-adjoint; therefore
we are able to derive formula for bifurcation index in terms of the degree for SO(2)-equivariant
gradient operators. Finally, using the Rabinowitz type global bifurcation theory for SO(2)-
equivariant gradient maps, see [1], we put the sufficient conditions for the existence of global
bifurcation points of solutions of (1).

Moreover, we describe a symmetry breaking phenomenon that occurs on continua of nontrivial
solutions of (1).
[1] Rybicki S., S1-degree for Orthogonal Maps and Its Applications to Bifurcation Theory , Nonl. Anal. TMA 23,

83–102(1994).
[2] Rybicki S., Applications of Degree for SO(2)-equivariant Gradient maps to Variational Nonlinear Problems

with SO(2)-symmetries, Topol. Meth. Nonl. Anal. 9, 383–417 (1997).
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L
2 boundedness of solutions to the 2D exterior problems for the semilinear heat and

dissipative wave equations

We consider the initial boundary value problems for the semilinear heat equations and semi-
linear dissipative wave equations in two dimensional exterior domains. Also, we consider the
Cauchy problems for the linear wave equations with strong damping terms and Navier-Stokes
equations in R2. We will give the L

2 boundedness of the solutions for the initial data in Hardy
space. The results in this talk were obtained in a joint work with M. Misawa (Kumamoto Uni-
versity, Japan).

[1] M. Misawa, S. Okamura and T. Kobayashi., Decay property for the linear wave equations in two dimensional

exterior domains., Differential and Integral Equations Vol. 24, No. 9-10, 941-964 (2011).
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Extremal properties associated with the generalized Loewner differential equation in C
n

In this talk we survey recent results related to extreme points, support points and reachable
families of holomorphic mappings generated by the generalized Loewner differential equation on
the unit ball Bn in C

n. Certain applications and conjectures are also considered.
For a linear operator A ∈ L(Cn), let k+(A) be the upper exponential index of A and let

m(A) = min{ℜ〈A(z), z〉 : ‖z‖ = 1}. Under the assumption k+(A) < 2m(A), we consider
the family S0

A(B
n) of mappings which have A-parametric representation, i.e. f ∈ S0

A(B
n) iff

there exists an A-normalized univalent subordination chain f(z, t) such that f = f(·, 0) and
{e−tAf(·, t)}t≥0 is a normal family on Bn. We are concerned with extreme points and support
points associated with the compact family S0

A(B
n). These results generalize to higher dimensions

related results due to Pell and Kirwan. We also present an n-dimensional version of an extremal
principle due to Kirwan and Schober, and give applications related to distortion and coefficient
bounds for S0

In
(Bn).

In the second part of the talk, we use ideas from control theory to consider extremal problems
related to bounded mappings in S0

A(B
n). For this aim, we investigate the (normalized) time-

logM -reachable family R̃logM (idBn ,NA) generated by the Carathéodory mappings, where M ≥
1 and k+(A) < 2m(A). Every mapping f in this reachable family can be imbedded as the first
element of an A-normalized univalent subordination chain f(z, t) such that {e−tAf(·, t)}t≥0 is a
normal family and f(·, logM) = eA logM idBn . We present a density result related to the family

R̃logM (idBn ,NA), which involves the subset exNA of NA consisting of extreme points. These
results are generalizations to C

n of well known results due to Loewner, Pommerenke and Roth.
We are also concerned with extreme points and support points associated with compact families
generated by extension operators.

This talk is based on joint work with Ian Graham (Toronto), Hidetaka Hamada

(Fukuoka) and Mirela Kohr (Cluj-Napoca).
[1] Duren, P., Graham, I., Hamada, H. and Kohr, G., Solutions for the generalized Loewner differential equation

in several complex variables, Math. Ann. 347, 411–435 (2010).
[2] Graham, I., Hamada, H., Kohr, G. and Kohr, M., Asymptotically spirallike mappings in several complex

variables, J. Anal. Math., 105, 267–302 (2008).
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Kogălniceanu Str., 400084 Cluj-Napoca, Romania, email: mkohr@math.ubbcluj.ro, Massimo Lanza

de Cristforis - Dipartimento di Matematica, Università di Padova, Via Trieste 63, Padova 35121, Italy,
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Poisson problems for semilinear Brinkman systems in Lipschitz domains

The purpose of this talk is to combine a layer potential analysis and the Schauder fixed
point theorem in order to show the existence of solutions of a Poisson problem for a semilinear
Brinkman system on a bounded Lipschitz domain D ⊆ R

n (n ≥ 2) with Dirichlet or Robin
boundary condition and data in Sobolev and Besov spaces. The semilinear Brinkman system
is written in terms of an essentially bounded Carathéodory function P from D × R

n × R to
R
n⊗R

n, which satisfies a nonnegativity condition and a boundedness condition. First, we show
the well-posedness of the corresponding linear Poisson problem. Thus, we show the existence
and uniqueness of the solution in the aforementioned spaces, together with some useful regularity
estimates. Then, by using the well-posedness result from the linear case and the Schauder fixed
point theorem, we show the desired existence result for the semilinear Poisson problem. Various
applications and particular cases are also presented. In addition, we provide an existence and
uniqueness result for the Dirichlet problem associated with the Darcy-Forchheimer-Brinkman
system in a bounded Lipschitz domain in R

n (n ≤ 4) with small boundary data.
Note that the semilinear Darcy-Forchheimer-Brinkman equation is a generalization of the

Darcy and Brinkman equations for viscous incompressible flows in saturated porous media.
[1] Dindos̆ M. and Mitrea M., Semilinear Poisson problems in Sobolev-Besov spaces on Lipschitz domains, Publ.

Math. 46 353-403 (2002).
[2] Kohr M., Lanza de Cristoforis M. and Wendland W.L., Nonlinear Neumann-transmission problems for Stokes

and Brinkman equations on Euclidean Lipschitz domains, Potential Anal., 38, 1123–1171 (2013).
[3] Kohr M., Lanza de Cristoforis M. and Wendland W.L., Poisson problems for semilinear Brinkman systems

on Lipschitz domains in R
n, submitted.

[4] Kohr M., Pintea C. and Wendland W.L., Layer potential analysis for pseudodifferential matrix operators in

Lipschitz domains on compact Riemannian manifolds: Applications to pseudodifferential Brinkman operators,
Int. Math. Res. Notices. 2012, DOI 10.1093/imrn/RNS158, to appear.

[5] Kohr M. and Pop I., Viscous Incompressible Flow for Low Reynolds Numbers, WIT Press, Southampton
(UK) (2004).

[3] Graham, I., Hamada, H., Kohr, G. and Kohr, M., Parametric representation and asymptotic starlikeness in

C
n, Proc. Amer. Math. Soc., 136, 3963–3973 (2008).

[4] Graham, I., Hamada, H., Kohr, G. and Kohr, M., Spirallike mappings and univalent subordination chains in

C
n, Ann. Scuola Norm. Sup. Pisa-Cl. Sci., 7, 717–740 (2008).

[5] Graham, I., Hamada, H., Kohr, G. and Kohr, M., Extremal properties associated with univalent subordination

chains in C
n, submitted.
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Approximation of periodic functions in non–standard Banach function spaces

Our talk deals with the approximation problems in some non-standard Banach function
spaces. In these spaces we present the fundamental inequalities for the integral functions of
finite degree and for trigonometric polynomials. We give various applications to the approxima-
tion of periodic functions including a local approximation.

On the base of above–mentioned Banach function spaces we introduce Besov and Liouville
type spaces and prove imbedding theorems for these spaces.
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On multiplicative sufficient conditions for Fourier multipliers

New sufficient conditions for Fourier multipliers in the Hardy spaces Hp(R
n), p > 0, and

L1(R
n) are obtained. These conditions are given in terms of the simultaneous behavior of

(quasi-)norms of a function in Lq-space and Besov space Bs

r,∞
. More specifically, given m ∈

L
∞
(Rn) and η ∈ C∞(Rn) such that supp η ⊂ {1/4 ≤ |ξ| ≤ 4}, 0 ≤ η(ξ) ≤ 1 for all ξ ∈ R

n, and
η(ξ) = 1 on {1/2 ≤ |ξ| ≤ 2}. One of the main results is the following assertion.

Theorem. Let 0 < p < 1, 0 < q, r ≤ ∞, and s > n(1/p− 1/2). Suppose that q = r = 2 or

1− θ

q
+

θ

r
<

1

2
, θ =

n

s

(

1

p
−

1

2

)

.

If, in addition,

sup
δ>0

‖m(δ · )η‖1−θ
Lq

‖m(δ · )η‖θ
Bs

r,∞

<∞ , (1)

then m is a Fourier multiplier in Hp(R
n). If (1− θ)/q + θ/r > 1/2, then such an assertion

cannot be valid.

Similar results hold for multipliers in the spaces H1(R
n) and Lp(R

n), 1 ≤ p < 2. For example,
if (1) is satisfied for 1 ≤ p < 2, q = ∞, 0 < r ≤ ∞, and s > n/min(r, 2), then m is a Fourier
multiplier in Hp(R

n).
Some results of this kind for multipliers in the space L1(R

n) (or L
∞
(Rn)) are obtained in [1]

and [2].

[1] Kolomoitsev, Yu. and Liflyand, E., Absolute convergence of multiple Fourier integrals, Studia Math., 214,
no. 1, 17-35 (2013).

[2] Kolomoitsev, Yu. S., On the representation of functions as Fourier integrals, (Russian) Mat. Zametki, 93,
no. 4, 555-565 (2013); translation in Math. Notes, 93, no. 4, 561-570 (2013).
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Generalized solutions to systems of Hamilton—Jacobi equations

Consider the system of n hyperbolic quasilinear equations

(1)
∂u

∂t
+Hx(u) = 0, u(0, x) = u0(x),

where x ∈ R, t ∈ [0, T ], u(·, ·) : [0, T ] × R → Rn, H(·) : Rn → Rn. We suppose that the initial
function u0 has small total variation, the coordinates of the function H(·) are continuously
differentiable. It is known [1], that the solution u(·, ·) exists and it is unique in the class of
functions with boundary variations.

Consider the system of n Hamilton—Jacobi equations

(2)
∂v

∂t
+H(vx) = 0, v(0, x) =

x
∫

0

u0(x)dx.

We suggest a notion of generalized solution v(·, ·) for problem (2) and construct the solution
v(·, ·) , using the solution u(·, ·).

Consider the system of two Hamilton—Jacobi equations

∂ϕ

∂t
+ f(ϕx) = 0,

∂ψ

∂t
+ ψxg(ϕx) = 0

with initial functions ϕ(0, x) = ϕ0(x), ψ(0, x) = ψ0(x). We assume that x ∈ R, t ∈ [0, T ],
functions f(·), g(·) are differentiable and has sublinear growth relative to ϕx. Function g(·) is
non decrease, functions ϕ0(·), ψ0(·) are continuously differentiable. We introduce a definition of
generalized solution of this system using the notion of multivalued M-solution, suggested by A.I.
Subbotin [2].

This work was supported by the Russian Foundation for Basic Researches (projects 11-01-
00214-a, 12-01-31300), the Program of Presidium of RAS “ Mathematical control theory”, and
the grant for young scientist of N.N. Krasovskii Institute of Mathematics and Mechanics.
[1] Bressan, A. Hyperbolic Conservation Laws An Illustrated Tutorial , 1-81 (2009).
[2] Subbotin, A. I., Generalized Solutions of First Order of PDEs: The Dynamical Optimization Perspectives,

Birkhauser. Boston. (1995).
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Approximation of the Riemann-Liouville derivative using the moments of a function and
its applications

There are different approaches in solving problems involving fractional derivatives. The aim
of this talk is to present a technique which is based on an approximation of fractional derivatives.
More precisely, we shall use a series expansion containing only a function and its moments that
suitably approximate the left Riemann-Liouville fractional derivative of that function, which
has been introduced in [1]. Although expansion formula for fractional derivatives is not unique,
this particular one has the benefit of requiring minimal regularity conditions of the function
itself. After adapting the expansion formula we apply it to several problems in which fractional
derivatives appear. We derive a new form of the well-known fractional integration by parts
formula, and simplify the proof of one important fractional integral inequality. Moreover, we
discuss the novelties achieved with the use of the expansion formula in fractional variational
problems.
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Weighted Ditzian-Totik moduli revisited

We introduce new weighted moduli of smoothness and discuss their properties (equivalence
to certain K-functionals, weighted Ditzian-Totik moduli, direct and converse theorems for poly-
nomial approximation involving these moduli, etc.). (This is a joint work with D. Leviatan and
I. Shevchuk.)

This talk is based on joint work with Teodor M. Atanacković, Marko Janev, Stevan Pilipović
and Dušan Zorica.
[1] Atanacković, T. M. and Stanković, B., An expansion formula for fractional derivatives and its applications,

Fract. Calc. Appl. Anal., 7(3), 365–378 (2004).
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Refinement of the solution to the contact problem for the thin biphasic cartilage layers

Biomechanical contact problems involving transmission of the forces across biological joints
are considerable practical importance in surgery. The model for the axisymmetric problem of
contact interaction of articular cartilage surfaces was proposed in [1]. In our report, we propose
a refinement of the solution to above said model. It is crucial that we assume that the contact
domain has an elliptic shape. It is allowed us to get asymptotic representation of the solution
in terms of a small parameter
[1] Argatov, I. I., and Mishuris G. S., Contact problem for the thin biphasic cartilage layers: perturbation solution,

Quarterly J. Mech. Appl. Math. , 64, 297-318 (2011).
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Retinal Pulse Wave Velocity Assessment for in-vivo Estimation of Retinal Arterial
Stiffness

Background: Human blood vessels become stiffer because of the combined effects of aging,
high blood pressure, and other factors. These alterations occur primarily in small vessels. Us-
ing principles of dynamic retinal imaging, mathematical signal analysis and measurements of
arterial stiffness in the macrocirculation we have recently proposed a novel diagnostic method-
ology. A functional clinical parameter, retinal pulse-wave velocity (rPWV), is measured in-vivo,
which presumably allows to characterize arterial stiffness in the retinal microcirculation. We
demonstrated previously that both aging with not excluded cardiovascular risk factors and mild
arterial hypertension are associated with elevated rPWV. Whether rPWV increases with age in
medically validated healthy subjects is investigated.

Methods: 71 healthy 41.0 ± 12.1 (range: 20 – 66) years old volunteers were examined.
The following cardiovascular risk factors were excluded: overweight, increased blood pressure,
cholesterol level and blood glucose. Time dependent alterations of vessel diameter were measured
by the Retinal Vessel Analyzer (IMEDOS Systems, Jena, Germany) in a retinal artery. The data
was filtered and evaluated using mathematical signal analysis and rPWVs were calculated.

Results: rPWV amounted to 370± 100 (range: 180 – 620) RU(relative units)/s in the whole
group. 1RU corresponds to 1µm in the Gullstrands eye model. rPWV increased with age:
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Ridgelet transform and asymptotic behavior of distributions

In this paper we prove that the ridgelet transform R : S0(R
n) → S(Yn+1) and its adjoint

R∗ : S(Yn+1) → S0(R
n) are continuous. We extend the definition of ridgelet transform to the

space od tempered distributions. Also, we provide some Abelian and Tauberian type results
relating the quasyasymtotic behaviour of tempered distributions with the asymtotic behaviour
of their ridgelet transform.

[1] S. Pilipović, J. Vindas, Multidimensional Tauberian theorems for wavelet and non-wavelet transforms,

preprint, 2011.
[2] S. Pilipović, B. Stanković, A. Takaći, Asymptotic Behaviour and Stieltjes Transformation of Distribution,

Taubner-Texte zur Mathematik, band116 (1990).
[3] V. S. Vladimirov, Ju. Droinov, B. I. Zavialov. Tauberian Theorems for Generalized Functions, Nauka, Moscow

(1986) (in Russian).
[4] Candes E.J. 1998 Ridgelet: theory and applications, Ph.D. thesis, Department od Statistics, Stanford Uni-

versity.
[5] Candes E.J., Harmonic analysis of neural networks, Appl. Comput. Harmon. Anal. 6 (1999), 197218
[6] S.Helgason, Radon transform, Cambridge, 1999.
[7] A. Hertle, On the Range of Radon transfor and it’s duals, Math. Ann, 267 (1984), 01–99
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Leray’s problem on D-solutions to the stationary Navier-Stokes equations past an
obstacle

Consider the stationary Navier-Stokes equations in the 3-dimensional exterior domain Ω. For
every u

∞
6= 0 and every f ∈ Ḣ−1

2
(Ω), Leray [1] constructed a D-solution u with ∇u ∈ L2(Ω)

and u − u
∞
∈ L6(Ω). Here Ḣ−1

2
(Ω) denotes the dual space of the homogeneous Sobolev space

Ḣ1

2
(Ω). We prove that every D-solution necessarily satisfies the generalized energy equality.

Moreover, we obtain a sharp a priori estimate and uniqueness result for D-solutions assuming
only that ‖f‖

Ḣ
−1

2
(Ω)

and |u
∞
| are suitably small. Our results give final affirmative answers to

open questions proposed by Leray on the energy equality and uniqueness of D-solutions. Finally,
we investigate the convergence of weak solutions as u

∞
→ 0 in the strong norm topology, while

the limiting weak solution exhibits a completely different behavior from that in the case u
∞
6= 0.

[1] Leray, J., Étude de diverses équations intégrales non linéaires et de quelques problémes que pose

l’Hydrodynamique, J. Math. Pures Appl. 9, 1–82 (1933).
[2] Heck, H., Kim, H., Kozono, H., Weak solutions of the stationary Navier-Stokes equations for a viscous

incompressible fluid past an obstacle, to appear in Math. Ann.

r = 0.41 (Pearsons correlation, p < 0.005). There was a weak negative correlation with vessel
diameter: r = −0.27, p < 0.05 as well as a weak positive correlation with mean arterial pressure:
r = 0.22, p < 0.05.

Conclusions: Healthy aging with excluded cardiovascular risk factors is associated with in-
creased rPWV and hence with age-related elevation of retinal arterial stiffness. Nevertheless
rPWV increases in medically validated healthy volunteers to a much less extent than in hyper-
tensive subjects or in subjects with not excluded cardiovascular risk.
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Properties of DEs in Clifford Algebras

In the talk, we establish a number of elementary properties about the topology and algebra
of real quadratic homogeneous mapping, Ricatti type ODEs and Dirac equations occurring in
Clifford Algebras. We construct a series of examples of square root closed algebras with Clifford
algebra as a kernel and prove that the algebras in question do necessarily contain the complex
structure.
[1] Z. Balanov and Y. Krasnov, Complex Structures in Real Algebras. I. Two - Dimensional Commutative Case,

Communications in Algebra, 31(9), 4571–4609, (2003).
[2] Z. Balanov, Y. Krasnov, A. Kononovich, Projective dynamics of homogeneous systems: local invariants,

syzygies and global residue theorem, in Proc. of the Edinburgh Math. Soc., 55(3), 577–589, (2012).
[3] Y. Krasnov, A. Kononovich and G. Osharovich, On a structure of the fixed point set of homogeneous maps,

Discrete & Continuous Dynamical Systems - Series S, AIMS Journal, 6(4), 1017–1027, (2013).
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Construction of transmutation operators and pseudoanalytic functions of a hyperbolic
variable

The notion of a transmutation (transformation) operator relating two linear differential oper-
ators was introduced in 1938 by J. Delsarte and nowadays represents a widely used tool in the
theory of linear differential equations (see [1], [6], [7] and references therein).

The talk is dedicated to a new representation for integral kernels of transmutation operators
obtained as functional series with exact formulae for their terms. It is based on the application
of hyperbolic pseudoanalytic function theory [3], [4] and recent results on mapping properties
of the transmutation operators [2].

The kernel K1 of the transmutation operator relating A = −
d
2

dx2 + q1(x) and B = −
d
2

dx2 re-
sults to be a complex component of a bicomplex hyperbolic pseudoanalytic function satisfying
a special Vekua-type hyperbolic equation. The other component of that function is the ker-

nel K2 of the transmutation operator relating C = −
d
2

dx2 + q2(x) and B where q2 is obtained
from q1 by a Darboux transformation [5]. We prove the expansion and a Runge-type theorems
for this hyperbolic Vekua equation and obtain the new representation for the kernels K1 and
K2. Moreover, based on the presented theory an approach for numerical computation of the
transmutation kernels is proposed and applied to solution of spectral problems with remarkable
results.

[1] Begehr, H., Gilbert, R., Transformations, transmutations and kernel functions, Longman, 1992.
[2] Campos, H., Kravchenko, V., Torba, S., J. Math. Anal. Appl. 389, 1222–1238 (2012).
[3] Khmelnytskaya, K., Kravchenko, V., Torba, S., Tremblay, S., J. Math. Anal. Appl. 399 191–212 (2013).
[4] Kravchenko, V., Rochon, D., Tremblay, S., J. Phys. A. 41 065205 (2008).
[5] Kravchenko, V., Torba, S., J. Phys. A. 45 075201 (2012).
[6] Marchenko, V., Sturm-Liouville operators and applications, Birkhäuser, 1986.
[7] Sitnik, S., Transmutations and applications: a survey, arXiv:1012.3741v1.
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3D geomechanical model of rock massif in the region of tectonic breaches intersection

3D geological modeling in region with large amount of tectonic breaches and following geome-
chanical model creation are considered in this paper. Source data handling process is a basis for
model creation. Source data in our case: geological maps and seismic profiles. These data were
processed to export them to the database, containing information for each profile and surface
section in X,Y,Z format. Then information about each interested surface was exported to the
geoinformational system MapManager [1], and interpolation process was done here. 3D-surfaces
of interested breaches and horizons are output at this step.
Next step: joining and cutting of obtained surfaces was carried out to obtain qualitative geologi-
cal model. Geomechanical model with presence of 8 main faults was built on the base of obtained
geological model. The stress-strain state of rock massive caused by gravity was calculated and
analyzed. It was stated that stress-strain state of massif with faults has essential differences as
compared with stress-strain state of massive without faults.
Also such important stage before modeling as the availability the opportunity to control and
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Generalized Jacobi inversion problem and application.

Let us consider classical Jacobi inversion problem
∑

ς(qν) ≡ qµ − kµ (mod of the periods),
µ = 1, ...h, where all notation has been taken from [1] and the number of terms in the sum exactly
equals to h. This classical problem is already solved by different means. The most interesting of
them to our mind is the way of constructing Riemann θ-function of a special kind and looking for
its zeros. This problem has a lot of application as well as its so called real analogue, where only
the real part of the system of congruences modulo of periods is used. It must be pointed out its
significance in so called ”singular case” of Riemann-Hilbert and Hilbert problems for multiply
connected domain and Riemann surface with the edge. All known generalizations beforehand
has been concerned with the variations of the number of the terms in the sum in the left part
of the congruence.

Last time there appears some generalizations of the Jacobi inversion problem (see, f.i. [2]),
where the system of congruences modulo uses not whole periods but some their parts (f.i. half
of the periods). In some cases it could be solved by standard means (Riemann θ-function of a
special kind). It means that classical Jacobi inversion problem now could be generalized by the
mentioned above way.

[1] Zverovich E.I.: The inversion Jacobi problem, its generalizations and some applications. Aktual’nye problemy
sovremennogo analiza, Grodno, Grodno University Publ., 69–83 (2009) (in Russian).

[2] Zverovich E.I.: The problem of analytic function module in a multiply connected domain. XI Belarusian
Mathematical Conference: Proc. Reports. Intern. Scientific. Conf. MINSK, 5 - 9 November 2012 Part 1 /
Institute of Mathematics, National Academy of Sciences of Belarus, the Belarusian State University. - Minsk,
9–10 (2012) (in Russian).

Also such important stage before modeling as the availability the opportunity to control and
check the wells data, intervals of mineral deposits, the seismic data in the aggregate, including
visualization ability (3D viewing) is described. The possibilities of implementing such control
are examined on specific examples with analyzing of these situations, also concrete actions and
recommendations are proposed.

[1] Zhuravkov, M.A., Konovalov O.L., Vidyakin V.V., GIS technologies in mining. Special geoinformational

system ”MapManager”, Minsk,BSU,(2004).
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An overview of changes connected with elements of calculus in the syllabus
of secondary schools in Poland in years 1970–2013.

This talk is about introducing the elements of calculus during a course of mathematics in sec-
ondary schools in Poland. Over the years, elements of calculus were successively eliminated from
the syllabus. I will talk about the changes that have taken place over the last 40 years.
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Nonlinear Wave Equations with Strong Dissipation and Proliferation

In this talk we consider initial-Neumann boundary value problem of nonlinear evolution
equations with strong dissipation and proliferation arising in mathematical biology formulated
as

(NE)



























utt = D∇2ut +∇ · (χ(ut, e
−u)e−u∇u) + µ1ut(1− ut)

in (x, t) ∈ Ω× (0,∞) (1.1)
∂

∂ν
u|∂Ω = 0 on ∂Ω× (0,∞) (1.2)

u(x, 0) = u0(x), ut(x, 0) = u1(x) in Ω (1.3)
where constants D,µ1 are positive, Ω is a bounded domain in Rn with a smooth boundary ∂Ω

and ν is the outer unit normal vector. We show the existence and asymptotic behavior of the
solution. Under some conditions of the coefficient χ(ut, e

−u) of (1.1), we can derive the energy
esitmate of (NE), which enables us to show the global existence in time of the soluton and
asymptotic behaviour. In the case of µ1 = 0, we already dealt with the problem in [2] and we
could improve the result in this talk. We apply our result to mathematical models of tumour
invasion with proliferation of tumour cells(cf. [1]).

[1] Chaplain, M.A.J., and Lolas, G.,Mathematical modeling of cancer invasion of tissue: Dynamic heterogeneity ,
Networks and Heterogeneous Media, vol 1, Issue 3, 399-439(2006).

[2] Kubo, A. and Hoshino H., Nonlinear Wave Equations with Strong Dissipation arising in Mathematical Models,
the proceedings of 8th ISAAC conference, (2012).
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General fixed point and attractor theorems and their applications

In 1990, S. Prieß-Crampe published an ultrametric version of Banach’s Fixed Point Theorem
which added to our understanding of important facts in valuation theory, such as Hensel’s
Lemma. In collaboration with P. Ribenboim, she generalized the result to ultrametric spaces
with partially ordered value sets, and also introduced so-called “attractor theorems”. In [1] I
proved a version of the attractor theorem which allows us to derive different forms of Hensel’s
Lemma in several important settings. This development once again showed that extracting the
underlying principle of important proofs widens the scope of the possible applications. In a next
step along this way, driven by studies in the area of real algebra, I developed in collaboration
with Katarzyna Kuhlmann a very basic fixed point theorem that works in a minimal setting, not
involving any metrics or ultrametrics. This theorem not only covers the metric and ultrametric
cases, but also generates new fixed point theorems for quasi-compact topological spaces and
for ordered fields. I will describe the basic ideas together with some of the applications, and
the connections with other theorems such as the Knaster-Tarski Fixed Point Theorem. If time
permits, I will also sketch how this basic way of thinking, based on the comparison of the metric
with the ultrametric world, may inform our search for suitable notions of “fractal” and “iterated
function system” in non-metrizable settings.
[1] Kuhlmann, F.-V., Maps on ultrametric spaces, Hensel’s Lemma, and differential equations over valued fields,

Comm. in Alg. 39, 1730–1776 (2011).
[2] Kuhlmann, F.-V. and Kuhlmann, K., A common generalization of metric and ultrametric fixed point theorems,

to appear in Forum Math.
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General fixed point theorems and spaces of real places

During my joint work with Franz-Viktor Kuhlmann on the spaces of real places of an ordered
field it turned out that already one of the “simplest” such spaces has a very intriguing structure
with lots of self-homeomorphisms (see [3]). This led us to the question whether some sort of
fractality is around here. But to study it, one commonly uses fixed point theorems. Unfor-
tunately, the spaces we study are not necessarily metric, and their natural topology is not so
easy to handle. As Franz-Viktor has worked with ultrametric fixed point theorems (see [1]), we
wondered what tools could be carried over to the case under consideration. This led us back
to a 15 year old question: is there a generalization of the ultrametric fixed point theorems in a
more topology-like language, that may serve as a common ground for both the metric and the
ultrametric world? The answer, given in [2], is yes (and is surprisingly simple). I will report
on a very basic fixed point theorem that works in a minimal setting, not involving any metrics.
This theorem not only covers the metric and ultrametric, but also generates a new topological
fixed point theorem. The approach also lays a basis for the possible adaptation of the notion of
“fractal” to non-metrizable settings.
[1] Kuhlmann, F.-V., Maps on ultrametric spaces, Hensel’s Lemma, and differential equations over valued fields,

Comm. in Alg. 39, 1730–1776 (2011).
[2] Kuhlmann, F.-V. and Kuhlmann, K., A common generalization of metric and ultrametric fixed point theorems,

to appear in Forum Math.
[3] Kuhlmann, K., The structure of spaces of R-places of rational function fields over real closed fields, submitted,

available at: http://math.usask.ca/fvk/recpap.htm.

Shantanu Dave, University of Vienna, Austria, Günther Hörmann, University of Vienna, Aus-
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Geometric regularization on Riemannian and Lorentzian manifolds

We investigate regularizations of distributional sections of vector bundles by means of nets of smooth
sections that preserve the main regularity properties of the original distributions (singular support, wave-
front set, Sobolev regularity). The underlying regularization mechanism is based on functional calculus
of elliptic operators with finite speed of propagation with respect to a complete Riemannian metric.
As an application we consider the interplay between the wave equation on a Lorentzian manifold and
corresponding Riemannian regularizations. We also show that the restriction to underlying space-like
foliations behaves well with respect to these regularizations.

[1] S. Dave, G. Hörmann, M. Kunzinger, Optimal regularization processes on complete Riemannian manifolds,
Tokyo J. Math., Vol. 36, No. 1, 2013.

[2] S. Dave, G. Hörmann, M. Kunzinger, Geometric regularization on Riemannian and Lorentzian manifolds,
M. Ruzhansky, J. Wirth (Eds.) Evolution Equations of Hyperbolic and Schrdinger Type, Progress in Math-
ematics 301, Birkuser, 87-102, 2012.
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Analysis of changes in the size and distribution of the composite’s reinforcing phase after
plastic deformation

The aim of this study was to explain the influence of the friction stir processing (FSP) on
the size and distribution of reinforcement particles in the composite F3K.10S/SiCp, as well as
determine its mechanical properties [1]-[4]. Moreover presents applications of a new theory
of the representative volume element (RVE) based on the Mityushev-Eisenstein-Rayleigh sums
(M-sums) [5] to describe particle-reinforced composites [6]. In the resulting FSP modification
observed significant changes in the distribution of SiC particles, precipitation which was charac-
terized by macro-heterogeneity. However, in micro scale, a few typical distributions and areas of
fragmentation of the reinforcing particles were identified. Differences in the sizes of the ceramic
particles were 15 microns in the initial material and a few micron in the modified material,
respectively. The analysis of these regions using the new RVE theory shows that the coefficient
of mechanical properties anisotropy was changed an order of magnitude. The article confirms
that the Mityushev’s new RVE theory resolves the problem of the constructive pure geometrical
description of the properties of composites. Mechanical testing of selected parts of modified
composite showed significant differences in the values of the plastic flow stress in advancing,
retreating sides and weld nugget.

[1] Mroczka K., Wjcicka A., Pietras A., Characteristics of Dissimilar FSW Welds of Aluminum Alloys 2017A

and 7075 on the Basis of Multiple Layer Research, Journal of Materials Engineering and Performance, , DOI:
10.1007/s11665-013-0570-7 (2013).

[2] Mroczka K., Dutkiewicz J., Pietras A., 3. Microstructure of friction stir welded joints of 2017a aluminum

alloy sheets, 3. Journal of Microscopy, vol 237, 521-525 (2010).
[3] Uzun, H., Friction stir welding of SiC particulate reinforced AA2124 aluminium alloy matrix composite,

Materials and Design, 28, 1440-1446 (2007).
[4] Amirizad, M., Kokabi, A.H., Gharacheh, M.A., Sarrafi, R., Shalchi, B., Azizieh, M., Evaluation of microstruc-

ture and mechanical properties in friction stir welded A356+15% SiCp cast composite, Materials Letters, 60,
565-568 (2006).

[5] Mityushev, V., Representative cell in mechanics of composites and generalized eisenstein-rayleigh sums, Com-
plex Variables and Elliptic Equations, 51/8-11, 1033-1045 (2006).

[6] Czapla, R., Nawalaniec, W., Mityushev V., Effective conductivity of random two-dimensional composites with

circular non-overlapping inclusions, Computational Materials Science, 63, 118-126 (2012).
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On the Oscillatory Property of a Two Terms Linear Differential Equation

We consider the equation

(1) l[y] = −y′′ + υ(x)y − u(x)y = 0 (x > 0)

with continuous non-negative functions υ and u defined on I = [0,∞). For example we can take
υ = q+ = max {q, 0}, u = q− = min {−q, 0}, if q is a potential alternating in any interval (t,∞)
as t → ∞. We are interested in oscillatory properties of equation (1) at infinity. For the case
υ = 0 the following oscillation condition is well known:
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Conductivity of fibrous materials with perfect fillers and holes.

The problem of conductivity of fibrous materials with fillers and holes was reduced in the
article [1] to the Hilbert problem for some special multiply connected domain, fully solved in
general case in [2, 3].

The present talks involves the use of known technique for investigation of the conductivity
of fibrous materials with two fillers and/or holes which are the perfect circles. Some interesting
practical results were computed.

[1] Mityushev, V., Pesetskaya, E., Rogosin, S.: Analytical Methods for Heat Conduction, in Composites and
Porous Media in Cellular and Porous Materials Ochsner A., Murch G, de Lemos M. (eds.) Wiley-VCH,
Weinheim (2008)

[2] Mityushev, V.V.: Solution of the Hilbert boundary value problem for a multiply connected domain. Slupskie
Prace Mat.-Przyr. 9a, 37-69 (1994)

[3] Mityushev V.: Riemann-Hilbert problems for multiply connected domains and circular slit maps, Comput.
Methods Funct. Theory, 11, n. 2, 575–590 (2011)

(2) lim
x→∞

supx

∞
∫

x

u(t)dt > 1

(see [1]). In [2] another oscillation condition was proved:

lim
x→∞

inf A(x|u) > 1,

where A(x|u) = x−1
∫

∞

x
t2u(t)dt+x

∫

∞

x
u(t)dt. LetH be a set of all positive continuous functions

h(x) (x > 0) such that lim
x→∞

inf x−1h(x) ≥ 1.

Theorem. Let for h ∈ H the condition

lim
x→∞

supx

x+h(x)
∫

x

(u− υ) dt > 1 + lim
x→∞

supA(x| υ)

be satisfied. Then equation (1) is oscillatory at infinity.
Example. The equation −y′′ − u(x)y = 0 is oscillatory if

(3) lim
x→∞

supx

x+h(x)
∫

x

u(t)dt > 1,

where h(x) = sup
{

d > 0 : d
∫

x+d

x
υ(t)dt ≤ 1

}

<∞, and υ(t) = η(1) if 0 < t ≤ 1, υ(t)=t−2η(t) if t > 1;

η(t) =
∫

∞

t
u(x)dx. Condition (3) is equivalent to condition (2) for all u such that lim

x→∞

supx
∫

∞

h(x)
u(t)dt =

0. Analogous results were obtained for high order two terms equations of type (1).
[1] P. Hartman, Ordinary differential equations. Wiley. New York, 1964.
[2] M. Otelbaev, Estimates of the spectrum of the Sturm-Liouville operator. Gylym, Alma-Ata, 1990 (in Rus-

sian).
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On the generalisation of the equations for self-similar profiles of semilinear wave
equations.

Some results on the generalisation of the equations for self-similar profiles of semiliniear wave

equations will be given. Possible extensions of the equations in which the methods described in

[1] apply will be presented.

[1] Kycia R., On self-similar solutions of semilinear wave equations in higher space dimensions, Appl. Math
Comput., 217, 9451-9466 (2011).
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A refinement of the Boole-Stein-Weiss theorem on the Hilbert transform and related
topics

The Lp norm of the Hilbert transform of the characteristic function of a set of finite measure
is invariant with respect to the structure of the set: it can be written as an explicit function
of its Lebesgue measure and of the exponent p. We show that more is true: there is a fixed
ratio, only dependent on p, between the Lp norms of such a Hilbert transform computed on the
given set and on the whole real line. We then discuss some putative connection of this result
with some open problems regarding the Hilbert transform and other linear operators related to it.

[1] Enrico Laeng, On the L
p
norms of the Hilbert transform of a characteristic function, Journal of Functional

Analysis 262 (2012), 4534-4539
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Stability for higher order elliptic operators subject to homogeneous boundary conditions
on varying domains

We consider elliptic partial differential operators of second and higher order, subject to homo-
geneous boundary conditions on bounded domains of the N-dimensional Euclidean space. We
discuss a general theorem ensuring their spectral stability upon perturbation of the underlying
domain, in the frame of the so-called E-compact convergence. Applications to the case of the
bi-harmonic operator with Dirichlet, Neumann and Intermediate boundary conditions will be
considered.

[1] Arrieta, J.M. and Carvalho, A., Spectral Convergence and Nonlinear Dynamics for Reaction-Diffusion Equa-

tions under Perturbations of the Domain, J. Differential Equations, 199, 143-178 (2004).
[2] Burenkov, V.I., Lamberti, P.D. and Lanza de Cristoforis M., Spectral stability of nonnegative selfadjoint

operators, (Russian) Sovrem. Mat. Fundam. Napravl., 15, 76-111 (2006); translation in J. Math. Sci. (N.
Y.), 149, 1417-1452, (2008).



129

� Daniel Lantzberg

Aschaffenburg University of Applied Sciences, Aschaffenburg, Germany

email: daniel.lantzberg@h-ab.de

Rank-M Frame Multipliers and Optimality Criterions for Density Operators of Rank M

Ever since the introduction of frames in 1952 [1], the connection between frame theory and
decompositions of certain operators, particularly the identity operator, into rank-ones began to
be elaborated. Abandoning the idea of restricting to tight frame-like expansions, with respect
to systems arising from a single template function, one is led to the concept of resolutions of the
identity, with respect to more general systems than the usual rank-one expansions of the identity.
By replacing the arising rank-ones, indexed by some measure space (X,µ), with suitable positive
rank-M operators over the Hilbert space H of the form

Px :=

M
∑

i=1

λi

〈

•, ηi
x

〉

ηi
x
, λ ∈ R

M , x ∈ X and ηi
x
∈ H ∀ i, x,

which still retains the (weak) decomposition property of the identity,
∫

X
Px dµ(x) = 1

H
, we

gain more flexibility regarding operator decompositions, without loosing too much of the well-
established theory. In this study, we will investigate various notions of possible generalizations
of optimality criterions for rank-M frames and corresponding multipliers of the form

f 7−→

∫

X

m(x) Pxf dµ(x) , with Pxf =
M
∑

i=1
λi

〈

f, ηi
x

〉

ηi
x

as above.

Explicitly, we will lay stress on continuous M-frames, arising from irreducible group representa-
tions of locally compact groups and try to find adequate notions of optimality.

Note that this will be connected to (multi-window) Weyl-Heisenberg frames and the theory
of Gabor multipliers [2], pseudo-differential operators and Berezin-Toeplitz quantization [3, 4],
as well as certain generalizations of these.
[1] R. J. Duffin and A. C. Schaeffer. A class of nonharmonic Fourier series. Trans. Amer. Math. Soc., 72:341–366, 1952.
[2] H. G. Feichtinger and K. Nowak. A first survey of Gabor multipliers. In H. G. Feichtinger and T. Strohmer, editors,

Advances in Gabor Analysis, Appl. Numer. Harmon. Anal., pages 99–128. Birkhäuser, 2003.
[3] J. J. Kohn and L. Nirenberg. An algebra of pseudo-differential operators. Comm. Pure Appl. Math., 18:269–305, 1965.

[4] F. A. Berezin. Covariant and contravariant symbols of operators. Izv. Akad. Nauk SSSR Ser. Mat., 36:5, 11341167,
1972.
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A quasi-linear heat transmission problem in a periodic dilute two-phase composite. A
functional analytic approach

We consider a temperature transmission problem for a composite material which fills the
Euclidean space. The composite has a periodic structure and consists of two materials. In each
periodicity cell one material occupies an inclusion of size ǫ, and the second material fills the
remaining part of the cell. We assume that the thermal conductivities of the materials depend
nonlinearly upon the temperature. We show that for ǫ small enough the problem has a solution,
i.e., a pair of functions which determine the temperature distribution in the two materials.
Then we analyze the behaviour of such a solution as ǫ approaches 0 by an approach which is
alternative to those of asymptotic analysis.
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Branching in Hermitian Clifford Analysis

Clifford analysis is a higher dimensional generalization of complex analysis and it studies
solutions of the Dirac operator in the Euclidean space Rm. Recently Gelfand-Tsetlin bases have
been explicitly constructed for solutions of certain systems of invariant differential equations
which are dealt with in Clifford analysis. As for numerical applications, the most important fact
is that expansions into Gelfand-Tsetlin basis elements are both orthogonal and of Taylor type.
Namely, all coefficients of the orthogonal expansion of a given solution are determined in terms
of its partial derivatives.

Hermitian Clifford analysis is obtained by adding a complex structure to the setting in R
2n

and it studies solutions of the homogeneous system of two hermitian Dirac operators. In the
hermitian case, so far a construction of Gelfand-Tsetlin bases based on the Cauchy-Kovalevskaya
extension has been described and explicit formulæ for basis elements have been known only in
complex dimension n = 2, see [1, 2]. In this talk, we express explicitly the Gelfand-Tsetlin
bases using Jacobi polynomials in any complex dimension, see [4]. To do this, it is sufficient to
describe the so-called branching in this case, as is explained in [3].
[1] Brackx, F., De Schepper, H., Lávička R. and Souček V., The Cauchy-Kovalevskaya Extension Theorem in

Hermitean Clifford Analysis, J. Math. Anal. Appl. 381 (2011), 649-660.
[2] Brackx,F., De Schepper H., Lávička R. and Souček V., Gelfand-Tsetlin Bases of Orthogonal Polynomials in

Hermitean Clifford Analysis, Math. Methods Appl. Sci. 34 (2011), 2167-2180.
[3] Brackx F., De Schepper H. and Lávička R., Branching of monogenic polynomials, In: ICNAAM 2012, Kos,

Greece, 2012 (eds. T.E. Simos, G. Psihoyios, Ch. Tsitouras), AIP Conf. Proc. 1479 (2012), pp. 304-307.
[4] Brackx, F., De Schepper, H., Lávička R. and Souček V., Embedding Factors for Branching in Hermitian

Clifford Analysis, submitted.
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Gelfand-Shilov type spaces through Hermite expansions

Gelfand-Shilov spaces Sα(R
d),Sβ(Rd) and S

β

α(Rd) and their generalisations, the Gelfand-

Shilov spaces of Roumieau and Beuerling type S{m}(Rd) respectivly S(m)(Rd) are discussed in

[2], [3], [4] and [6].In this talk we focus on the special cases S
β

α(Rd) (resp.
∑

β

α
(Rd)). We show

that if it converges in the sense of Sβ

α(Rd) (resp.
∑

β

α
(Rd)), then it belongs to Sα

α
(Rd) (resp.

∑
α

α
(Rd)).Furthermore we analyze intermideate spaces

(
Sα

α
⊗S

β

β

)
(Rs+t) (resp.

(
Σα

α
⊗Σβ

β

)
(Rs+t)),

introduced also by Gelfand and Shilov, through the estimates of Hermite coefficients. In the last
part of the talk we introduce one more class of Gelfand-Shilov type spaces S

⊗,σ

σ (Rn), σ ≥ 1/2,

and Σ⊗,σ

σ (Rn), σ > 1/2. These spaces were obtained through the iteration of Harmonic oscila-
tors and are related to our study of Weyl formula for tensorised products of elliptic Shubin type
operators ([1], [5]). We compare all the considered spaces through the estimates of Hermite
coefficients.
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[1] Batisti, U. and Gramchev, T. and Pilipović, S. and Rodino, L., Globally bisingular elliptic operators,in New
Developments in Pseudo-Differential Operators, Operator Theory: Advances and Applications, vol. 228,
21-38, Springer, Basel (2013).

[2] Carmichael, R. D. and Kaminski, A. and Pilipović, S., Boundary Values and Convolution in Ultradistribution

Spaces, World Scientific, London (2007).
[3] Gelfand, I. M. and Shilov,G. E., Generalized Functions, vol.2, Academic Press, Orlando (1968).
[4] Gramchev, T. and Pilipović S. and Rodino L., Classes of Degenerate Elliptic Operators in Gelfand-Shilov

Spaces in New Developments in Pseudo-Differential Operators, Operator Theory: Advances and Applications,
vol. 189, 15-31, Birkhäuser, Basel (2009).

[5] Gramchev, T. and Pilipović, S. and Rodino, L. and Vindas, J., Weyl asymptotics for tensor products of

operators and dirichlet diviors, submitted.
[6] Langenbruch, M, Hermite functions and weighted spaces of generalized functions, manuscripta mathematica,

119, 269-285 (2006).
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On the coupling of function theoretic methods and the finite element method for a
boundary value problem with singularity

In this talk we will present a continuation of a research in the direction of coupling between
analytical and finite element solutions for a boundary value problem from the theory of linear
elasticity with a singularity. The modelled problem will be a domain containing a crack with
the crack tip. We will construct the analytical solution in the crack tip region and couple it
with a FE solution for the part of domain which is free of singularities.

The analytical solution of the crack-tip problem is based on the Formulae of Kolosov, and
represented by two holomorphic functions Φ(z) and Ψ(z), z ∈ C [5]. The solution based on the
complex function theory gives us a high accuracy of the solution in the neighbourhood of the
singularity. The disadvantage of the complex analytic approach is that the full linear elastic
boundary value problem can be solved explicitly only for some simple or canonical domains. To
solve problems for more complicated domains we combine the advantages of the both approaches.

Our idea is to continue a work in the direction proposed in [1], [2], [3] and [4] for a method
of coupling between analytical and finite element solutions. The main goal of this approach is
to get a continuous coupling between analytical and finite element solutions through the whole
interaction interface. For that reason, we construct a special element that contains an exact
solution to the differential equation with the correct singularity and coupling elements.

Finally, ideas for the generalization to the three-dimensional case by means of quaternionic
analysis will be presented.
[1] Bock S., Gürlebeck K., A coupled Ritz-Galerkin approach using holomorphic and anti-holomorphic functions.

K. Gürlebeck and C. Könke eds. 17th Conference on the Application of Computer Science and Mathematics

in Architecture and Civil Engineering , Weimar, Germany, 12-14 July 2006
[2] Bock S., Gürlebeck K., Legatiuk D., On the continuous coupling between analytical and finite element solu-

tions, Le Hung Son & Wolfgang Tutschke eds. Interactions between real and complex analysis, pp. 3 - 19.
Science and Technics Publishing House, Hanoi (2012).

[3] Bock S., Gürlebeck K., Legatiuk D., On a special finite element based on holomorphic functions, AIP Con-
ference proceedings 1479, 308 (2012).

[4] Legatiuk D., Bock S., Gürlebeck K., The problem of coupling between analytical solution and finite element

method . K. Gürlebeck, T. Lahmer and F. Werner eds. 19th Conference on the Application of Computer

Science and Mathematics in Architecture and Civil Engineering , Weimar, Germany, 04-06 July 2012.
[5] N.I.Mußchelischwili, Einige Grundaufgaben der mathematischen Elastizitätstheorie, VEB Fachbuchverlag

Leipzig (1971).
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Fundamental groups over p-adic analytic spaces

A naive definition of analytic spaces over non-archimedean fields gives rise to totally discon-
nected spaces. Tate solved this problem by restricting the coverings one should consider, thus
defining a coarser Grothendieck topology. Another approach, giving rise to topological spaces
(and not simply Grothendieck topologies) is given by Berkovich in [Ber90] by considering new
points, corresponding to evaluation of functions in bigger nonarchimedean fields, or equivalently
corresponding to multiplicative seminorms on the algebra of power series.

In the algebraic setting, Grothendieck defines finite étale covers giving rise to a profinite fun-
damental group, which, when the base field is C, is the profinite completion of the fundamental
group of the corresponding analytic space [Gro71]. However, in Berkovich geometry, the ana-
lytification of an algebraic étale cover is not a topological cover. One can however define various
categories of (infinite) étale covers over Berkovich space, giving rise to various fundamental
groups ([2],[1]). We will study them, in the case of smooth curves over Cp.
[1] Yves André, Period mappings and differential equations : From C to Cp, MSJ Memoirs, vol. 12, Mathematical

Society of Japan, Tokyo, 2003.
[Ber90] Vladimir G. Berkovich, Spectral theory and analytic geometry over non-Archimedean fields, Mathematical

Surveys and Monographs, vol. 33, American Mathematical Society, Providence, 1990.

[2] Aise Johan de Jong, Étale fundamental group of non-Archimedean analytic spaces, Compositio mathematica
97 (1995), 89–118.

[Gro71] Alexander Grothendieck (ed.), Revêtements étales et groupe fondamental (SGA1), Lecture Notes in Math-
ematics, vol. 224, Berlin, Springer, 1971.
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Chaos expansion method for the Skorokhod integral equation

The Skorokhod integral equation in the framework of chaos expansion methods on white noise
probability space is considered. A necessary and sufficient condition for existence of the solution
is proposed. Moreover, the solution is expressed in explicit form. The integral equation is trans-
formed into an equivalent system of two equations. The first involves the Ornstein-Uhlenbeck
operator and the second one is a differential equation involving the Malliavin derivative oper-
ator. The chaos expansion method is applied in order to solve the first equation. The general
solution belongs to the space of Kondratiev generalized stochastic processes. In addition, the
Gaussian processes and Gaussian solutions of the equation are described in detail.
(Work in colaboration with Dora Seleši and Stevan Pilipović)

[1] Levajković, T., Pilipović, S. and Seleši, D., Chaos expansions: Applications to a generalized eigenvalue

problem for the Malliavin derivative, Integral Transforms and Special Functions, 22 (2), 97–105 (2011).
[2] Levajković, T., Pilipović, S. and Seleši, D., The stochastic Dirichlet problem driven by the Ornstein-Uhlenbeck

operator: Approach by the Fredholm alternative for chaos expansions, Stochastic Analysis and Applications,
29, 317–331 (2011).

[3] Levajković, T., Pilipović, S. and Seleši, D., Basic Malliavin-type equations, submitted to Applicable Analysis
and Discrete Mathematics.

[4] Lototsky, S. and Rozovsky, B., Stochastic Differential Equations: A Wiener Chaos Approach, Book chapter
in The Shiryaev Festschrift ”From Stochastic Calculus to Mathematical Finance”, (Ed: Yu. Kabanov et al.),
Springer Berlin, 433–507 (2006).

[5] Nualart, D., The Malliavin Calculus and related topics, Probability and its Applications, 2nd edition, Springer-
Verlag, New York (2006).

[6] Pilipović, S. and Seleši, D., Expansion theorems for generalized random processes, Wick products and ap-

plications to stochastic differential equations, Infin. Dimens. Anal. Quantum Probab. Relat. Topics, 10(1),
79–110 (2007).



133

� Florian Lieb

Aschaffenburg University of Applied Sciences, Germany,

Email: florian.lieb@h-ab.de

� Daniel Lantzberg

Aschaffenburg University of Applied Sciences, Germany,

Email: daniel.lantzberg@h-ab.de

Audio Inpainting using M-Frames

Classical short-time Fourier constructions [1] lead to a signal decomposition with a fixed time-
frequency resolution. This is due to the fact that only one unique window is used for analysis.
However, having signals with varying features, for example audio signals, such time-frequency
decompositions can be very restrictive.

One possibility to achieve a more flexible and adaptive sampling of the time-frequency plane
is called nonstationary Gabor transform and was recently introduced in [2]. The resolution can
evolve over time or frequency, respectively, by using different windows for the different sampling
positions in the time or frequency domain. Obviously, this construction will then lead to a
multi-window frame (M-frame). Decomposing an audio signal using such frames can provide a
sparser representation in the time-frequency domain than regular single window frames.

One possible application could be to exploit the sparsity of M-frame decompositions for audio
inpainting. Audio inpainting tries to recover some audio signal x which is depleted with a
degradation matrix A, i.e., a specific number of coefficients of x are set to zero. The inpainting
problem can be formulated as a convex minimization problem

(1) argmin
x

‖Ax− b‖2
2
+ τ‖Ψ(x)‖1,

where b is the depleted signal, Ψ an linear operator transforming x to a sparse representation
and where τ is some constraining parameter. This problem can be solved using the forward
backward algorithm from [3] or the Douglas-Rachford algorithm presented in [4].

In this talk, we would like to present numerical results for different choices of the linear op-
erator Ψ. Starting from a classical single window Gabor frame (Ψ would then be the classical
Gabor transform), we compare the results with several multi window frames, where the focus
is mainly on the reconstruction error and not on the runtime. Possible multi window frames
are nonstationary Gabor frames and wavelet frames, which result from a special case of nonsta-
tionary Gabor frames, where the resolution changes over frequency, i.e., the analyzing windows
have varying bandwidths.
[1] H. G. Feichtinger and T. Strohmer. Advances in Gabor Analysis. Birkhäuser, Basel, 2003.
[2] P. Balazs, M. Dörfler, F. Jaillet, N. Holighaus, and G. A. Velasco. Theory, implementation and applications

of nonstationary Gabor frames. J. Comput. Appl. Math., 236(6):1481–1496, 2011.
[3] P. Combettes and V. Wajs. Signal recovery by proximal forward-backward splitting. Multiscale Model. Simul.,

4(4):1168–1200 (electronic), 2005.
[4] P. Combettes and J.-C. Pesquet. A Douglas-Rachford Splitting Approach to Nonsmooth Convex Variational

Signal Recovery. IEEE J. Sel. Topics Signal Process., 1(4):564–574, 2007.
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Fourier transform versus Hilbert transform

We present several results in which the interplay between the Fourier transform and the
Hilbert transform is of special form and importance.

1. In 50-s, the following problem in Fourier Analysis attracted much attention: Let {ak}
∞

k=0
be

the sequence of the Fourier coefficients of the absolutely convergent sine (cosine) Fourier series

of a function f : T = [−π, π) → C, that is
∑

|ak| < ∞. Under which conditions on {ak} the

re-expansion of f(t) (f(t) − f(0), respectively) in the cosine (sine) Fourier series will also be
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Functions of bounded Λ-variation and integral smoothness

We obtain the necessary and sufficient condition for embeddings of integral Lipschitz classes
Lip(α; p) into spaces ΛBV of functions of bounded Λ-variation. This answers a question of Wang
[2].

[1] M. Lind, On functions of bounded Λ-variation and integral smoothness, to appear in Forum Math.
[2] H. Wang, Embedding of Lipschitz classes into classes of functions of Λ-bounded variation, J. Math. Anal.

Appl. 354(2009), 693–703.

∑

−

absolutely convergent?

We solve a similar problem for functions on the whole axis and their Fourier transforms.
Generally, the re-expansion of a function with integrable cosine (sine) Fourier transform in the
sine (cosine) Fourier transform is integrable if and only if not only the initial Fourier transform
is integrable but also the Hilbert transform of the initial Fourier transform is integrable.

2. The following result is due to Hardy and Littlewood: If a (periodic) function f and its

conjugate ˜f are both of bounded variation, their Fourier series converge absolutely.

We generalize the Hardy-Littlewood theorem (joint work with U. Stadtmüller) to functions
on the real axis and their Fourier transforms. The initial Hardy-Littlewood theorem is a partial
case of this extension, when the function is taken to be of compact support.

3. These and other problems are closely related to the behavior of the Fourier transform of
a function of bounded variation. We have found the maximal space for the integrability of such
a Fourier transform. Along with those known earlier, various interesting new spaces appear in
this study. Their inter-relations lead, in particular, to improvements of Hardy’s inequality.
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Localization Operators for Ridgelet Transforms

We prove that localization operators associated to ridgelet transforms with L
p symbols are

bounded linear operators on L
2(Rn). Operators closely related to these localization operators

are shown to be in the trace class and a trace formula for them is given.
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Toeplitz operators on the harmonic Bergman space with pseudo differential defining
symbols

In [3] A. Sánchez-Nungaray and N. Vasilevski studied the C∗-algebra generated by Toeplitz
operators acting on the Bergman over the unit disk D on the complex plane, whose pseudo-
differential defining symbols belong to the algebra R = R(C(D);SD, S

∗

D
). The last algebra is

generated by the multiplication operators a(z)I, where a(z) ∈ C(D), and the following two
singular integral (pseudodifferential) operators

(SDϕ)(z) = −
1

π

∫

D

ϕ(ζ)

(ζ − z)2
dν(ζ) and (S∗

D
ϕ)(z) = −

1

π

∫

D

ϕ(ζ)

(ζ − z)2
dν(ζ).

It turns out that, for the Bergman space case, both algebras T (C(D)), which is generated
by Toeplitz operators Ta with defining symbols a(z) ∈ C(D), and T (R(C(D);SD, S

∗

D
)), which is

generated by Toeplitz operators TA with defining symbols A ∈ R(C(D);SD, S
∗

D
), are, in fact, the

same; and the Fredholm symbol algebra for both of them is isomorphic and isometric to C(T),
where T is the boundary of the unit disk D.

In this talk we prove that, if we consider Toeplitz operators acting on the harmonic Bergman
space, the C∗−algebra generated by all Toeplitz operators TA with A ∈ R(C(D);SD, S

∗

D
) is not

isomorphic to the C∗−algebra generated by all Toeplitz operators Ta with a ∈ C(D).
[1] Kunyu Guo and Dechao Zheng, Toeplitz algebra and Hankel algebra on the harmonic Bergman space, J.

Math. Anal. Appl. 276, 213-230 (2002).
[2] M. Loaiza, C. Lozano, On C

∗

−algebras of Toeplitz operators on the harmonic Bergman space. Integral
Equations and Operator Theory 76, 105-130 (2013).

[3] A. Sánchez-Nungaray, N. Vasilevski, Toeplitz Operators on the Bergman Spaces with Pseudo differential

Defining Symbols. Operator Theory: Advances and Applications, 228, 355-374 (2013).
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Differential Equations with degenerated
variable operator at the derivative

The theory of Jordan chains for multiparameter operator-functions A(λ) : E1 → E2 , λ ∈ Λ, dimΛ = k,

dimE1 = dimE2 = n is developed. Here A0 = A(0) is degenerated operator, dimKerA0 = 1, KerA0 =

{ϕ}, KerA∗

0
= {ψ} and the operator-function A(λ) is supposed to be linear on λ. Applications to

degenerate differential equations of the form [A0 +R(·, x)]x′ = Bx are given.

[1] Vainberg M.M., Trenogin V.A. (1964), Branching theory of solutions to nonlinear equations. Moscow, Nauka
1964. English translation. Wolter Noordorf Leyden, 1974
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On C∗-Algebras of Toeplitz Operators on the Harmonic Bergman Space

In this talk we present some recent results on the study of C∗-algebras generated by Toeplitz
operators acting on the harmonic Bergman space on the unit disk. We describe three different
algebras of Toeplitz operators acting on the harmonic Bergman space: The C

∗-algebra gener-
ated by Toeplitz operators with radial symbols, in the elliptic case; the C

∗-algebra generated
by Toeplitz operators with piecewise continuous symbols, in the parabolic and hyperbolic cases.
We prove that the Calkin algebras of the first two algebras are commutative, like in the case of
the Bergman space, while the last one is not.

[1] B.R. Choe, Y.J. Lee and K. Na, Toeplitz operators on harmonic Bergman spaces. Nagoya Mathematical
Journal 174, 165-186, (2004).

[2] Kunyu Guo and Dechao Zheng, Toeplitz algebra and Hankel algebra on the harmonic Bergman space, J.
Math. Anal. Appl. 276, p. 213-230, (2002).

[3] N. L. Vasilevski, Commutative algebras of Toeplitz operators on the Bergman space, Operator Theory: Ad-
vances and Applications, Vol. 185, Birkhäuser Verlag, (2008).
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Second author L.B. Raikhelgauz, Voronezh State University, Voronezh, Russia, email: jikol 85@mail.ru

Fundamental solutions of a singular heat conduction operator with a singularity on the
coordinate hyperplane

Let Jp be Bessel function of the first kind and jp(t) =
2
p
Γ(p+1)
tp

Jp(t). Let us introduce kernels
of integral transformation

Λ±γ (x
′, ξ′) =

n
∏

i=1

j γ
i
−1

2

(xiξi)∓i
xiξi

γi + 1
j γ

i
+1

2

(xiξi) .

The mixed full direct and inverse Fourier-Bessel transformations (reversibility and some prop-
erties of this integral transformation see in [1]) are defined by the formulas, respectively

FB[f(x)](ξ) =

∞
∫

−∞

f(x) Λ+γ (xξ) e
−i〈x′′,ξ′′〉 (x2)

γ

2 dx,

F−1B [f(ξ)](x)=
1

2γ Γ2
(

γ+1
2

)

∞
∫

−∞

f(ξ) Λ−γ (xξ) e
−i〈x′′,ξ′′〉 (ξ2)

γ

2 dξ ,

The function r
x1
, r =

√

∑N
i=1 x

2

i has a singularity at |x
′| 6= 0, x′ = (x1, . . . , xi−1, xi+1, . . . , xN )

and x1 → 0. Thus, the singularity of this function is concentrated on the part of the coordinate
hyperplane x1 = 0, |x′| > 0.
We introduce a singular differential operator

NB =
∂

∂t
− a2∆B + b

r

x1

∂

∂x1
, (1)

where ∆B =
∑n

i=1Bi +
∑N

j=n+1
∂2

∂xj

, Bi =
∂2

∂x2

i

+ γi
xi

∂
∂xi

(see [2], p.20, (1.2.5)).



137

∑ ∑

i

The fundamental solution of the singular differential operator (1) is solved by full direct and
inverse Fourier-Bessel transformations. It is the function

E(x, t) =
t−

N+γ

2 e
−

(|x|−bt)
2

4a2t

2N+γ−n π
N−n

2

∏

n

i=1
Γ
(

γi+1

2

) .

[1] Kipriyanov I.A. Singular elliptic boundary value problems. Moscow: Nauka. 1997. P. 200 (in Russian).
[2] Lyakhov L.N. B-hypersingular integrals and their applications to the description of the Kipriyanov spaces

of fractional B-smoothness and to the integral equations with B-potential kernels. Lipetsk State Technical
University Press, Lipetsk. 2007. P. 234 (in Russian).
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Analytic solutions of heat type equations

We give an extension of the mean-value property and its converse to the case of real analytic
functions and to functions of Laplacian growth. As an application we give a characterization of
analytic solutions in time variable of the initial value problem to the heat equation ∂tu = ∆u

in terms of holomorphic properties of the solid and/or spherical means of the initial data. Next

study heat type equations ∂tu = ˜∆u, where the operator ˜∆ is given by a sum of squares of
commuting, real analytic vector fields acting on a real analytic manifold. We give necessary and
sufficient conditions for convergence and Borel summability of formal power series solutions in
terms of generalized integral means of the initial data.

[1] G.  Lysik, Mean-value properties of real analytic functions, Arch. Math. 98 (2012), 61–70.
[2] G.  Lysik, The Borel summable solutions of heat operators on a real analytic manifold , submitted.
[3] S. Michalik, On Borel summable solutions of the multidimensional heat equation, Ann. Polon. Math. 105

(2012), 167–177.

� Bozena Maj-Tatsis University of Rzeszow, Poland, email: bmaj@univ.rzeszow.pl, Kon-

stantinos Tatsis University of Ioannina, Greece, email: ktatsis@uoi.gr and Ewa Szczerba Gym-

nasium of Radecznica, Poland, email: esikorka78@gmail.com

The use of variables in a patterning activity

The use of variables is really significant in secondary education, when the students are ex-
pected to be able to create, understand and manipulate symbolic expressions. A ’patterning
approach’ has been proposed as a fruitful way to introduce the notion of variable; a patterning
activity may begin with an exploration by the students, followed by a discussion and compar-
isons which are expected to lead them to a general rule. The results of relevant studies have
shown students’ difficulties in generalising patterns in an algebraic form (English and Warren,
1998; Orton and Orton, 1999). We organised a teaching experiment in order to examine how
Polish secondary school students perceive the notion of variable in a patterning activity. Our
main research question was: What are the different uses of variables by students during their
engagement in a patterning task?

A worksheet was delivered to the students, who firstly had to answer some questions and
then make a short presentation about their findings. In our analysis we firstly located all the
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Structure of Cesàro function spaces and interpolation

The Cesàro function spaces Cesp(I) on both I = [0, 1] and I = [0,∞) are the classes of

Lebesgue measurable real functions f on I such that the norm ‖f‖C(p) =
[∫

I

(
1

x

∫ x

0
|f(t)|dt

)p
dx

]1/p

< ∞ for 1 ≤ p < ∞ and ‖f‖C(∞) = supx∈I, x>0

1

x

∫ x

0
|f(t)| dt < ∞ for p = ∞. In the case

1 < p < ∞ spaces Cesp(I) are separable, strictly convex and not symmetric. They, in the
contrast to the sequence spaces, are not reflexive and do not have the fixed point property.

The structure of the Cesàro function spaces Cesp(I) is investigated. Their dual spaces, which
equivalent norms have different description on [0, 1] and [0,∞), are described. The spaces
Cesp(I) for 1 < p <∞ are not isomorphic to any Lq(I) space with 1 ≤ q ≤ ∞. They have “near
zero” complemented subspaces isomorphic to lp and “in the middle” contain an asymptotically
isometric copy of l1 and also a copy of L1[0, 1]. They do not have Dunford-Pettis property.
Cesàro function spaces on [0, 1] and [0,∞) are isomorphic for 1 < p < ∞. Moreover, the
Rademacher functions span in Cesp[0, 1] for 1 ≤ p < ∞ a space which is isomorphic to l2.
This subspace is uncomplemented in Cesp[0, 1]. The span in the space Ces

∞
[0, 1] gives another

sequence space.
In [4] and [5] it was shown that Cesp(I) is an interpolation space between Cesp0(I) and

Cesp1(I) for 1 < p0 < p1 ≤ ∞ for 1/p = (1 − θ)/p0 + θ/p1 with 0 < θ < 1. The same result
is true for Cesàro sequence spaces. On the other hand, Cesp[0, 1] is not an interpolation space
between Ces1[0, 1] and Ces

∞
[0, 1].

The talk is based on joint papers with Sergey V. Astashkin.

[1] S. V. Astashkin and L. Maligranda, Cesàro function spaces fail the fixed point property, Proc. Amer. Math.
Soc. 136 (2008), no. 12, 4289–4294.

[2] S. V. Astashkin and L. Maligranda, Structure of Cesàro function spaces, Indag. Math. 20 (2009), no. 3,
329–379.

[3] S. V. Astashkin and L. Maligranda, Rademacher functions in Cesàro type spaces, Studia Math. 198 (2010),
no. 3, 235–247.

[4] S. V. Astashkin and L. Maligranda, Interpolation of Cesàro sequence and function spaces, Studia Math., to
appear. Preprint of 28 pages submitted on 26 November 2012 at arXiv:1211.5947.

[5] S. V. Astashkin and L. Maligranda, Interpolation of Cesàro and Copson spaces, in: “Banach and Function
Spaces IV”, Proc. of the Fourth Internat. Symp. on Banach and Function Spaces (ISBFS2012) (12-15 Sept.
2009, Kitakyushu-Japan), Edited by M. Kato, L. Maligranda and T. Suzuki, Yokohama Publishers 2013, to
appear (manuscript November 2012, 10 pages).

[6] S. V. Astashkin, On geometrical properties of Cesàro spaces, Mat. Sb. 203 (2012), no. 4, 61–80 (Russian);
English transl.: Sb. Math. 203 (2012), 514–533.

[7] A. Kufner, L. Maligranda and L.-E. Persson, The Hardy Inequality. About its History and Some Related

Results, Vydavatelski Servis Publishing House, Pilzen 2007.
[8] L. Maligranda, N. Petrot and S. Suantai, On the James constant and B-convexity of Cesàro and Cesàro-Orlicz

sequence spaces, J. Math. Anal. Appl. 326 (2007), no. 1, 312–331.

then make a short presentation about their findings. In our analysis we firstly located all the
instances when there was explicit reference on a variable. Then we analysed the utterances in
order to identify the meanings assigned to the variables. Finally, we analysed the progress of
each group by examining and comparing the utterances used throughout the lesson. Our data
have led us to two categories: in the first the variable was treated as a generalized number,
while in the second it was not treated as such; in that category we have distinguished three
subcategories, in which the variable was: (a) closely linked to the referred object, (b) used in a
superfluous manner and (c) treated as a constant. It is important to note that in most cases the
students have shown a move between these categories, especially from the second to the first one.

[1] English, L. D. and Warren, E., Introducing the variable through pattern exploration, The Mathematics
Teacher, 91(2), 166-171 (1998).

[2] Orton, A. and Orton J., Pattern and the approach to algebra, In A. Orton (Ed.), Patterns in the Teaching

and Learning of Mathematics, (pp. 104-120), Cassell, London (1999).
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Interpolation problems in the classes of entire functions of zero order

We consider the interpolation problem in the class E0 of entire functions of zero order:
F (an) = bn, n = 1, 2, . . . , where the sequence A = {an} has limit point ∞, and the num-
bers {bn} satisfy the condition

lim sup
n→∞

ln+ ln+ |bn|

ln |an|
≤ 0 .

Two criteria of resolvability of this problem are received. The first criterion is formulated by the
canonical product of the interpolation knots, the second criterion is formulated by the measure
generated by these knots.

The following result is valid.
Theorem. Let {an}n∈N, ai 6= aj (i 6= j), be the sequence of points which has limit point ∞.

The following three statements are equivalent :

(1) the sequence A is an interpolation sequence in the class E0 ;
(2) for all ε > 0 the following relation is true :

∞
∑

n=1

1

|an|ε
<∞ , (1)

and canonical product EA(z) =
∞
∏

n=1

(

1−
z

an

)

, of A satisfies the condition :

lim
n→∞

1

ln |an|
ln+ ln

1

|E′

A
(an)|

= 0 ;

(3) (1) is true and

lim
z→∞

1

ln |z|
ln+

1
∫

0

(nA(C(z, α|z|))− 1)+

α
dα = 0 .

Here nA – counting function of quantity of points of A.
The research was carried out on a subject No 0111U002152.

[1] Lapin, G. P., Interpolation in the class of entire functions of finite order , Izvestiya vuzov, 5(12), 146–153
(1959).

[2] Malyutin, K. G.,Bozhenko, O. A., Free interpolation by entire functions of finite order , DAN Ukrainy, ser.
matem., 12, 19–23 (2012).
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Local approximation on arcs in the complex plane

Besides the classical theory of polynomial approximation such as Jackson and Bernstein theo-
rems defining global approximation, Nikolsky, Timan and Dzyadyk theorems determining local-
global approximation, there exist purely local polynomial approximations. The first such theo-
rem as well-known was obtained by P.M.Tamrazov and V.V.Berdzinskiy. They were considered
a class of function on [1,−1] interval defined in x0 ∈ [1,−1] point in which |f(x) − f(x0)| ≤
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A continuous-time generalization of Motzkin’s theorem of the alternative

A theorem of the alternative (or a transposition theorem) asserts that two systems are related
in such a way that exactly one of them is consistent. These theorems play a important role in
deriving optimality conditions for wide classes of extremal problems. We will present some
generalizations of well known Motzkin’s theorem of the alternative, i.e., we focus on Motzkin’s
theorem that represents a continuous-time analogue of the original theorem. Moreover, the
presented approach can be used in finite dimensional case also, and we will present some new
results pertaining to (in)consistency of systems described with strict convex inequalities and
affine equalities.
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On generalizations of quasicontinuity and of cliquishness of multi-value maps

LetX, Y and Z be topological spaces. For a map f : X×Y → Z and a point p = (x, y) ∈ X×Y

put fx(y) = fy(x) = f(p). The symbol C(f) denotes the set of points of continuity of a map f .
Recall that a multi-valued map F : X → Y is said to be lower quasicontinuous at a point x0 ∈ X

if for any neighbourhood U of x0 ∈ X and any open set V in Y with F (x0)∩V 6= Ø there exists
a nonempty open set G in X such that G ⊆ U and F (x) ∩ V 6= Ø for any x ∈ G. Denote by
K−(F ) the set of all points at which the map F is lower quasicontinuous. If K−(F ) = X then
F is said to be lower quasicontinuous.

Theorem 1. A multi-value map F : X → Y is lower quasicontinuous if and only if for any

nonempty open set U in X and for any set A ⊆ X such that U ⊆ A we have that F (U) ⊆ F (A).

A multi-value map F : X → Y we call lower pseudo-quasicontinuous if for any nonempty
open set U in X and for any set A ⊆ X with U ⊆ A there exists a nonempty open set G in X

such that G ⊆ U and F (G) ⊆ F (A).

Theorem 2. Let F : X → Y a multi-value map such that X \K−(F ) is nowhere dense. Then

F is lower pseudo-quasicontinuous.

a class of function on [1,−1] interval defined in x0 ∈ [1,−1] point in which |f(x) − f(x0)| ≤
const|x−x0|. They proved that there exists a such polynomial Pn(x) for which |f(x0)−Pn(x0)| ≤
const

nα
.

On solving the problem of approximation on arcs we introduced a local class of functions

D
β

α(z0,Γ) (z0 ∈ Γ, Γ - arbitrary arc in a complex plane) (0 < α ≤ 1, β ≥ 0), for which
∀z1, z2 |f(z1)− f(z2)| ≤ C(Γ)max{|z0 − z1|

β , |z0 − z2|
β}, |z1 − z2|

α.

In addition, we considered also local class of functions introduced by A.A.GoncharHα+β

α (z0,Γ)
consisting of functions f(z) ∈ Hα(Γ) (class of Holder α order), and for which |f(z) − f(z0)| ≤
const|z − z0|

α+β (0 < α ≤ 1, β ≥ 0). For these classes of functions, we obtained direct and
inverse theorems of polynomial approximations, closer each other. That allows us to get the

constructive characterization for classes of Dβ

α(z0,Γ) and H
α+β

α (z0,Γ).
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A multi-value map F : X → Y is called lower covering categorical cliquish if for every open
cover V of the space Y and any non-meagre set E in X there is a somewhere dense set A ⊆ X

and a set V ∈ V such that A ⊆ E and F (x) ∩ V 6= Ø for all x ∈ A. If Y is a second countable
space then every multi-value map F : X → Y is lower covering categorical cliquish.

Theorem 3. Let F : X → Y a multi-value map such that K−(F ) is a residual set in X. Then

F is lower covering categorical cliquish.

Using the notions of lower pseudo-quasicontinuity and lower covering categorical cliquishness
we generalize the results of [1,2].

Theorem 4. Let X and Y be topological spaces, Z a metrizable space, V = {Vn : n ∈ N} a

countable system of sets in Y , Vy = {V ∈ V : V − is neighborhood of y in Y }, B(V) = {y ∈ Y :
Vy − is base neighborhood of y in Y }, f : X × Y → Z a map such that for each set V ∈ V with

V ∩ B(V) 6= Ø a map FV : X ∋ x 7→ FV (x) = fx(V ) ⊆ Z is both lower pseudo-quasicontinuous

and lower covering categorical cliquish. Then R = {x ∈ X : {x} × (C(fx)∩B(V)) ⊆ C(f)} is a

residual subset of X.

[1] Maslyuchenko, V.K. and Nesterenko, V.V. Points of joint continuity and large oscillations, Ukrainian Math.
J., 62 (6), 791800 (2010) (in Ukrainian).

[2] Bouziad, A. and Troallic, J.P. Lower quasicontinuity, joint continuity and related concepts, Topology Appl.,
157 (18), 2889 - 2894 (2010).
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Bσ-function spaces and Calderón-Zygmund operators

In [1, 2], in order to unify the central Morrey spaces, the λ-central mean oscillation spaces and
the usual Morrey-Campanato spaces, we introduced Bσ-function spaces Bσ(E)(Rn), 0 ≤ σ <∞,
and unified a series of results on the boundedness for integral operators on several classical
function spaces. Here Bσ(E)(Rn) is the set of all functions f on R

n such that

‖f‖Bσ(E) = sup
r≥1

1

rσ
‖f‖E(Qr)

<∞,

where Qr = {y = (y1, y2, · · · , yn) ∈ R
n : max1≤i≤n |yi| < r} or Qr = {y ∈ R

n : |y| < r}, and
E(Qr) is a function space on Qr with semi norm ‖ · ‖E(Qr)

.
Let E = Lp. If σ = n/p, then Bσ(L

p)(Rn) = Bp(Rn) which introduced by Beurling (1964)
together with its predual Ap(Rn), so-called the Beurling algebra.

Let E = Lp,λ (Morrey space) or Lp,λ (Campanato space). If σ = 0, then Bσ(Lp,λ)(R
n)

and Bσ(Lp,λ)(R
n) coincide Lp,λ(R

n) and Lp,λ(R
n), respectively. Moreover, Bσ(Lp,λ)(R

n) uni-

fies Lp,λ(R
n) and Bp,λ(Rn) (non-homogeneous central Morrey space), and Bσ(Lp,λ)(R

n) unifies

Lp,λ(R
n) and CMOp,λ(Rn) (λ-central mean oscillation space).

And also using Bσ-function spaces, we can study both local and global regularities of functions
simultaneously.

In this talk, we consider the boundedness for Calderón-Zygmund operators, especially com-
mutators [b, T ] generated by b ∈ L1

loc(R
n) and Calderón-Zygmund operator T , i.e.,

[b, T ]f(x) = b(x)Tf(x)− T (bf)(x), x ∈ R
n,

on the Bσ-function spaces.
[1] Y. Komori-Furuya, K. Matsuoka, E. Nakai and Y. Sawano, Integral operators on Bσ-Morrey-Campanato

spaces, Rev. Mat. Complut., 26, 1–32 (2013). DOI: 10.1007/s13163-011-0091-6.
[2] K. Matsuoka and E. Nakai, Fractional integral operators on B

p,λ with Morrey-Campanato norms, in Function
Spaces IX, Banach Center Publ., 92, 249–264, Inst. Math., Polish Acad. Sci., Warsawa, 2011.
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Dirichlet’s Problem by Using Computers with the Theory of Reproducing Kernels

We shall give practical and numerical solutions of the Laplace equation on multidimensional
spaces and show their numerical experiments by using computers. Our method is based on the
Dirichlet principle by combinations with generalized inverses, Tikhonov’s regularization and the
theory of reproducing kernels.

[1] Matsuura, T., Saitoh, S and Trong, D.D., Numerical solutions of the Poisson equation, Applicable Analysis.,
83(10), 1037-1051 (2004).

[2] Saitoh, S., Integral Transforms, Reproducing Kernels and their Applications, Pitman Res. Notes in Math.
Series 369, Addison Wesley Longman Ltd, UK (1997).
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On the LQR/LQG Design Problem and the Associated Riccati Differential Equations

The numerical treatment of linear quadratic regulator/gaussian design problems for parabolic
partial differential equations requires solving large-scale Riccati equations. In the finite time
horizon case, the Riccati differential equation (RDE) arises. We show that within a Galerkin
projection framework the solutions of the finite-dimensional RDEs converge in the strong op-
erator topology to the solutions of the infinite-dimensional RDEs. Moreover, we briefly review
efficient numerical methods for solving RDEs capable of exploiting the structure of the involved
coefficient matrices (e.g. sparse, symmetric, low rank).

[1] Benner, P., Li, J.R. and Penzl, T., Numerical Solution of Large Lyapunov equations, Riccati Equations, and

Linear-Quadratic Control Problems. Numerical Linear Algebra with Applications, 15 (9), 755-777 (2008).
[2] Benner, P. and Mena, H., Numerical solution of the Infinite-Dimensional LQR-Problem and the associated

Differential Riccati Equations, MPI Magdeburg Preprint, MPIMD/12-13 (2012).
[3] Lasiecka, I. and Triggiani, R., Control Theory for Partial Differen- tial Equations: Continuous and Approx-

imation Theories I. Abstract Parabolic Systems, Cambridge University Press, Cambridge, UK (2000).
[4] Lasiecka, I. and Triggiani, R., Differential and Algebraic Riccati Equations with Application to Bound-

ary/Point Control Problems: Continuous Theory and Approximation Theory , Number 164 in Lecture Notes
in Control and Information Sciences, Springer, Berlin (1991).
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On Asymptotic Analysis of Localised Boundary-Domain Integral Operators
for Variable-Coefficient PDEs.

The localized boundary-domain integral equation (LBDIE) systems introduced in [1] and as-
sociated with the Dirichlet and Neumann boundary value problems (BVP) for a scalar ”Laplace”
PDE with variable coefficient are considered. The parametrix is localized by multiplication with



143

PDE with variable coefficient are considered. The parametrix is localized by multiplication with
a radial localizing function. Mapping and jump properties of the surface and volume integral
potentials based on a localized parametrix and constituting the LBDIE systems were studied in
the Sobolev (Bessel potential) spaces in [2] and the LBDIEs equivalence to the original variable-
coefficient BVPs and the invertibility of the LBDIE operators in the corresponding Sobolev
spaces were proved.

In this contribution we discuss how the norms of the LBDIE operators depend on the scaling
parameter of the localising function, when it tends to zero. Although the considered LBDIE
operators are invertible for any size of the characteristic domain of localization, it appears that
the norms of the operators and of their inverse can grow as the size decreases, for some of the
LBDIEs. This effect may be responsible for the deterioration of convergence of the mesh-based
and mesh-less numerical methods of LBDIE solution, cf. [3], [4], observed for fine meshes (large
number of collocation points).
[1] Mikhailov, S.E., Localized boundary-domain integral formulation for problems with variable coefficients. Int.

J. Engineering Analysis with Boundary Elements, 26, 681–690 (2002).
[2] Chkadua, O., Mikhailov, S.E. and Natroshvili, D. Analysis of some localized boundary-domain integral equa-

tions. J. Integral Equations Appl., 21, 407–447, (2009).
[3] Mikhailov, S.E. and Nakhova, I.S, Mesh-based numerical implementation of the localized boundary-domain

integral equation method to a variable-coefficient Neumann problem, J. Eng. Math., 51, 251–259 (2005).
[4] Sladek, J., Sladek, V. and Zhang, Ch., Local integro-differential equations with domain elements for the

numerical solution of partial differential equations with variable coefficients, J. Eng. Math., 51, 261-282,
(2005).
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Examples of ill-posedness for the Euler and the quasi-geostrophic equations

I will describe local ill-posedness of solutions of the 2D quasi-geostrophic and the 3D Euler

equations in the Besov and the logarithmic Lipschitz spaces.

� Vladimir Mityushev - Pedagogical University of Cracow, email: mityu@up.krakow.pl

R–linear problem and its applications

Let Dk be mutually disjoint simply connected domains bounded by smooth curves ∂Dk and
D be the complement of all closures of Dk to the torus T 2. To find a function ϕ(z) analytic in
D+ = D1 ∪ . . . ∪Dn, D

− = D and continuous in the closures of the considered domains on the
torus T 2 with the following conjugation condition ϕ+(t) = ϕ−(t) − ρϕ−(t), t ∈ ∂D, where ρ is
a constant. Application of the generalized method of Schwarz yields a constructive algorithm
to solve the problem. Relations to the Riemann–Hilbert problem and applications to conformal
mappings and to composite media are discussed.
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Spectral and scattering prblems on star-shaped graphs with nontrivial compact parts

We consider Schrödinger operators on star-shaped graphs with nontrivial compact parts such
as finite rays and/or a loop. Under suitable decay conditions on the potential we obtain a
complete form of the spectral representation and apply it to the time dependent formulation of
the scattering theory.

� Akira Morimoto Information Science, Osaka Kyoiku University, Kashiwara, Osaka 582-8582,

Japan, email: morimoto@cc.osaka-kyoiku.ac.jp, Ryuichi Ashino Mathematical Sciences, Osaka
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Takeshi Mandai Department of Engineering Science, Osaka Electro-Communication University, Neya-
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An estimation method of shift parameters in image separation problem

In this talk, we focus on the simplest spatio-temporal mixing model of blind source sepa-
ration [1] for images. Here, an image means T = (T1, T2) ∈ R

2 periodic bounded real-valued
function f(t) of t ∈ R

2. Let N be the number of sources and J , J ≥ N , be the number of ob-
served images. In the simplest spatio-temporal mixing model, we assume that observed images
xj(t), j = 1, . . . , J , are the following mixtures of original source images sn(t), n = 1, . . . , N :

xj(t) =
N
∑

n=1

dj,n sn(t− cj,n),

where dj,n ∈ R are mixing coefficients and cj,n ∈ R
2 are shift parameters. For each fixed j 6= 1,

we assume that cj,n − c1,n 6= cj,k − c1,k when n 6= k, n, k = 1, . . . , N . In the case of blind source
separation, we only know the observed images. Then we want to estimate the number of sources
N , model parameters cj,n and dj,n, and separate the original source images.

For image separation without shift [2], we proposed a new image separation method using
annular sector multiwavelet functions ψp(t), p = 1, . . . , P . Since each Fourier transform of ψp is
a compactly supported smooth function, we can define the continuous multiwavelet transform
of image f with respect to ψp as

Wψp
f(b, a) =

1

a

∫

R2

f(t)ψp

(

t− b

a

)

dt,

where scale parameter a > 0 and position parameter b ∈ R
2. For each a, Wψp

f(b, a) is a T
periodic complex-valued function of b.

We propose an estimation method of shift parameters cj,n using the following complex-valued

correlation functions R1,j
ψp

(t, a) between Wψp
x1(b, a) and Wψp

xj(b, a) defined by

R
1,j
ψp

(t, a) =

∫

[0,T1)×[0,T2)

Wψp
x1(b, a)Wψp

xj(t− b, a) db.

[1] Ashino, R., Mandai, T., Morimoto, A. and Sasaki, F., Blind source separation of spatio-temporal mixed

signals using time-frequency analysis, Appli. Anal., 88, 425–456 (2009).
[2] Ashino, R., Kataoka, S., Mandai, T. and Morimoto, A., Blind image source separations by wavelet analysis,

Appli. Anal., 91, 617–644 (2012).



145

� Ana Moura Santos Department of Mathematics, Instituto Superior Técnico, Technical Univer-
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Toeplitz operators and boundary value problems of wave diffraction by gratings

In the past few years we made several attempts to find explicit inverses for a class of convolu-
tion type operators issued from wave diffraction by periodic gratings. Starting with an operator
formulation of the boundary value problem, and using operator equivalence relations, we end
up with a Toeplitz operator acting between spaces defined on a composed contour. Then we
consider generalized factorizations of the corresponding Fourier symbols in the setting of L2

spaces on the contour.
First, we obtained an inverse for a particular geometry of the grating and given Neumann

conditions on the boundary [1], afterwards we discussed the Fredholmness and invertibility
conditions for a more general geometry of the grating and other boundary conditions [2].

Now, we are able to present an approximate result based on a Neumann series for the inverse
operator, where the explicit generalized factorization is obtained for the Fourier symbols of the
Neumann and the oblique derivative boundary value problems that holds for small wave numbers.

[1] Bastos, M.A., Moura Santos, A. and dos Santos, A.F., Wave diffractions by a strip grating: the two-straight

line approach, Math. Nachr. 269-270, 39-58 (2004).
[2] Bastos, M.A., Lopes, P.A. and Moura Santos, A., The two-straight line approach for periodic diffraction

boundary value problems, J. Math. Anal. Appl. 338, 330-349 (2008).
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On existence of the resolvent and discreetness of the spectrum of a class of differential
operators of hyperbolic type

We consider in the space L2 (Ω) the differential operator of hyperbolic type

L0u = uxx − uyy + a (y)ux + c (y)u

with the domain D (L0) of infinitely differentiable functions satisfying the conditions u (−π; y) =
u (π; y) , ux (−π; y) = ux (π; y) and compactly supported with respect to the variable y, where

Ω = {(x, y) : −π < x < π, −∞ < y <∞} .

Further, we assume that the coefficients a (y) , c (y) satisfy the conditions: i) |a(y)| ≥ δ0 >

0, c(y) ≥ δ > 0 are continuous functions in R = (−∞; ∞) . It is easy to verify that the operator
L0 admits closure in the space L2 (Ω), which is denoted by L.

Theorem 1. Let the condition i) be fulfilled. Then the operator L + µE is continuously
invertible for µ ≥ 0.

Theorem 2. Let the condition i) be fulfilled. Then the resolvent of the operator L is compact
if and only if for any w > 0

lim
|y|→∞

∫

y+w

y

c (t) dt =∞. (∗)

The question of the existence of the resolvent and discrete spectrum in an unbounded domain
with growing and oscillating coefficients was previously studied only in the case of elliptic and
pseudodifferential operators [1-3].

Assume that the coefficients of the operator L, in addition to conditions i), satisfy the condi-
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Correction Theorems

The paper is related to fixed point theorem in nonsmooth analysis. In the classical analysis
the fixed point theorem is widely used in the mathematics and has practical applications, in
particular, in mechanics. Paper’s results are based on generalization of Kakutani’s fixed theorem
[1] in case of multiple-valued matrix nonconvex mapping. Kakutani’s generalized fixed point
theorem allows solve many problems in nonsmooth analysis, including research of nonsmooth
implicit functions and correction theorem. For the first time the correction theorem was solved
by H.Halkin for smooth systems [2], for nonsmooth systems - by V.F. Demyanov [3]. Three
types of correction theorems (in smooth and nonsmooth cases) are considered.

Let f : Rn → R
m, m ≤ n, f = (f1, . . . , fm), fi - smooth functions on open set S ⊂ R

n, x ∈ S.
For all i one has

fi(x+∆) = fi(x) + (f ′

i
(x),∆) + oi(∆),

oi(∆)

‖∆‖
→

‖∆→0‖

0.

It is possible to formulate the following types of the correction theorem.
The first type of correction theorem. Find vector-function ν1(∆) such that

fi(x+∆+ ν1(∆)) = fi(x) + (f ′

i
(x),∆) ∀i ∈ 1 : m,

ν1(∆)

‖∆‖
→

‖∆→0‖

0n.

The second type of correction theorem. Find vector-function ν2(∆) such that

fi(x+∆) = fi(x) + (f ′

i
(x),∆+ ν2(∆)) ∀i ∈ 1 : m,

ν2(∆)

‖∆‖
→

‖∆→0‖

0n.

The third type of correction theorem. Find vector-function ν3(∆) such that

fi(x+∆) = fi(x+ ν3(∆)) + (f ′

i
(x+ ν3(∆)),∆) ∀i ∈ 1 : m,

ν3(∆)

‖∆‖
→

‖∆→0

0n.

If there exists function νi(∆)(i ∈ 1 : 3), then correction problem of the i type has solution,
and the function νi(∆) is correction of the i type of the function f in neighborhood of x.
[1] Kakutani, S., A generalization of Brower’s fixed point theorem, Duke Math. J., vol. 8, 457-459 (1941).
[2] Halkin, H., Implicit functions and optimization problems without differentiability of the data, SIAM J.Control.

vol. 29, N. 2, 229–236 (1974).
[3] Demyanov, V. F., Fixed point theorem in nonsmooth analysis and its applications, Numerical Functional

Analysis 16, 53-109 (1995).

Assume that the coefficients of the operator L, in addition to conditions i), satisfy the condi-
tion

ii) µ0 = sup
|y−t|≤1

c (y)

c (t)
< ∞, µ = sup

|y−t|≤1

a (y)

a (t)
< ∞.

Theorem 3. Let the conditions i)-ii) be fulfilled. Then the resolvent of the operator L is
compact if and only if lim

|y|→∞
c (y) = ∞.

[1] Molchanov, A. M., On conditions of the spectrum discreteness of self-adjoint second-order differential equa-

tions, Trudy Mosc.Mat.Obshestva, 2(1953) –P. 169-200 (in Russian).
[2] Otelbaev, M., Embedding theorems for spaces with a weight and their application to the study of the spectrum

of the Schrodinger operator , Trudy Mat. Inst. Steklov, 150(1979) –P. 256-305 (in Russian).
[3] Boimatov, K. Kh., Separation theorems, weighted spaces and their applications, Proc. Steklov Inst.

Math. 170(1987) –P. 39-81.
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Effective conductivity of a dilute periodic two-phase composite with imperfect thermal
contact at the two-phase interface

We consider the effective thermal conductivity of a two-phase composite with imperfect ther-
mal contact at the two-phase interface. The composite is obtained by introducing into an infinite
homogeneous matrix a periodic set of inclusions of a different material. The diameter of each
inclusion is assumed to be proportional to a positive real parameter ǫ. Then we show that the
function which describes the effective conductivity can be continued real analytically in the pa-
rameter ǫ around the value ǫ = 0 (in correspondence of which the inclusions collapse to points).
The methods developed are based on functional analysis and potential theory and are alternative
to asymptotic analysis.

The talk is based on [1, 2].
[1] Dalla Riva, M. and Musolino P., Effective conductivity of a singularly perturbed periodic two-phase composite

with imperfect thermal contact at the two-phase interface, in S. Sivasundaram, editor, 9th International

Conference on Mathematical Problems in Engineering, Aerospace and Sciences: ICNPAA 2012, Vienna,

Austria, 10–14 July 2012 , AIP Conference Proceedings vol. 1493 , pages 264–268. American Institute of
Physics, Melville, NY (2012).

[2] Dalla Riva, M. and Musolino P., A singularly perturbed non-ideal transmission problem and application to

the effective conductivity of a periodic composite, SIAM J. Appl. Math., 73(1), 24-46 (2013).
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Energy solutions for nonlinear Klein-Gordon equations in de Sitter spacetime

The Cauchy problem for nonlinear Klein-Gordon equations is considered in de Sitter space-
time. The nonlinear terms are power type or exponential type. The local and global solutions
are shown in the energy class.
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Asymptotic behavior of solutions to damped wave equation with derivative nonlinear term

In this talk we study the Cauchy problem for damped wave equation with derivative nonlinear
term:

(1) utt −∆u+ ut = |∇xu|
σ
, t > 0, x ∈ R

n,

with initial data

(2) u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ R
n,

where σ > 1 + 2/(n + 1) is a constant. The Cauchy problem for the corresponding semilinear
damprd wave equation
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Klein-Gordon type wave models with non-effective time-dependent potential

We consider the Cauchy problem for Klein-Gordon type models,

utt −∆u+m(t)2u = 0, u(0, x) = u0(x), ut(0, x) = u1(x),

with tm(t)→ 0, i.e., m(t)2u is so-called non-effective time-dependent potential. We define and
describe the long time behavior for some appropriate energy. A scattering result will complete
our considerations.

The results presented in this talk can be found in the recent accepted paper [1].
[1] Ebert, M. R., Kapp, R. A., Nascimento, W. N., Reissig, M.: Klein-Gordon type wave equation with non-

effective time-dependent potential , submitted (2013).
[2] Böhme, C.: Decay rates and scattering states for wave models with time-dependent potential , PhD. Thesis,

TU Bergakademie Freiberg. (2011).
[3] Wirth, J.: Solution representations for a wave equation with weak dissipation, Math. Meth. Appl. Sci. 27

(2004) 101–124.
[4] Wirth, J.: Asymptotic properties of solutions to wave equations with time-dependent dissipation, PhD thesis,

TU Bergakademie Freiberg, (2005).
[5] Wirth, J.: Wave equations with time-dependent dissipation I. Non-effective dissipation, J. Diff. Eq. 222

(2006) 487–514.
[6] Koshy, T.: Catalan Numbers with Applications, Oxford University Press, (2009).

(3) utt −∆u+ ut = |u|
σ, t > 0, x ∈ R

n

has been investigated by several authors. Moreover, it is known that equation (3) admits global
solution in time, when σ > 1 + 2/n and initial data are sufficiently small.

We will show the existence in global in time and asymptotic behavior of the solution to (1)–
(2), provided that n = 1, 2, 3 and onitial data (u0, u1) are sufficiently small.

[1] J. Berg and J. Löfström, Interpolation Spaces. An Introduction., vol. 223, Grundlehren der mathematischen
Wissenshaften, Springer Verlag (1976).

[2] T. Narazaki, Global solutions to the Cauchy problem for a system of damped wave equations, Differential and
Integral Equations 24, 569–601 (2011).
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Fast algorithm for computing e–sums

Consider two-dimensional two-component periodic composite made from a collection of non-overlapping,
identical, circular disks, embedded in a matrix. In accordance with a theory of the representative cells
(representative volume elements), the effective conductivity of disks is expressed in terms of the the
e–sums introduced as discrete multidimensional convolutions of the Eisenstein functions [2]. Straight-
forward computation of the e–sums is possible only for the sums of lower orders. In the present talk,
a fast algorithm to compute higher order sums worked out by use of random walks and Monte Carlo
simulations. Relations between the Eisenstein and Weierstrass functions and algebraic dependences be-
tween their derivatives are used to improve the algorithm. The obtained numerical results are applied to
investigation of the structure of composites.



149

�Manh Hung Nguyen Bauhaus Universität Weimar, Institut für Mathematik and Physik, Coudraystr.

13B, 99423 Weimar, Germany, Klaus Gürlebeck Bauhaus Universität Weimar, Institut für Mathe-

matik and Physik, Coudraystr. 13B, 99423Weimar, Germany, email: klaus.guerlebeck@uni-weimar.de,
Joao MoraisUniversidade de Aveiro, Centro de Investigação e Desenvolvimento emMatemática
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On orthogonal monogenics in oblate spheroidal domains and recurrence formulae

A complete orthogonal system for the monogenic L2-space consisting of solid oblate spheroidal
monogenics {Φm

n
} in R

3 is constructed by means of harmonic functions. The lack of symmetry
leads to some differences compared with the orthogonal polynomial Appell system {Al

k
} for

spherical domains. Explicit representation formulae of the obtained basis functions {Φm

n
} by

{Al

k
} are given as well as recurrence formulae for fast computer implementations.

[1] Bock, S. and Gürlebeck, K., On a generalized Appell system and monogenic power series, Mathematical
Methods in the Applied Sciences, 33, 394–411 (2010).

[2] Bock, S., On a three-dimensional analogue to the holomorphic z-powers: power series and recurrence formu-

lae, Complex Variables and Elliptic Equations, 57, 1349–1370 (2011).
[3] Brackx, F., Delanghe, R. and Sommen, F., Clifford Analysis, Pitman Publishing, Boston-London-Melbourne

(1982).
[4] Cação I 2004 Constructive Approximation by Monogenic polynomials Universidade de Aveiro, Departamento

de Matemática.
[5] Cação I, Gürlebeck K and Bock S 2004 Complete Orthonormal Systems of Spherical Monogenics - A Con-

structive Approach Methods of Complex and Clifford Analysis (Proceedings of ICAM Hanoi 2004), L.H. Son,
W. Tutschke and S. Jain, eds., SAS International Publications.

[6] Garabedian, P., Orthogonal harmonic polynomials, Pacific J. Math., 3, 585–603 (1953).
[7] Gürlebeck, K., Habetha, K. and Sprößig, W. Holomorphic functions in the plane and n-dimensional space,

Birkhäuser Verlag (2008).
[8] Gürlebeck, K. and Malonek, H., A hypercomplex derivative of monogenic functions in R

n+1 and its applica-

tions, Complex Variables, 39, 199–228 (1999).
[9] Lávička, R., Complete Orthogonal Appell Systems for Spherical Monogenics, Complex Anal. Oper. Theory,

6, 477–489 (2012).
[10] Luna–Elizarrars, M. E. and Shapiro, M., A survey on the (hyper)derivates in complex, quaternionic and

Clifford analysis, Millan J. Math., 79, 521–542 (2012).
[11] Morais, J., A Complete Orthogonal System of Spheroidal Monogenics, Journal of Numerical Analysis, Indus-

trial and Applied Mathematics (JNAIAM), 6, 105–119 (2011).
[12] Morais, J., An orthogonal system of monogenic polynomials over prolate spheroids in R

3 , Mathematical and
Computer Modelling, doi:10.1016/j.mcm.2012.06.020 (2012).

[13] Sudbery, A., Quaternionic analysis, Math. Proc. Cambridge Phil. Soc., 85, 199–225 (1979).

[1] Czapla R., Nawalaniec W., Mityushev V., Simulations of representative volume elements for random 2D

composites with circular non–overlapping inclusions, Theoretical and Applied Informatics, Vol.24 , No. 3,
227-242, 2012.

[2] Mityushev V., Representative cell in mechanics of composites and generalized Eisenstein–Rayleigh sums,
Complex Variables, 51, No. 8-11, 1033–1045, 2006.
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Convolutions For the Fractional Fourier Transform and Applications

Despite the great advances which have been recently made in the theory and applications
of fractional Fourier transforms, there remains much to be worked out in their associated no-
tions and theory. This talk presents new convolutions which have powerful properties when
associated with the fractional Fourier transform here considered. Namely, we will prove the
convolution theorems associated with the FRFT, together with their natural algebraic proper-
ties such as commutativity, associativity and distributivity. This will be therefore an extra tool
with potential use in signal processing and other types of applications. This is here illustrated
by considering corresponding classes of convolution equations to which we obtain necessary and
sufficient conditions for their solvability, and give their corresponding solutions in explicit form.
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The functional analytic foundation of Colombeau algebras

Colombeau algebras constitute a rigorous framework for performing nonlinear operations like
multiplication on Schwartz distributions in a way suitable for application in physics. Many vari-
ants and modifications of these algebras exist for various applications. We present a functional
analytic approach placing these algebras in a unifying hierarchy, which clarifies their structural
properties as well as their relation to each other.

The core of our approach is to define a basic space of generalized functions consisting of
smooth mappings from a space of smoothing operators to a space of smooth functions. Apart
from the conceptual simplicity and universality of this approach, one can recover many classical
Colombeau algebras in this setting. Furthermore, requirements for the following key properties
can be clarified:

(1) existence of the so-called σ-embedding of smooth functions, which allows one to split the
smooth from the singular part in calculations;

(2) sheaf properties;
(3) invariance under diffeomorphisms and derivatives;
(4) existence of a meaningful directional derivative which is C

∞-linear in the directional
vector field.

The obtained results will be crucial for eventually establishing a notion of covariant derivative
in an algebra of nonlinear generalized tensor fields.

[1] Colombeau, J. F., New Generalized Functions and Multiplication of Distributions, Elsevier Science Publish-
ers B.V., Amsterdam (1984).

[2] Grosser, M., Kunzinger, M., Oberguggenberger, M., and Steinbauer, R., Geometric Theory of Generalized

Functions with Applications to General Relativity, Kluwer Academic Publishers, Dordrecht (2001).
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An extension of Turán’s inequality for ultraspherical polynomials

The m-th ultraspherical polynomial P
(λ)

m , m ∈ N, is orthogonal in [−1, 1] with respect to the

weight function wλ(x) = (1 − x2)λ−1/2, λ > −1/2, and is normalized by P
(λ)

m (1) =
(
m+2λ−1

m

)
.

Set

(1) pm(x) = p(λ)
m

(x) := P (λ)

m
(x)/P (λ)

m
(1), m = 0, 1, . . . ,

where, for the sake of brevity, the superscript (λ) will be oppressed hereafter. We prove the
following extension of Turán’s inequality:

Theorem. Let pn be defined by (1), and λ ∈ (−1/2, 1/2]. Then, for every n ∈ N,

(2) |x|p2
n
(x)− pn−1(x)pn+1(x) ≥ 0 for every x ∈ [−1, 1] .

The equality in (2) holds only for x = ±1 and, if n is even, for x = 0. Moreover, (2) fails for

every λ > 1/2 and n ∈ N.

This variation of Turán’s inequality was introduced by Gerhold and Kauers [1] and proven
in the limit case λ = 1/2, i.e., for the Legendre polynomials. We present both analytical and
computer proof of this result. An extension to Jacobi polynomials is discussed.

[1] Gerhold, S. and Kauers, M., A computer proof of Turán’s inequality, Journal of Inequalities in Pure and
Applied Mathematics, 7(2):#42, 2006.

[2] Nikolov, G. and Pilwein, V., An axtension of Turán’s inequality for ultraspherical polynomials, 2013, submit-
ted for publication.
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The Cauchy problem for a coupled system of the damped wave equations

We consider the Cauchy problem for a coupled system of damped wave equations

(P )

{

utt −∆u+ ut = |v|
p,

vtt −∆v + vt = |u|
q,

(t, x) ∈ R+ ×RN

with (u, v, ut, vt)(0, x) = (u0, v0, u1, v1)(x), x ∈ RN . It was shown for the corresponding system
of heat equations by M. Escobedo and M. A. Herrero [1] that

(∗) α := max
( p+ 1

pq − 1
,
q + 1

pq − 1

)

=
N

2

gives the critical exponents.
In my talk we discuss the relation between (∗) and the Fujita critical exponent ρF (N) = 1+ 2

N
on the single equation, and moreover, seek for the asymptotic profiles of the global-in-time
solution for small data in the supercritical exponent and the blow-up time of the local solution
for suitable data in the subcritical exponent, which is mainly based on [2].
[1] Escobedo, M. and Herrero, M. A., Boundedness and blow up for a semilinear reaction-diffusion system, J.

Differential Equations, 89, 176-202 (1991).
[2] Nishihara, K., Asymptotic behavior of solutions for a system of semilinear heat equations and the correspond-

ing damped wave system, Osaka J. Math., 49, 331-348 (2012).



152

� Tatsuo Nishitani Osaka University, Japan, email: nishitani@math.sci.osaka-u.ac.jp,

Local and microlocal Cauchy problem for noneffectively hyperbolic operators

We study differential operators of order 2 and give a sufficient condition in order that the
micro supports of solutions to the Cauchy problem propagate with finite speed. We then study
the Cauchy problem for noneffectively hyperbolic operators with no null bicharacteristic tangent
to the doubly characteristic set and with zero positive trace. Checking the sufficient condition
for the propagation with finite speed, we prove that the Cauchy problem for such noneffectively
hyperbolic operators is C∞ well posed if and only if the Levi condition is verified.
[1] Bernardi, E., Bove, A. and Parenti, C., Geometric results for a class of hyperbolic operators with double

characteristics, II , J. Func. Anal., 116, 62-82 (1993).
[2] Bernardi, E. and Nishitani, T., On the Cauchy problem for non-effectively hyperbolic operators, the Gevrey 5

well-posedness, J. Aanalyse Math., 105, 197-240 (2008).
[3] Hörmander, L., The Cauchy problem for differential equations with double characteristics, J. Analyse Math.,

32, 118-196 (1977).
[4] Ivrii, V. Ja. and Petkov, V. M., Necessary conditions for the Cauchy problem for non strictly hypebolic

equations to be well posed , Uspehi Mat. Nauk., 29, 3-70 (1974).
[5] Ivrii, V. Ja., The well posedness of the Cauchy problem for non-strictly hyperbolic operators, III: The energy

integral , Trans. Moscow Math. Soc., 34, 149–168 (1978).
[6] Ivrii, V. Ja., Wave fronts of solutions of certain pseudodifferential equations, Trans. Moscow Math. Soc., 39,

49–86 (1981).
[7] Nishitani, T., On the finite propagation speed of wave front sets for effectively hyperbolic operators, Sci. Rep.

College Gen. Ed. Osaka Univ., 32, no. 1, 1–7 (1983).
[8] Nishitani, T., The Cauchy problem for effectively hyperbolic operators, Nonlinear variational problems (Isola

d’Elba, 1983), 9-23, Res. Notes in Math., 127, Pitman, Boston, MA, (1985).
[9] Nishitani, T., Cauchy Problem for Noneffectively Hyperbolic Operators, to appear in Mem. Math. Soc. Japan
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A Riemannn surface approach for diffraction from rational wedges

The explicit representation of waves diffracted from non-rectangular wedges belongs to a
famous class of open problems in diffraction theory. These problems are often modelled by
Dirichlet or Neumann boundary value problems for the 2D Helmholtz equation with complex
wave number. They have been analyzed before by several methods such as the Malinzhinets
method using Sommerfeld integrals, the method of boundary integral equations from poten-
tial theory or Mellin transformation techniques. These approaches lead to results which are
particularly useful for asymptotic and numerical treatment.

In this talk, we present a new approach where we develop new representation formulas of the
solutions which are based upon the solutions to Sommerfeld diffraction problems. We make use
of symmetry properties, which require a generalization of these formulas to Riemann surfaces
in order to cover arbitrary rational angles of the wedge. The approach allows us to prove well-
posedness in suitable Sobolev spaces and to obtain explicit solutions in closed analytic form, or,
if not available, in terms of series expansions which present the unique solution with the help of
a bounded linear operator acting from the space of the boundary data into a subspace of H1(Ω)
of finite energy solutions, or into other appropriate Sobolev spaces H1+ǫ(Ω). The circumstance
that we restrict to rational angles, α = πm/n with m,n ∈ N, is intimately related to the nature
of the representations of the solutions.
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Möbius Geometry of R1,1

The split-complex plane R1,1 compactifies as a projective torus in RP
3
. We discuss the Möbius

geometry of this compactification. This includes fixed points, transitivity and properties of the
cross ratio. We also discuss properties of rational functions defined of this surface.
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Numerical methods for solving inverse problems for some hyperbolical equations

The report considers inverse problems for wave end acoustic equations. Acoustic inverse
problem consists in determining the functions c(x, y), ρ(x, y) and u(x, y, t), which satisfies the
following system:

c−2(x, y)utt = ∆u−∇lnρ∇u, x > 0, y ∈ R, t > 0;

u|t<0 ≡ 0

ux(+0, y, t) = g(y, t);

u|x=0 = f(y, t), y ∈ R, t > 0.

Here function c(x, y) describes the speed of the wave propagation, ρ(x, y) is the density of the
medium, u(x, y, t) is exceeded pressure and f(y, t) is known data on the surface.In the report
we consider that function c(x, y) is known. Therefore the problem reduces to determination of
the function ρ(x, y).
Then the approach of I.M.Gelfand, B.M. Levitan and M.G. Krein(GLK-method) is applied for
solving considered inverse problem. The essence of this method lies in reduction of the nonlinear
inverse problem to a one-parameter set of linear Fredholm equations of the first of second kind.
In particular, acoustic inverse problem can be reduced to the following set of integral equations(in
assumption that all considerable function can be represented as a finite Fouriet sum):

Φk(x, t) =
1

2

∑

m

∫ x

−x

(fk
m)′(t− s)Φm(x, s)ds−

1

2

∫ π

−π

eiky

ρ(0, y)
dy, k ∈ Z

Required function ρ(x, y) is connected with the set of the solutions of GLK-equation Φm(x, x−0)
and can be restored, if GLK-equation is solved. The same method can be applied for solving
inverse problem for determining coefficient q(x, y) of the wave equation utt(x, y) = ∆u(x, y) −
q(x, y)u. The possibility of using GLK-method for solving inverse problems of elasticity and
seismic is considered. Also the report contains the result of numerical experiments for solving
GLK-equations with different methods, such that regularization method, reduction to the linear
system and Monte-Carlo method. The comparative analysis of considered methods is repre-
sented.

[1] Kabanikhin S.I., Inverse and Ill-Posed Problems. Theory and Applications, de Gruyter, Germany (2011).
[2] Kabanikhin, S. I., Shishlenin M. A. Numerical algorithm for two-dimensional inverse acoustic problem based

on Gel’fand-Levitan-Krein equation, J. Inverse Ill-Posed Probl., 979-995 (18(2010)).
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Inequalities for convolution

In this talk, we study the convolution of functions on R
n:

(K ∗ f)(x) =

∫

Rn

K(x− y)f(y)dy, x ∈ R
n.

The following generalization of Young’s inequality is due to O’Neil : if 1 < p < q <∞, 0 <

τ1 ≤ τ2 ≤ ∞ and 1

r
= 1− 1

p
+ 1

q
, then

(1) Lp,τ1 ∗ Lr,∞
⊂ Lq,τ2 ,

where Lp,τ = Lp,τ (Rn) is the Lorentz space.
Find sufficient conditions on weights µ and ν, so that

Lp(µ) ∗ Lr,∞
⊂ Lq(ν), 1 < p ≤ q <∞, 1 < r ≤ ∞.

Theorem 1. Let 1 < p ≤ q <∞ and 1 < r <∞. Let weights µ and ν satisfy, for any λ ≥ 1,

µ∗(λt) .
µ∗(t)

λα
, , ν∗(λt) .

ν∗(t)

λβ
, t > 0,(2)

for some α ≥ 0 and β ≥ 0 such that

α+ 1/r + 1/p > 1, β + 1/r + 1/q′ > 1.(3)

Then a sufficient condition for

Lp(µ−1) ∗ Lr,∞
⊂ Lq(ν)(4)

to hold is

G := sup
|E|=|W |

ν(E)µ(W )

|E|
1+

1

r
+

1

p
−

1

q

<∞,

where the supremum is taken over all measurable sets E and W of the same positive measure.

A necessary condition for (4) is

S := sup
|E|=|W |

ν(E)µ(W )

|E|
1+

1

p
−

1

q |E −W |
1

r

<∞,

where the supremum is taken over all measurable sets E and W of the same positive measure.
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A criterion for the resolvent of a Schrodinger operator with δ-interactions to be kernel

Let ck > 0, {tk}
∞

k=1
∈ (0,∞) : tk ր∞,

q(x) =
∞
∑

k=1

ckδ(x− tk).

Let us consider Sturm-Liouville operator L, which is generated by differential expression l(y):

l(y) = −y′′ + q(x)y(1)

with domain
{ }
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D(L) =
{

y ∈W 1

2
(I) : y′(0) = 0, y ∈W 2

2
(I\{tk}), l(y) ∈ L2(I), y

′(tk + 0)− y′(tk − 0) = cky(tk)
}

.

Operator L is self-conjugate (see [1]).
Let us define Otelbaev function [2]

q∗(x) := inf{d−2 :
∑

tk∈[x− d

2
,x+ d

2
]

ck ≤ d−1}.

Theorem 1. The following statements are equivalence:
1) The spectrum of operator L is discrete;
2) q∗(x)→∞ when |x| → ∞;
3) For every ∆ > 0 the following holds

∑

tk∈[y,y+∆]
ck →∞ for y →∞.

Theorem 2. Let the spectrum of operator L is discrete. L−1 ∈ σ1 if and only if
∫

∞

0

dx

(q∗(x) + 1)1/2
<∞.

Corollary 3. Let ck = 1, tk = kα then L−1 ∈ σ1 if and only if 0 < α < 1/3.

[1] Kostenko, A. S. and Malamud, M. M. One-dimensional Schrodinger operator with δ-interactions, Functional
Analysis and Its Applications, 44:2, 151-155 (2010).

[2] Otelbaev, M., Two-sided estimations of distribution of Sturm-Liouville operator eigenvalues, Math. Notes,
20:6, 859-867 (1976).
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Microlocal analysis in Colombeau algebras

Algebras of generalized functions initially had been introduced to handle the problem of
multiplication of distributions as it arises in nonlinear differential equations with distribution
data and in perturbation expansions in quantum field theory. In the past decade it became
obvious, that – especially the Colombeau algebras – would provide a framework for linear partial
differential equations with non-smooth coefficients. In this situation, the problem of multiplying
distributions arises from products of the non-smooth coefficients with derivatives of the, in
general, equally non-smooth solutions.

Apart from the existence theory for generalized solutions, the questions of regularity and
propagation of singularities are important issues (for understanding the behavior of the general-
ized solutions). By now, a full-fledged regularity theory, based on pseudodifferential operators,
Fourier integral operators, duality theory and (generalized) microlocal analysis has been devel-
oped in joint efforts by many authors.

This talk is intended as a survey of microlocal methods in the Colombeau framework, some
of their applications and future directions.
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On Hardy inequality for disfocality and disconjugacy of half–linear differential equations
of second order

Notions such as disfocal and disconjugate equations play a very important role in the qualita-
tive theory of differential equations. In theory of linear and half–linear second order differential
equations disfocality and disconjugacy properties on a given interval with regular and singu-
lar endpoints have been investigated comparatively less than nonoscillatory properties of these
equations. The Riccati technique and the Lyapunov, La Vallee–Poussin and Opial inequalities
are often used to find disfocality and disconjugacy properties on a given interval (see e.g., [1,
Chapter 5]). We investigate the problems of disfocality and disconjugacy on a given interval
of half–linear second order differential equations. We obtain new disfocality and disconjugacy
conditions of half–linear differential equations by applying (see e.g., [2]) the variational method
and the known results of the theory of weighted Hardy type inequalities.

[1] Došlý, O. and Řehák, P. Half–linear differential equations, Math. Studies, North-Holland, 202 (2005).
[2] Oinarov, R. and Rakhimova, S.Y. Weighted Hardy inequalities and their applications to oscillation theory of

half-linear differential equations, Eurasian Math. J., Vol. 1, No. 2, 110-121 (2010).
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Weighted inequalities for a class of matrix operators: the case 1 < q < p <∞

We find necessary and sufficient conditions on weighted sequences ωi, i = 1, 2, ...n− 1, u and

v, for which the operator (Sn−1f)i =
i
∑

k1=1

ω1,k1 · · ·

kn−2
∑

kn−1=1

ωn−1,kn−1

kn−1
∑

j=1

fj , i ≥ 1 is bounded from

lp,v in lq,u, for 1 < q < p <∞.
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Gauge theoretic methods in real algebraic geometry

I will report on a recent joint paper with A. Teleman (arXiv:1206.4271):

’A wall crossing formula for degrees of real central projections’

The main idea in this paper is that the principle of conservation of numbers in
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The main idea in this paper is that the principle of conservation of numbers in
complex algebraic geometry should be replaced by wall crossing formulas in real
algebraic geometry.

In my talk I will:

- introduce the concept of relative orientations of maps between not neces-
sarily orientable manifolds

- sketch the proof of a wall crossing formula for real central projections
- describe the geometry of the wall in the space of these maps
- explain these results with examples arising from applied mathematics,
namely spaces of rational functions, and Wronski maps
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Approximate dual M-frames constructions: the Gabor case

The constructions of M-frames from a template window, which is itself the superposition
of several windows, thus creating a new window having special properties suitable for a given
application, implies large computational costs of handling and storage for the highly redundant
expansion. An alternative for easing the extensive computations would be the use of approximate
dual systems. We are aiming to provide a general numerical procedure for approximate M-
frames constructions and from it we will derive all the algorithmical steps needed to construct
approximate multi-window dual Gabor atoms.
[1] D. Onchis, H.-G. Stark., H. G. Feichtinger, C. Wiesmeyr, N. Holighaus, D. Lantzberg, and F. Lieb, Deliverable

2.2: M-frame constructions, http://unlocx.math.uni-bremen.de, Technical report of the European project
UNLOCX, (2012).

[2] J. Costas. A study of a class of detection waveforms having nearly ideal range-Doppler ambiguity properties,
Proceedings of the IEEE, 72:996–1009, (1984).
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The conditions of local differentiability of solutions of stationary Schrödinger equation
with discontinuous coefficients

Let n ≥ 3 and Ω be a bounded set in Rn. It is known [1], that if in the equation

−∆u+ q(x)u = f(x), x ∈ Ω, (1)

the functions q, f belong to the class Lp,loc(Ω), p > n, then its generalized solution u has
continuous partial derivatives of the first order in Ω. Such statement is not true, if q, f ∈

Ln,loc(Ω). The question arises: if the restrictions to functions q and f in equation (1) to formulate
in terms other than Lp spaces, then what are the conditions on these spaces that are sufficient
to ensure that the solution u be a continuously differentiable inside Ω?
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Hardy type inequalities on balls

This talk is based on my recent joint-work with Shuji Machihara and Hidemitsu Wadade. We
revisit the Hardy inequalities on balls with radius R at the origin in R

n with n ≥ 2. We describe
how the behavior of functions on the boundary affects the Hardy type inequalities. A special
attention is paid on the case n = 2 with logarithmic correction.

[1] O. A. Ladyzhenskaya, The mathematical theory of viscous incompressible flow, Second English edition,

revised and enlarged. Translated from the Russian by Richard A. Silverman and John Chu. Mathematics and

its Applications, Vol. 2 , Gordon and Breach, Science Publishers, New York-London-Paris, (1969).
[2] J. Leray, Etude de diverses équations integrales non linéaires et de quelques problèmes que pose

l’hydrodynamique, J. Math. Pures Appl. 12 (1933), 1–82.
[3] S. Machihara, T. Ozawa and H. Wadade, Hardy type inequalities on balls, Tohoku Math. J. (in press)

to ensure that the solution u be a continuously differentiable inside Ω?
The answer to this question represents a specific theoretical interest and is important in

applications. In this work it is received for the normed spaces M(Ω) with the norm ‖·‖
M(Ω)

,

satisfying the following conditions:
a) the set C∞

0
(Ω) is dense in M(Ω);

b) M(Ω) →֒ L1(Ω);
c) if ϕ ∈M(Ω), then ψϕ ∈M(Ω) for any function ψ from C∞

0
(Ω);

d) if ϕ ∈M(Ω), then |f | ∈M(Ω) and ‖|f |‖
M(Ω)

≤ C ‖f‖
M(Ω)

, where C is independent of the

f .
Assume that 0 < α < n. We denote by Pα(Ω) the space obtained by completing C∞

0
(Ω) on

the norm

‖u‖
Pα(Ω)

= sup
x∈Ω

∫

Ω

|u(y)|

|x− y|α
dy.

It is easy to verify that Pα(Ω) satisfies all of the conditions a) - d).
Theorem. If the functions q and f belong to the class M(Ω) with the properties a) - d),

then the generalized solution u of the equation (1) is continuously differentiable inside Ω if and

only if M(Ω) ⊆ Pn−1(Ω).
We note that the spaces of non-smooth functions satisfy the conditions a) - d). However,

the theorem allows us to find exact conditions of differentiability of the solutions of equa-
tion (1) in terms of the spaces of smooth functions, for example, S.L. Sobolev space W s

p
(Ω)

(1 ≤ p ≤ ∞, s > 0) and .V.Besov space Bs

p,θ
(1 ≤ θ, p ≤ +∞, s > 0).

[1] Ladyzhenskaya, O.A. and Ural’tseva, N.N., Linear and Quasilinear Elliptic Equations, (Russian), Nauka,
Moscow, (1973).
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An alternative proof of the inverse Fueter mapping theorem

Fueter’s theorem [3] is a basic result in Clifford analysis which provides a way to generate axial
monogenic functions starting from a holomorphic function. The aim of this talk is to present an
alternative proof of the fact that the Fueter mapping is surjective on the set of axial monogenic
functions. The method we present here is complementary to the one obtained in [1] and can be
found in [2]. As a byproduct, we also obtain an explicit description of the kernel of the Fueter
mapping.

[1] F. Colombo, I. Sabadini and F. Sommen, The inverse Fueter mapping theorem in integral form using spherical

monogenics. Israel Journal of Mathematics 2012, DOI: 10.1007/s11856-012-0090-4.
[2] F. Colombo, D. Peña Peña, I. Sabadini and F. Sommen, A new integral formula for the inverse Fueter

mapping theorem, arXiv: 1302.0685, 2013.
[3] F. Sommen, On a generalization of Fueter’s theorem. Z. Anal. Anwendungen 19 (2000), no. 4, 899–902.
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Continuous slice functional calculus in quaternionic Hilbert spaces

We define a continuous functional calculus in quaternionic Hilbert spaces, starting from basic
issues regarding the notion of spherical spectrum of a normal operator. As properties of the
spherical spectrum suggest, the class of continuous functions to consider in this setting is the one
of slice quaternionic functions. Slice functions generalize the concept of slice regular function,
which comprises power series with quaternionic coefficients on one side and that can be seen as
an effective generalization to quaternions of holomorphic functions of one complex variable. The
notion of slice function allows to introduce suitable classes of real, complex and quaternionic
C

∗–algebras and to define, on each of these C
∗–algebras, a functional calculus for quaternionic

normal operators. In particular, we establish several versions of the spectral map theorem.

[1] Ghiloni, R., Moretti, V. and Perotti, A., Continuous slice functional calculus in quaternionic Hilbert spaces,
Rev. Math. Phys., 25, No. 4 (2013).
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The Essential Boundary in Hilbert Spaces of Polyanalytic Functions.

A Fredholm symbolic calculus is constructed for poly-Toeplitz operators with continuous sym-
bol and I will explain how such symbol requires the notion of j-essential boundary. The symbol
calculus is well known for Bergman-Toeplitz operators, in which setting the removal boundary is
a subset of the boundary having zero transfinite diameter. Some surprising differences between
the analytical and the poly-analytical case will be presented.

[1] Lúıs V. Pessoa, Toeplitz Operators and the Essential Boundary on Polyanalytic Functions, Internat. J. of
Math., 24, No. 6 (2013) 1350042 (23 pages) (DOI: 10.1142/S0129167X13500420).
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The Gomory-Hu inequality and balleans of finite ultrametric spaces

It was proved by Gomori and Hu in 1961 that for every finite nonempty ultrametric space
(X, d) the following inequality |Sp(X)| 6 |X| − 1 holds with Sp(X) = {d(x, y) : x, y ∈ X, x 6= y}
(see [1]). Denote by U the set of spaces for which the equality in this inequality is attained. The
spaces X ∈ U are characterized by structural properties of some graphs connected with X. It is
shown that a finite ultrametric space (X, d), |X| > 2, belongs to U if and only if the rooted tree
TX representing (X, d) is strictly binary and the labels of different internal nodes are different
(see [2]).

For a metric space X we denote by BX the set of all balls (ballean) of this space.
Let X and Y be metric spaces. A mapping F : X → Y is called ball-preserving if for every

Z ∈ BX and W ∈ BY the following relations

F (Z) ∈ BY and F−1(W ) ∈ BX ,

hold, where F (Z) is the image of Z under the mapping F and F−1(W ) is the preimage of W
under this mapping.

It is shown that the rooted trees TX and TY representing finite ultrametric spaces X and Y

are isomorphic if and only if there exists a ball-preserving bijection F : X → Y (see [3]).
[1] Gomory, R. E. and Hu, T.C., Multi-terminal network flows, SIAM 9(4): 551–570, (1961).
[2] Petrov, E. and Dovgoshey O., On the Gomori-Hu inequality , http://arxiv.org/abs/1211.2389.
[3] Petrov, E., Ball-preserving mappings of finite ultrametric spaces, http://arxiv.org/abs/1302.5896.
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Optimal Polynomial Admissible Meshes for C 1,1 compacta of Rd

Admissible Meshes (AM) [1] are sequences {An}n∈N of finite subsets of a given compact
set K ⊂ R

d (or Cd) such that Card(An) grows polynomially w.r.t. n and the following inequality
holds for any polynomial p ∈ Pn(Rd) of degree at most n

(1) ‖p‖C (K) ≤ C max
An

|p|.

AM was introduced in [1] as suitable sets where to perform the sampling for the discrete

least square polynomial approximation. In [2] A. Kroó defines Optimal AMs as AMs which
cardinality grows at optimal ( i.e. ∼ dimPn(Rd) ) rate O(nd). He also provides an existence
result for star-like smooth compact subsets of Rd.

In this talk we present our recent result [3][Th. 3.7].

Theorem 1. If Ω ⊂ R
d is a bounded C 1,1 domain, then Ω has an Optimal Admissible Mesh.

The proof is fully constructive and lays on the regularity properties that the distance function

(w.r.t. ∁Ω) inherit from the boundary.
The main features of AMs are also discussed, both as theoretical motivations and applications.

Namely, starting from an AM, one can extract by standard Linear Algebra some quasi-optimal
interpolation arrays, say Approximate Fekete and Leja points [4]. Moreover the sequence of
uniform probability measures {µn}N ⊂ M (K) canonically associated to an AM An ⊂ K can be
used to compute the Pluripotential Equilibrium Measure µK of the given compact K and the
Siciak Extremal Function VK . Finally given an holomorphic function f the sequence of L2

µn
-least

squares polynomials pn is maximally convergent to f on K (see [5]).
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Evolutionary Equations with Material Laws Containing Fractional Integrals

A well-posedness strategy for a time-shift invariant class of evolutionary operator equations
as discussed in [1, 2] is applied to material laws involving fractional time-integration. This
leads to evolutionary problems with fractional time-derivatives. Fractional time-differentiation
is established in the framework of an function calculus for the time derivative ∂0 as a normal
operator. A class of such material laws of the form

∑

α∈Π

∂−α
0

Mα

with bounded, linear coefficient operator Mα : H → H, α ∈ Π, H Hilbert space, where Π is a
finite subset of [0, 1], is characterized, for which well-posedness of the corresponding evolutionary
problem

(

∑

α∈Π

∂1−α

0
Mα +A

)

U = f,

where for example A is skew-selfadjoint in H, can be shown. The approach is exemplified by an
application to a fractional Kelvin-Voigt type model in solid mechanics.

[1] Picard, R. and McGhee, D. F., Partial Differential Equations: A Unified Hilbert Space Approach,
Volume 55 of De Gruyter Expositions in Mathematics. De Gruyter. Berlin, New York. 518 p., (2011).

[2] Picard, R., A Class of Evolutionary Problems with an Application to Acoustic Waves with Impedance

Type Boundary Conditions, volume 221 of Operator Theory, Advances and Applications, pages 533–
548. Birkḧı¿œuser Science, Springer, Berlin, (2012).
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Regularity properties of generalized functions

Stevan Pilipovic

We introduce new spaces of Zygmund and Bessov - type generalized functions. Then we
consider Schwartz’s distributions embedded into such soaces and find conditions which imply
that an embedded distribution is actually an embedded Zygmund or Besov function. With this
investigations we complete our program of determining spaces of generalized functions which
correspond to classical function spaces.

[1] J.P. Calvi and N.Levenberg, Uniform approximation by discrete lest squares polynomials, Journal on Ap-
proximation Theory vol. 152 (2004), 82-100.

[2] A. Kroó, On optimal Polynomial Meshes, Journal on Approximation Theory vol. 163 (2011), 1107-1124.
[3] F.Piazzon, Optimal polynomial admissible meshes on compact subset of R

d with mild boundary regular-

ity ,preprint submitted to Journal on Approximation Theory. (May 2013).
[4] L. Bos, S. De Marchi, A.Sommariva, M. Vianello, Weakly admissible meshes and discrete extremal sets,

Numer. Math. Theory Methods Appl.,vol 4(1)(2011),1-12.
[5] F.Piazzon, Weighted pluripotential theory results of Bergman and Boucksom, arXiv:1010.4035v1, 2010.
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Monogenic functions in infinite-dimensional vector spaces with a commutative
multiplication

Analytic function methods in the complex plane for plane potential fields inspire searching
analogous effective methods for solving spatial problems of mathematical physics.

An algebraic-analytic approach to equations of mathematical physics is developed at the
Department of Complex Analysis and Potential Theory of the Institute of Mathematics of the
National Academy of Sciences of Ukraine. This approach means a finding of commutative
Banach algebra such that monogenic (continuous differentiable in the sense of Gateaux) functions
with values in this algebra have components satisfying the given equation with partial derivatives.
Such algebras are constructed for the biharmonic equation and the three-dimensional Laplace
equation and elliptic equations degenerating on an axis that describe axial-symmetric potential
fields (see [1, 2, 3, 4]).

We consider monogenic functions taking values in topological vector spaces being expansions of
certain infinite-dimensional commutative Banach algebras associated with the three-dimensional
Laplace equation. We establish that every harmonic function is a component of the mentioned
monogenic functions (see [5]).

[1] Mel’nichenko, I. P., The representation of harmonic mappings by monogenic functions, Ukr. Math. J., 27,
no. 5, 499–505 (1975).

[2] Kovalev, V. F. and Mel’nichenko, I. P., Biharmonic functions on the biharmonic plane, Reports Acad. Sci.
Ukraine, Ser. A., no. 8, 25–27 (1981) [in Russian].

[3] Mel’nichenko, I. P. and Plaksa, S.A., Commutative algebras and spatial potential fields, Inst. Math. NAS
Ukraine, Kiev (2008) [in Russian].

[4] Plaksa, S. A., Commutative algebras associated with classic equations of mathematical physics, Advances in
Applied Analysis, Trends in Mathematics, Springer, Basel, 177–223 (2012).

[5] Plaksa, S. A., Shpakivskyi, V. S. A description of spatial potential fields by means of monogenic functions

in infinite-dimensional spaces with a commutative multiplication, Bulletin de la Societe des Sciences et des
Lettres de Lodz, 62, no. 2, 55–65 (2012).
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In memory of Promarz M. Tamrazov

Promarz M. Tamrazov (1933 – 2012) was an outstanding and leading specialist in complex
analysis, potential theory and related fields of Mathematics.

He solved many open problems which were posed and tackled by other scientists. In particular:
- he developed the theory of complex finite-difference smoothnesses of any order on general sets

in the complex plane and solved the difference contour-solid problems for holomorphic functions
posed by Sewell in 1942, and developed a general contour-solid theory for holomorphic and
meromorphic and subharmonic functions. The obtained results enabled to solve open problems
of approximation theory on complex sets (see [1, 2, 3]);

- he solved the Gonchar’s extremal problem on capacities of condensers and for this purpose
he developed a method based on mixing signed measures or charges (see [4]);

- he investigated general properties of extremal lengths and extremal metrics, and solved
problems concerning finding extremal metrics and moduli of some nonorientable and twisted
Riemannian manifolds, including the problem for Mobius strip that had been tackled by Pu in
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1952 but not solved (see [5, 6]);
- he solved extremal problems for conformal mappings associated with multipole quadratic

differentials (see [7, 8]).
His fundamental results gave rise to fruitful investigations of many mathematicians.

[1] Tamrazov, P.M. Smoothnesses and polynomial approximation, Naukova dumka, Kiev (1975) [in Russian].
[2] Tamrazov, P.M. Structural and approximational properties of functions in the complex domain, ISNM 40,

Birkhauser, Basel, 503–514 (1978).
[3] Tamrazov, P.M. Local contour-and-solid problem for subharmonic functions, Complex Variables Theory

Appl., 7, no. 1–3, 231–242 (1986).
[4] Tamrazov, P.M. A.A. Gonchar‘s extremal problem on capacities of condenseres. The method of mixing of

charges, Amer. Math. Soc. Transl. Ser. 2, 132, 75–108 (1986).
[5] Tamrazov, P.M. Methods of studying extremal metrics and moduli in a twisted Riemannian manifold, Russian

Academy of Sciences. Sbornik Mathematics, 75(2):333 (1993).
[6] Tamrazov, P.M. Moduli and extremal metrics on nonorientable and twisted Riemannian manifolds, Ukr.

Math. J., 50, no. 10, 1586–1596 (1995).
[7] Tamrazov, P.M. Parametrization of extremals for some generalization of Chebotarev’s problem, Georgian

Math. J., 17, no. 3, 597–619 (2010).
[8] Tamrazov, P.M. Parametrization of extremals of Grötzsch’s problem, Ukr. Math. Bulletine, 7, no. 4, 569–582

(2010).
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Berkovich spaces over Z

In the late eighties, Vladimir G. Berkovich defined a notion of p-adic analytic space that
has since developed quickly and found numerous applications (see [1]). Although those spaces
usually appear in a non-archimedean setting, it is worth noticing that their general definition
actually allows arbitrary Banach rings as base rings, e.g. Z endowed with the usual absolute
value. Over the latter, they look like fibrations that contain complex analytic spaces as well as
p-adic analytic spaces for every prime number p.

In [2], we carried out a detailed study of the affine analytic line over Z. The purpose of the
talk is to investigate the local theory of affine spaces of any dimensions. More precisely, we will
explain that it is possible to generalize the Weierstrass division theorem to this setting and then
follow quite closely the strategy that is used in complex analytic geometry.

We obtain the following results (see [3]). Let x be a point in an affine analytic space over Z.
We prove that the local ring Ox is Noetherian, regular and excellent. A direct study ensures
that it is also Henselian. Pushing the methods further, we show that the structure sheaf O is
coherent. The results actually also hold for more general base rings such as rings of integers
of number fields or discrete valuation rings (with the additional assumption that their fraction
fields have characteristic 0 as regards excellence).

[1] V. G. Berkovich, Spectral theory and analytic geometry over non-Archimedean fields, Mathematical Surveys
and Monographs, vol. 33, American Mathematical Society, Providence, RI, 1990.

[2] J. Poineau, La droite de Berkovich sur Z, Astérisque 334 (2010), p. xii+284.
[3] J. Poineau, Espaces de Berkovich sur Z : étude locale, Invent. Math., to appear.
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On the position of a chaotic solution close to a homoclinic orbit

The assumption that the critical point of a homoclinic solution is a fixed point with respect to
a perturbation was used in [2] to investigate the persistence of a homoclinic trajectory in discon-
tinuous systems with the critical point on the discontinuity boundary. This assumption creates
also new possibilities for investigation of solutions close to the homoclinic orbit of unperturbed
problem. We apply a construction of a solution of perturbed discontinuous system via fixed
point theorem proposed by Battelli and Fečkan in [1] to find solutions in the neighbourhood
of the homoclinic one. The chaotic behaviour of this solution is proved and it is shown that
a local analysis of this solution is sufficient to determine its position with respect to manifold
Ω0 containing the critical point. By linearization in the neighbourhood of the critical point, it
is proved that the chaotic solution of perturbed system remains for all the time in the same
halfspace! bounded by Ω0. Our results can be easily applied also for discontinuous systems
possessing homoclinic solution.

To our knowledge, position of a chaotic solution near homoclinic orbit has never been inves-
tigated and similar results has not yet been presented.
[1] Battelli, F. and Fečkan, M., On the chaotic behaviour of discontinuous systems, J. Dyn. Differ. Equ., 23,

495-540 (2011).
[2] Calamai, A. and Franca, M., Mel’nikov methods and homoclinic orbits in discontinuous systems, J. Dyn.

Differ. Equ., (to appear).
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On the spectral behavior of the Neumann Laplacian under mass density perturbation

Let Ω be a bounded open set in R
N of class C2. We consider the classical eigenvalue problem

{

−∆u = λρu, in Ω,
∂u

∂ν
= 0, on ∂Ω,

in the unknowns u (the eigenfunction) and λ (the eigenvalue). The parameter ρ is a positive
bounded measurable function which can be understood as a mass density, in which case M =
∫

Ω
ρdx represents the corresponding total mass. We discuss stability results for the dependence of

the eigenvalues and eigenfunctions upon variation of ρ. In particular, we consider the case where
M is fixed and ρ = ρε, ε > 0 is a family of mass densities concentrating near the boundary of Ω
as ε→ 0. We prove norm resolvent convergence of such Neumann problems to the appropriate
limiting Steklov problem. In the case where Ω is a ball, explicit computations allow to prove
differentiability of the eigenvalues upon variation of ε and provide formulas for the derivatives
at ε = 0.
[1] Lamberti, P.D., Absence of critical mass densities for a vibrating membrane, Applied Mathematics and

Optimization, 59, 319-327 (2008).
[2] Lamberti, P.D., Provenzano, L., A maximum principle in spectral optimization problems for elliptic operators

subject to mass density perturbations, preprint (2013).
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The hidden symmetry analysis of Lax type integrable nonlinear dynamical systems
within the Lie-algebraic, symplectic and differential-algebraic approaches

It is well known that hidden symmetry properties, related with symplectic, differential-
geometric, differential-algebraic or analytical structures of nonlinear Hamiltonian dynamical
systems on functional manifolds, such an infinite hierarchy of conservation laws and compatible
Poissonian structures, often give rise to their Lax type integrability. This fact was extensively
worked out by many researches during past half century and a very powerful so called inverse
Lie-algebraic orbit method of constructing hierarchies of a priori Lax type integrable nonlinear
dynamical systems was devised. Recently when studying integrability properties of infinite so
called Riemann type hydrodynamical hierarchies, a new direct approach to testing the Lax type
integrability of a priori given nonlinear dynamical system of special structure, based on treating
the related both symplectic and differential-algebraic structures of involved differentiations, was
recently suggested and devised by the author with his coworkers. By means of this technique
the direct integrability problem was effectively enough reduced to the classical one of finding the
corresponding compatible representations in suitably constructed differential rings. Concerning
the mentioned above inverse Lie-algebraic orbit method, as its name says, consists in studying
so called invariant orbits of the coadjoint group Ĝ action on a specially chosen element l ∈ G∗,

where G∗ is the conjugate space to the Lie algebra G of a suitably chosen, in general formal,
group Ĝ. In other words, the main Lie-algebraic essence of this approach consists in considering
functional invariance and related symplectic properties of these extended orbits in G∗, generated
by the given element l ∈ G∗ and inherited from the standard Lie algebra structure of the set
G. From this point of view, subject to this extension scheme of constructing a priori Lax type
integrable dynamical systems, it was natural enough to search for another way of construct-
ing such systems, but based on a suitably chosen reduction construction of the corresponding
coadjoint group Ĝ action on the already general element l ∈ G∗. Happily, in the modern
symplectic geometry such a reduction method was well developed many years ago by Marsden
and Weinstein [1] and effectively applied to studying integrability properties of some nonlinear
dynamical systems on finite-dimensional symplectic manifolds. Thus, a next step, consisting in
developing this reduction method and applying it to the case of infinite dimensional dynamical
systems on functional manifolds, was quite natural and effectively realized in [3]. The latter, in
particular, made it possible to strongly generalize results of [2] and apply them to studying a
new physically feasible and important model in modern quantum physics.
[1] Abraham R., Marsden J.E. Foundations of mechanics. Benjamin/Cummins Publisher, (1978)
[2] Prykarpatsky Y.A., Samoilenko A.M., Prykarpatsky A.K. The geometric properties of canonically reduced

symplectic spaces with symmetry, their relationship with structures on associated principal fiber bundles and
some applications. Opuscula Mathematica, 25(2), 287-298 (2005).

[3] Prykarpatsky Ya. A description of Lax type integrable dynamical systems via the MarsdenWeinstein reduction
method. Commun. Nonlinear Sci. Numer. Simulation, 72(3), 231-242 (2013)
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Monogenic functions in a three-dimensional harmonic semi-simple algebra

Let A1 be a three-dimensional commutative associative Banach algebra over the field of com-
plex numbers C. Let {I1, I2, I3} be a basis of the algebra A1 with the multiplication table

Ik
2 = Ik, IkIj = 0, k, j = 1, 2, 3, k 6= j .

The unit of A1 is represented as the sum of idempotents: 1 = I1 + I2 + I3.
Algebra A1 is harmonic because there exist bases {e1, e2, e3} in A1 satisfying the condition

e1
2 + e2

2 + e3
2 = 0 and e2k 6= 0, n = 1, 2, 3.

Let E3 := {ζ = xe1 + ye2 + ze3 : x, y, z ∈ R} be a linear span in A1 over the field of real
numbers R. In what follows, ζ = xe1 + ye2 + ze3 and x, y, z ∈ R.

Let Ω be a domain in E3. We say that a continuous function Φ : Ω→ A1 is monogenic in Ω
if Φ is differentiable in the sense of Gateaux in every point of Ω, i.e. if for every ζ ∈ Ω there
exists an element Φ′(ζ) ∈ A1 such that

lim
ε→0+0

(Φ(ζ + εh)− Φ(ζ)) ε−1 = hΦ′(ζ) ∀h ∈ E3.

Φ′(ζ) is the Gateaux derivative of the function Φ in the point ζ.
Consider three linear continuous multiplicative functionals fk : A1 → C for k = 1, 2, 3 such

that fk(Ik) = 1, fk(Ij) = 0, j = 1, 2, 3, k 6= j.
We introduce the notation:

ξk := fk(ζ) = fk(xe1 + ye2 + ze3), Dk := fk(Ω),

Lk : {xe1 + ye2 + ze3 : Re ξk = 0 , Im ξk = 0 , x , y , z ∈ R}, k = 1, 2, 3.

Theorem 1. In an arbitrary domain Ω convex in the direction of the straight line Lk for

all k ∈ {1, 2, 3}, every monogenic function Φ(ζ) can be explicitly constructed with using three

holomorphic functions in the form:

Φ(ζ) = F1(ξ1)I1 + F2(ξ2)I2 + F3(ξ3)I3,

where ξj = fj(ζ) and Fj is a function holomorphic in the domain Dj for j = 1, 2, 3
Theorem 2. Let a domain Ω ⊂ E3 be convex in the direction of the straight line Lk for all

k ∈ {1, 2, 3} and a function Φ : Ω → A1 be monogenic in Ω. Then Φ can be continued to a

function monogenic in the domain ∆ := {ζ = xe1 + ye2 + ze3 : fk(ζ) ∈ Dk, k = 1, 2, 3}.
Theorem 3. For every monogenic function Φ : Ω → A1 in an arbitrary domain Ω, the

Gateaux n-th derivatives Φ(n) are monogenic functions in Ω for any n.
[1] Mel’nichenko I. P. and Plaksa S. A., Commutative algebras and spatial potential fields, Kiev, Inst. Math.

NAS Ukraine, 230 pp. (2008) [in Russian].
[2] Plaksa S. A. and Shpakivskyi V. S., Constructive description of monogenic functions in a harmonic algebra

of the third rank, Ukr. Math. J., 62, 8., 1078-1091 (2010).
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Modelling - a problem not only for secondary school students

One of main objectives of mathematics education is achieving by students skills to solve
problems encountered in everyday life. Finding a solution to the problem forces the creation
of a mathematical model of a given situation. I decided to investigate whether students of
mathematics, so those who have already gone through a sufficient stage of education needed to
obtain the desired performance, possess such skills.
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Questions on Approximation by Reproducing Kernels of Clifford Hardy spaces

In the one complex variable setting there have existed well developed approximation results to
functions in the Hardy spaces that are with the key words mono-components, adaptive Fourier
decomposition, optimal rational approximation, Takenaka-Malmquist system, Beurling-Lax shift
and backward shift invariant subspaces. Part of the results in one dimension can be generalized
to multi-dimensional cases under the several complex variables and the Clifford algebra settings.
But there are obstacles. The talk will recall old and new results and open questions in this
research direction.

[1] T. Qian, W. Sproessig and J-X. Wang, Adaptive Fourier decomposition of functions in quaternionic Hardy

spaces, Mathematical Methods in the Applied Sciences. (35) 2012, 43-64. 10.1002/mma.1532.
[2] T. Qian, J-X. Wang, Some Remarks on the Boundary Behaviors of Functions in the Monogenic Hardy Spaces,

Adv. Appl. Clifford Algebras, Volume 22, Number 3, 2012, 819-826.
[3] T. Qian, J-X. Wang and Y. Yang, Matching Pursuits among Shifted Cauchy Kernels in Higher-Dimensional

Spaces, accepted to appear in Acta Mathematica Sinica.

Respondents were asked to create a scheme that allows to calculate the cost of a school
trip. The scheme was supposed to be so general and clear that it could be used by another
organizer while planning a similar trip. Students, forced to create a mathematical model of
a known everyday life situation, approached the problem in different ways. Therefore, the
analysis of the work was carried out from different angles. Similarly as while solving the task,
the respondents had to determine the data first - the constants and variables, and then to identify
and precisely formulate the relationship between them so as to finally create the mathematical
model that allows to obtain the desired result. I have carefully analysed those three stages of
problem solving. Despite the diversity of solutions, common features can be found. The work of
students shows that the majority of respondents are aware of the need to use variables to ensure
the generality of the model, although specific data appear in some works. This indicates the
difficulty of using generalizations. Despite the fact that more than a half of the works show a
scheme that is based on a well thought out conception of solving the problem, which is properly
presented with the use of variables, only four out of eleven schemes work correctly. Does it mean
that students cannot mathematize? It is a problem that is certainly worth considering.
[1] Warwick, J., Some Reflections on the Teaching of Mathematical Modeling , The Mathematics Educator, 17,

32-41 (2007).
[2] Muzyczka, D., The differences in mathematical thinking of children in the in-school and out-of-school situa-

tions, vol. 1, Supporting Independent Thinking Through Mathematical Education, Rzeszw (2008).
[3] Carraher, T. N., Carraher, D. W. and Schliemann A. D., Mathematics in the streets and in schools, British

Journal of Developmental Psychology, 3, 21-29 (1985).
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Diffraction by periodic graphs

The talk is devoted the diffraction by graphs Γ imbedded in R
2 periodic with respect to the

action of the group Z
n, n = 1, 2. We consider the Helmholtz equation

(1) Gu(x) = ρ(x)∇ · ρ−1(x)∇u(x) + a(x)u(x) = g(x), x ∈ R
2\Γ

where ρ is a density of a medium, a = ω
2

c2
, ω > 0 is a frequency of harmonic vibrations, c is a

velocity of the sound. We add to equation (1) transmission conditions on Γ

[u(t)]
t∈Γ\V

= 0,
[

α(t)
∂u(t)

∂nt

]

t∈Γ\V

+ β(t)u(t) = f(t), t ∈ Γ\V, f ∈ L2(Γ)

where V is a set of vertices of the graph Γ, α ∈ PC(R2,Γ) the space of the bounded piece-wise
continuous functions on R

2 with discontinuities on Γ, β ∈ PC(Γ,V) the space of bounded piece-
wise continuous functions on Γ with discontinuities at vertices, [ϕ(t)]

t∈Γ\V
is the jump of ϕ at

the point t ∈ Γ\V. We introduce single and double layer potentials connected with the operator
G and reduce the transmission problem to a pseudo-differential equation on the graph Γ. We
obtained necessary and sufficient conditions for the boundary pseudo-differential operators to
be Fredholm in L2(Γ).

MSC2010: 81Q35,78A45
Keywords: Helmholtz Operators, Periodic Graphs, Diffraction.
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Potential Type Operators in Weighted Variable exponent spaces on some Carleson
Curves

We consider the operators of single and double-layer potentials acting in weighted variable
exponent Lebesgue space Lp(·)(Γ, w) on some composed Carleson curves. We assume that the
simple curves which form a node t0 are slowly oscillating near the point t0. We obtain the
Fredholm criterion for operators A = aI + DΓ,g : L

p(·)(Γ, w) → Lp(·)(Γ, w) where DΓ,g is the
operator of the form

DΓ,gu(t) =
1

π

∫

Γ

g(t, τ) (ν(τ), t− τ)u(τ)dl

|t− τ |2
, t ∈ Γ,

where ν(τ) is the inward unite normal vector to Γ at the point τ ∈ Γ\F , dl is the oriented
Lebesgue measure on Γ, a : Γ→ C, g : Γ× Γ→ C are a bounded functions with discontinuities
at the nodes only.
We also consider the operators A = aI + bLΓ of the logarithmic potential where

LΓu(t) =
1

π

∫

Γ

log(|t− τ |)u(τ)dl, t ∈ Γ.

We wil give applications to the Dirichlet and Neumann problem with boundary function in
Lp(·)(Γ, w) for domains with a simple connected boundaries having a finite set of oscillating
singularities.
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Boundary value problems with state-dependent impulses

Impulsive differential equations have attracted lots of interest due to their important appli-
cations in many areas such as aircraft control, drug administration, and threshold theory in
biology. A particular case of impulsive problems are problems with impulses at fixed moments.
This occurs when the moments, at which impulses act in state variable, are known. Very different
situation arises, when the impulses appear in evolutionary trajectories fulfilling a predetermined
relation between state and time variables. This case, which is represented by state-dependent
impulses, is discussed here. In particular, we investigate the solvability of boundary value prob-

lems with state-dependent impulses. As the methods used for problems with impulses acting
at fixed points do not apply to problems with state-dependent impulses, only few paper deal-
ing with state-dependent case may be found in the literature. Most of them consider periodic
problems, see e.g. [1].

The main cause of difficulties in the investigation of problems with state-dependent impulses
lies in the following fact: the operator, corresponding to the problem with state-dependent
impulses which is constructed in a standard way (used for problems with fixed-time impulses),
is not continuous. Therefore, in [2] and [3] we provide a new approach which makes possible to
find sufficient conditions for solvability of the problem

z′′(t) = f(t, z(t), z′(t)), for a.e. t ∈ [a, b],

z(τi+)− z(τi) = Ji(τi, z(τi)), z′(τi+)− z′(τi−) = Mi(τi, z(τi)), ℓ(z, z′) = c,

where the points τ1, . . . , τp depend on z through the equations

τi = γi(z(τi)), i = 1, . . . , p, p ∈ N.

Here f fulfils the Carathéodory conditions, the impulse functions Ji, Mi, and the barriers γi,
i = 1, . . . , p, are continuous, c ∈ R2, and ℓ is a linear and bounded operator.
[1] Bajo, I. and Liz, E., Periodic boundary value problem for first order differential equations with impulses at

variable times. J. Math. Anal. Appl. 204 (1996), 65–73.
[2] [2] Rach̊unková, I. and Tomeček, J., New approach to BVPs with state-dependent impulses. Boundary Value

Problems 2013, 2013:22.
[3] [3] Rach̊unková, I. and Tomeček, J., Second order BVPs with state-dependent impulses via lower and upper

functions. Cent. Eur. J. Math., to appear.
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About study’s problems of stochastic line in Russian schools and universities

A long-term work with pupils, teachers and students testifies that all of them collide with
serious problems in learning stochastic notions and methods. In our opinion these problems are
conditioned by the following circumstances:

1. As we know child’s mentality that works before forming of conceptual apparatus bears
probabilistic nature. Due to this, child’s stochastic view about real world should be developed
continuously: kindergarten - elementary school - secondary school - university. In elementary
school genetic base of stochastic notions must be opened in the process of children’s interac-



170

�David Eelbode University of Antwerp, email: david.eelbode@ua.ac.be, Tim Raeymaekers

Ghent University, email: tr@cage.ugent.be

Transvector algebras in Clifford analysis

In higher spin Clifford analysis, it is known that any representation of the Spin(m)-group with
a half-integer highest weight λ′ =

(
l1 +

1

2
, . . . , lk +

1

2
, 1
2
, . . . , 1

2

)
can be modelled by the space of

simplicial monogenic polynomials in k vector variables u1, . . . , uk, homogenic of degree li in ui
for each i ∈ {1, . . . , k}. We denote this space by Sλ, see [1].
The theory of generalised gradients (e.g. [2, 4]) tells us that the only conformally invariant first
order differential operators acting on the representation R

m ⊗ Sλ (which can be identified with
the space of polynomials C∞(Rm,Sλ)) are the higher spin Dirac operator Qλ, at most k twistor
operators, and at most k + 1 dual twistor operators.
In this talk, it will be shown that these differential operators can be seen as generators of a
suitable algebra, hereby generalising the well-known fact that the classical Dirac operator and
its symbol generate the orthosymplectic Lie algebra osp(1, 2). To do so, we will use the extremal
projection operator and its relation to transvector algebras (see e.g. [3, 5, 6]).
[1] Constales, D., Sommen. F., Van Lancker, P., Models for irreducible representations of Spin(m), Adv. Appl.

Clifford Algebras 11 No. S1 (2001), pp. 271-289.
[2] Fegan, H. D., Conformally invariant first order differential operators, Quart. J. Math. 27 (1976), pp. 513-538.
[3] Molev AI 2007, Yangians and classical Lie algebras (Mathematical surveys and monographs 143) (AMS

Bookstore).
[4] Stein, E.W. , Weiss, G., Generalization of the Cauchy-Riemann equations and representations of the rotation

group, Amer. J. Math. 90 (1968), pp. 163-196.
[5] Tolstoy, V.N., Extremal projections for reductive classical Lie superalgebras with a non-degenerate generalized

Killing form, Russ. Math. Surv. 40, pp.241-242, 1985.
[6] Zhelobenko, D.P. Transvector algebras in representation theory and dynamic symmetry, Group Theoretical

Methods in Physics: Proceedings of the Third Yurmala Seminar 1, 1985.

tion with real sets and values by calculation of element’s number in subsets, its seriations and
classifications.

2. In secondary school content of study material must be developed in the following logical
line: Theory of Combinations - Statistics - Theory of Probability. In our point of view, pupil’s
combinatorial and statistic ideas must become the base of learning probabilistic models as Sta-
tistics deals with real data of real process of random or nonrandom effects, and its mathematical
models are learnt by Theory of Probability.

3. Now there is not functioning books in Russian schools in which the stochastic line would
be realized persistently: kindergarten - elementary school - secondary school - university.

4. Because of this students have big troubles, especially psychological problems, in studies of
Mathematical Statistics’ and Theory of Probability’s courses. And it is naturally because they
get used to quick knowledge’s formalization in learning Maths at schools. This formalization is
caused by strict logic of study material.

[1] Purkina, V., Primary mathematical notions’ development at children in preschool age., Gorno-Altaysk State
University (1996).

[2] Purkina, V. and Raenko, E., About continuity in the study of combinatorial and probabilistic, statistical

consepts and methods., J. The World of Science, Culture, Education , 2 (39), 112-114 (2013).
[3] Vilenkin, N. and Peterson, L., Math. 1-3 sch. gr., Moscow (1996).
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Riesz type potential operators in generalized grand Morrey spaces

In this talk we introduce generalized grand Morrey spaces in the framework of quasimetric
measure spaces, in the spirit of the so-called grand Lebesgue spaces introduced in [1]. Bounded-
ness of Riesz type potential operators are obtained in the framework of homogeneous and also
in the nonhomogeneous case in the generalized grand Morrey spaces.

[1] T. Iwaniec, C. Sbordone, On the integrability of the Jacobian under minimal hypotheses. Arch. Rational
Mech. Anal., 119, 129–143 (1992).

�

D D = {|z| < R} Γ = {|z| = R} D,

ϕ(z) +
1

2π

∫∫

D

[

p+ q ln

(

R− r

R− ρ

)]

exp[iψ]ϕ(t)

(R− ρ)(t− z)
dξdη = f(z), (1)

p, q ψ = argt, t = ξ+ iη, z = x+ iy, r2 = x2+ y2, ρ2 = ξ2+ η2,
f(z) ϕ(z)

f(z) = f(r)
(R − r),

(R− r).
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On the Schroedinger equation with one-dimensional potential.

A new method to resolve the stationary Schroedinger equation converted to the nonlinear Riccati
equation has been described. The solution has been obtained by means of a new kind transformation
which preserve the form of the Riccati equation. Some new solvable potentials for the Schroedinger and
Klein-Gordon equations have also been discussed.

[1] Cooper, F. Khare,A. Sukhatme,U., Supersymmetry and quantum mechanics ,Phys.Rep., 251, 267-385 (1995).
[2] Rajchel,K., The shape invariance condition,Concepts of Physics., III, 25-31 (2006).
[3] Rajchel,K., Trigonometric unit circle and the stationary Schroedinger equation,43 rd EGAS Congress, Fri-

bourg (2011), Conference materials.
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Fractional derivatives of Colombeau generalized stochastic processes defined on R
+

We consider Caputo and Riemann-Liouville fractional derivatives of a Colombeau general-
ized stochastic process G defined on R

+. We give proper definitions and prove that both are
Colombeau generalized stochastic processes themselves.

� Lutfiya Radzhabova Tajik Technical University, Academician Rajabovs av.10, Dushanbe,
734042, Tajikistan, email: lutfya62@mail.ru.

About one class two dimensional Voltera type Integral Equation with boundary singular
lines

Let D denote rectangle D = {a < x < a0, b < y < b0}, Γ1 = {a < x < a0, y = b}, Γ2 = {x = a, b <

y < b0, }. In D we conside integral equation

u(x, y) +A1

∫ x

a

u(t, y)

t− a
dt+A2

∫ x

a

ln

(

x− a

t− a

)

u(t, y)

t− a
dt+B1

∫ y

b

u(x, s)

s− b
ds+

+B2

∫ y

b

ln

(

y − b

s− b

)

u(x, s)

s− b
ds+ C1

∫ x

a

dt

t− a

∫ y

b

u(t, s)

s− b
ds+ C2

∫ x

a

dt

t− a

∫ y

b

ln

(

y − b

s− b

)

u(t, s)

s− b
ds+

+C3

∫ x

a

ln

(

x− a

t− a

)

dt

t− a

∫ y

b

u(t, s)

s− b
ds+ C4

∫ x

a

ln

(

x− a

t− a

)

dt

t− a

∫ y

b

ln

(

y − b

s− b

)

u(t, s)

s− b
ds = f(x, y),

(1)
where Ai, Bi, Cj , i = 1, 2, j = 1, 4 – are given constants, f(x, y) is a given function.

Solution Integral Equation (1) will be seek in class function u(x, y) ∈ C(D), correspondingly vanishing
in Γ1 and Γ2.
In the case A2 = B2 = C2 = C3 = C4 = 0 Integral Equation (1) is a model two dimensional Voltera

type Integral Equation, which has been studied yet.
In the case, when parameters in the integral equation connected between himself certain form, in

depend from value signs numbers this parameters and roots charactestic equations, general solution of
the homogeneous equation contain a few arbitrary functions one variable and for some values has a unigue
solution.
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� Stevan Pilipović, University of Novi Sad, Serbia

Jasson Vindas, Ghent University, Belgium
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L-weighted Hölder spaces

We introduce and study properties of a new class of weighted Hölder spaces, where the weights
are regularly varying functions ([1]). The analysis is performed by the wavelet transform and
generalized Littlewood-Paley pairs. As main tool we use pointwise weak regularity properties
of a vector-valued distributions and their tauberian characterizations in terms of the wavelet
transform ([2]).

[1] Pilipović, S., Rakić, D., Vindas, J., New Classes of Weighted Hölder-Zygmund Spaces and the Wavelet

Transform, vol. 2012, Journal of Function Spaces and Application, Article ID 815475 (2012).
[2] Pilipović, Vindas, J., Multidimensional Tauberian theorems for wavelet and non-wavelet transforms, submit-

ted (preprint: arXiv:1304.4291v1).
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Hadamard well-posedness for a hyperbolic equation of viscoelasticity with supercritical
sources and damping

Let Ω ⊂ R
3 be a bounded domain with boundary Γ of class C2. We consider the following

model of viscoelasticity:










utt − k(0)∆u−
∫

∞

0
k′(s)∆u(x, t− s)ds+ g(ut) = f(u), in Ω× (0,∞),

u(x, t) = 0, on Γ× R,

u(x, t) = u0(x, t), in Ω× (−∞, 0],

(1)

where u denotes a scalar component of the elastic deformation vector, g is a monotone feedback,
and f(u) is a source. The relaxation function k(s) satisfies the typical conditions: k(0), k(∞) > 0
and k′(s) ≤ 0 for all s > 0. The memory term

∫

∞

0
k′(s)∆u(x, t − s)ds quantifies the viscous

resistance and provides a weak form of energy dissipation. It also emphasizes the full past
history as time goes to −∞, as opposed to the finite-memory model where the history is taken
only over the interval [0, t].
We employ the theory of monotone operators and nonlinear semigroups, combined with energy

methods to establish the existence of a unique local weak solution. In addition, it is shown
that the solution depends continuously on the initial data, and is global provided the damping
dominates the source in appropriate sense.
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On approximation of Yakubovich transforms

New modification of Kontorovich–Lebedev and Lebedev–Skalskaya integral trans-
forms was introduced by S.B.Yakubovich [1]. These transforms contain modified Bessel func-
tions K 1

4
+iτ

(x) and K 3

4
+iτ

(x) and their real and imaginary parts as a kernels. The vector

tau method approach is used for the approximation and calculation of these functions. This
approach is based on the general tau method’s computational scheme and canonical vector-
polynomial notion [2,3]. We obtain the system of two differential equations and then the system
of two Volterra integral equations for the determination of the polynomial approximation of
the kernels. These results may be used for the application of Yakubovich transforms to the
solution of boundary value problems of mathematical physics. This work was supported by a
Thematic Programme on Inverse Problems and Imaging of Fields Institute.

[1] Yakubovich S.B., Berling’s theorems and inversion formulas for certain index transforms. Opuscula Math-
ematica, Vol.29, No.1, 93-110 (2009).

[2] Rappoport J.M., The canonical vector-polynomials at computation of Bessel functions of the complex order .
Computers and Mathematics with Applications, Vol.41, No.3/4, 399-406 (2001).

[3] Rappoport J.M., The properties, inequalities and numerical approximation of modified Bessel functions.
Electronic Transactions on Numerical Analysis, Vol.25, 454-466 (2006).
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Some ophthalmic applications of modified Bessel functions

Mathematical functions may be used for the simplification of some ophthalmological biome-
chanical models. So modified Bessel functions K0(z) and I0(z) are used for the simulation
of intraocular pressure tonometry measurement by Macklakov method [1]. The special func-
tions, orthogonal polynomials and integral transforms are useful for the analytical and numerical
solution of some boundary value problems in wedge domains which may have an ophthalmic in-
terpretation. The morphometry of transplant endothelium after keratoplasty is analysed [2].
Internet and mobile possibilities for the treatment of ophthalmic diseases are described [3]. This
work was supported by a Thematic Programme on Inverse Problems and Imaging of Fields
Institute.

[1] Buchin V.A., Iomdina E.N. and Shaposhnikova G.A., Mathematical model of intraocular pressure mea-

surement under tonometry by Macklakov method . Ocular biomechanics. Proceedings of the 4th Seminar,
Moscow, Moscow Helmholtz Research Institute for Eye Diseases, 96-99 (2004) [in Russian].

[2] Kasparov A.A., Ermakov N.V. and Rappoport J.M., The morphometry of donor transpant endothelium after

perforating keratoplasty . Imperial College of Science, Technology and Medicine, Department of Mathematics,
London, preprint 01P/002 (2001).

[3] Kasparov A.A., Kasparova E.A. and Rappoport J.M., Mathematical and Internet technologies under the

keratoconus treatment . Progress in Analysis. Proceedings of the 8th Congress of the International Society
for Analysis, its Applications and Computation (Moscow, 22 - 27 August 2011), vol. 2, Peoples’ Friendship
University of Russia, 70-77 (2012).
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Hopf bifurcation for dissipative first-order hyperbolic systems

We consider boundary value problems for semilinear first-order hyperbolic systems of the type

∂tuj + aj(x, λ)∂xuj + bj(x, λ, u) = 0, x ∈ (0, 1), j = 1, . . . , n,

uj(0, t) =

n
∑

k=m+1

rjkuk(0, t), j = 1, . . . ,m,

uj(1, t) =

m
∑

k=1

rjkuk(1, t), j = m+ 1, . . . , n

with smooth coefficient functions aj and bj such that bj(x, λ, 0) = 0. We state conditions
for Hopf bifurcation, i.e. for existence, local uniqueness (up to phase shifts), smoothness and
smooth dependence on λ of time-periodic solutions bifurcating from the zero stationary solution.
Furthermore, we derive a formula which determines the bifurcation direction, and we describe
applications to semiconductor laser dynamics.

The proof is done by means of a Lyapunov-Schmidt reduction procedure. For this purpose,
Fredholm properties of the linearized system and implicit function theorem techniques are used.

There are several distinguishing features of the proofs of Hopf bifurcation theorems for hy-
perbolic PDEs in comparison with those for parabolic PDEs or for ODEs: First, the question of
Fredholm solvability of the linearized problem (in appropriate spaces of time-periodic functions)
is essentially more difficult. Second, the question if a non-degenerate time-periodic solution of
the nonlinear problem depends smoothly on the system parameters is much more delicate. And
third, a sufficient amount of dissipativity is needed in order to prevent small denominators from
coming up, and we present an explicit sufficient condition for that in terms of the data of the
PDEs and of the boundary conditions.

[1] Kmit, I., Recke, L., Periodic solutions to dissipative hyperbolic systems. I: Fredholm solvability of linear

problems, Preprint 999, DFG Research Center Matheon, 2013.
[2] Kmit, I., Recke, L., Periodic solutions to dissipative hyperbolic systems. II: Hopf bifurcation for semilinear

problems, Preprint 1000, DFG Research Center Matheon, 2013.
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Well-posedness for degenerate Schrödinger equations

We are interested in the initial value problem for Schrödinger type equations

1

i
∂tu− a(t)∆xu+

n
∑

j=1

bj(t, x)∂xj
u = 0

with a(t) vanishing of finite order at t = 0 proving the well-posedness in Sobolev and Gevrey
spaces according to the behavior of the real parts ℜbj(t, x) as t → 0 and |x| → ∞. To get the
results we determine a suitable weight function depending on different zones of the extended
phase space, we form after a change of variables the conjugation by pseudo-differential operators



176

� First author Michael Reissig - TU Bergakademie Freiberg, Germany,

email: reissig@math.tu-freiberg.de,
Second author Marcello D’Abbicco, Sandra Lucente - University of Bari, Italy,

e-mail: dabbicco@dm.uniba.it lucente@dm.uniba.it

Semi-linear damped waves

We study the Cauchy problem for the semi-linear damped wave equation with source term

utt −△u+ b(t)(−∆)σut = f(u), u(0, x) = u0(x), ut(0, x) = u1(x),

with σ ∈ [0, 1] in space dimension n ≥ 2. We are interested in the influence of σ on the
critical exponent pcrit in |f(u)| ≈ |u|

p. This critical exponent is the threshold between global
existence in time of small data solutions and blow-up behavior for some suitable range of p.
First we discuss the case σ = 0 with an effective dissipation b(t)ut (see [1]). Then we devote
to structurally damped wave models (σ ∈ (0, 1) and b(t) ≡ µ > 0). In particular, we propose
new strategies concerning a suitable choice of the energies (see [2]). Optimality of our results
are given in special cases by applying test function method. Some new proposals for research
topics complete the lecture.
[1] M. D’Abbicco, S. Lucente, M. Reissig, Semi-linear wave equations with effective damping , Chinese Annals of

Mathematics, Ser. B., 34B(3), 1-38 (2013).
[2] M. D’Abbicco, M. Reissig, Semi-linear structural damped waves, 23 A4, submitted.
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On the quaternionic F (p, q, s) spaces

Let B the unit ball in R
3 and identify each vector x = (x0, x1, x2) ∈ R

3 with the reduced
quaternion x = x0 + x1i + x2j. Let ∂ and ∂ the reduced Cauchy-Riemann operators and for
a ∈ B define the Möbius transformation, φa : B→ B, by

φa(x) = (a− x)(1− ax)−1 .

Define

G(x,a) =
1

4π

(

1

|φa(x)|
− 1

)

the modified fundamental solution of the Laplacian in R
3.

Let f : B → H be a hyperholomorphic function, that is ∂f = 0 and for 2 ≤ p < ∞,
−2 < q <∞, 0 < s < 3 define

Ip,q,s(f,a) =

∫

B

|∂f(x)|p(1− |x|2)qGs(x,a) dv(x) .

phase space, we form after a change of variables the conjugation by pseudo-differential operators
of infinite order and apply sharp G̊arding inequality to prove L

2 well-posedness of an auxiliary
Cauchy problem.

Moreover, we discuss the application of our approach to the case of a general degeneracy.
[1] M. Cicognani, M. Reissig: Well-posedness for degenerate Schrödinger equations, 19pp., submitted.
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Multi-Dimensional Stockwell Transforms with Applications to Instantaneous Frequencies
of Muti-Dimensional Signals

Stockwell transforms, as hybrids of Gabor transforms and wavelet transforms introduced in
1994, have been used extensively in geophysics and medical imaging. There are many results
regarding the one-dimensional Stockwell transforms both from a theoretical and an applicative
perspective. In this talk we introduce multi-dimensional Stockwell transforms that include the
one-dimensional ones and the multi-dimensional Gabor transforms as special cases. We are
mainly interested in providing a somehow “natural” setting in which to study the Stockwell
transforms. Continuous inversion formulas for the multi-dimensional Stockwell transforms un-
der different set of hypothesis as well as some crucial examples will be provided. Furthermore we
will enlight a connection between Stockwell transforms and instantaneous frequency of a signal.

[1] Riba, L. and Wong, M.W., Continuous Inversion Formulas for Multi-Dimensional Stockwell Transforms,
Mathematical Modelling of Natural Phenomena, 8, 215-229 (2013).

∫

B

We say that f belongs to the space Fg(p, q, s) if

sup
a∈B

Ip,q,s(f,a) <∞ .

In this talk we present some properties and characterizations of these spaces, that generalizes
the Zhao-type spaces [3]. The particular quaternionic cases Qs = F (2, 0, s) and F (p, 3p

2
− q, q)

were studied in [2] and [1].
[1] El-Sayed A., Gürlebeck, K. Reséndis O., L. F., Tovar, S., Luis M. Characterizations for B

p,q spaces in

Clifford Analysis, Complex Variables and Elliptic Equations, Vol. 51, No.2, 119-136 (2006).
[2] Gürlebeck, K., Kähler, U., Shapiro, M. V., Tovar, L. M. On Qp−Spaces of Quaternion-Valued Functions.

Complex Variables, Vol 39 115-135 (1999).
[3] Zhao, R., On a general family of function spaces, Ann. Acad. Sci. Fenn. Math. Diss. No. 105 (1996).
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Study of some properties related to the Whittaker integral transform

We introduce Weierstrass transform associated with the Whittaker integral transform and we
examine some of its properties. We established the Mellin transform-Parseval’s formula for the
Whittaker integral transform.
(Joint work with L.P. Castro and S. Saitoh)
[1] Erdélyi, E., et al., Tables of Integral Transforms, Vol.2, McGraw Hill, New York, (1954).
[2] Prudnikov, A. P., Brychkov, Yu.A. and Marichev, O.I., Integrals and Series, Vol. 3, Gordon and Breach

Publisher, New York, (1990).
[3] Saitoh, S., The Weierstrass transform and isometry in the heat equation, Appl. Anal., Vol. 16, 1–16 (1983).
[4] S. Saitoh, Integral transforms, reproducing kernels and their applications, Pitman Research Notes in Mathe-

matics Series 369, Addison Wesley Longman, Harlow, (1997).
[5] Titchmarsh, E. C., Introduction to the Theory of Fourier Integrals, Clarendon Press, Oxford, (1948).
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Higher spin generalisations of the Laplace operator

Clifford analysis has become a branch of multi-dimensional analysis in which far-reaching
generalisations of the classical Cauchy-Riemann operator in complex analysis are studied from
a function theoretical point of view. Without claiming completeness, one could say that the
theory focuses on first-order conformally invariant operators acting on functions taking values
in irreducible representations for the spin group. This then leads to function theories refining
(poly-)harmonic analysis on R

m. In our talk we will explain how to extend these results to a
certain type of second-order conformally invariant operators, leading to analogues of the Rarita-
Schwinger function theory for functions taking values in the space of harmonics (at the same
time generalising harmonic analysis for ∆m), see e.g. [2, 3].
[1] Branson, T., Second order conformal covariants, Proc. Amer. Math. Soc. 126, 1031-1042 (1998).
[2] Bureš, J., Sommen, F., Souček, V., Van Lancker, P., Rarita-Schwinger type operators in Clifford analysis,

Journal of Funct. Anal. 185, 425-456 (2001).
[3] Bureš, J., Sommen, F., Souček, V., Van Lancker, P., Symmetric analogues of Rarita-Schwinger equations,

Ann. Glob. Anal. Geom. 21 No. 3, 215-240 (2001).
[4] Jenne, R., A construction of conformally invariant differential operators, Ph.D. Dissertation, University of

Washington (1988).
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Complex-analytic model for Hele-Shaw moving boundary value problem

It will be reported a survey of the recent results on the complex-variable Hele-Shaw moving
boundary value problem (see [1], [3]). Main attention will be paid to the method of reduction to
the abstract Cauchy-Kovalevsky problem and to study of this problem in an appropriate scale of
Banach spaces [2]. In particular, this approach is applied in the case of the flow in the channel
with non-smooth boundary and in presence of obstacles in the flow.

Acknowledgement. The work is partially supported by the FP7-PEOPLE- 2009-IAPP
grant PIAP-GA-2009-251475 HYDROFRAC.
[1] Gustafsson, B. and Vasil’ev, A., Conformal and Potential Analysis in Hele-Shaw cells, Birkhäuser Verlag,

Basel-Boston-Berlin, 2006.
[2] Reissig, M. and Rogosin S. with Appendix by Hübner F., Analytical and numerical treatment of a com-

plex model for Hele-Shaw moving boundary value problems with kinetic undercooling regularization, Euro
J. Appl. Math., 10, 561–579 (1999).

[3] Vasil’ev, A., From the Hele-Shaw experiment to integrable systems: a historical overview , Compl. Anal. Oper.
Theory, 3, 551–585 (2009).
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On the stability of a nonlinear Volterra integral equation

In this talk we are going to analyze the Hyers-Ulam-Rassias types of stability for nonlinear,
nonhomogeneous Volterra integral equations with delay on finite intervals. In order to attain
our goals, we are going to use a fixed point iterative process.
[1] J.R. Morales and E.M. Rojas, Hyers-Ulam and Hyers-Ulam-Rassias stability of nonlinear integral equations

with delay, Int. J. Nonlinear Anal. Appl, 2 (2) (2011) 1-6.
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Finite rank Toeplitz operators in the Fock space

Since 2008 it is known that any finite rank Toeplitz operator in the Bergman space of analytic
function in the disk or polydisk must zero symbol. We consider finite rank operators with
distributional symbol in the Fock space. It is shown that the symbol of such operator is a finite
combination of delta distributions and its derivatives. Some interesting problems in complex
analysis arise. The complete formulations and proofs are contained in [1]-[3].
[1] Rozenblum, G., Finite Rank Bargmann-Toeplitz Operators with Non-Compactly Supported Symbols, Bull.

Math. Sci., 2, 331-341 (2012).
[2] Borichev, A., Rozenblum, G., The finite rank theorem for Toeplitz operators in the Fock space , J. Geom.

Anal, to appear, arXiv:1303.2996.
[3] Rozenblum, G., Shirokov N.A., Some weighted estimates for the dbar- equation and a finite rank theorem for

Toeplitz operators in the Fock space, to appear, arXiv:1304.5048.
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Matrix representation as a sampling for operators on some function spaces

For many operators acting on reproducing kernel Hilbert spaces their traditional matrix repre-
sentation in orthonormal bases seems less useful than the representation using frames. Further
gains in simplicity are achieved when one uses frames corresponding to normalized reproducing
kernels at some lattices of points. The latter are relatively well understood due to atomic
decompositions constructed in the majority of studied function spaces.

Here matricial representation of operators in these frames provides a natural link between the
analysis based on the Berezin transform and its discretised version. To support this claim some
results on the membership in Schatten-von Neumann classes will be presented.

� First authorMichael Ruzhansky - Imperial College London, email: m.ruzhansky@imperial.ac.uk,

Nikolskii inequality and Besov spaces on compact homogeneous manifolds

In this talk we will establish Nikolskii inequality on compact Lie groups and on compact
homogeneous manifolds, and apply it to analyse embedding properties between Besov, Wiener
and Beurling spaces. This is joint work with Sergey Tikhonov and Erlan Nursultanov.
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On an application of quality of service characteristics of stochastic networks with
dependent service times

Broadband wireless data transmission network for providing of automobile transport system
safety is considered. The network operate under IEEE802.11n-2012 protocol that guarantees
high-speed transmission of multimedia information from automatic stationary and mobile sys-
tems of traffic control. A model of open stochastic network with dependent service times,
proposed in [1] for the network quality of service evaluation is used. Based on product form
representation of the steady state probabilities of such system, proved in [1, 2], the formulas and
algorithms for the main system characteristics such as: mean marginal queue length and mean
sojourn times in the system nodes, as well as mean packages delivery time in the whole network
are proposed. Results of some numerical experiments will be shown.
[1] Pechinkin, A.V., Rykov, V.V. On Product form for open queuing systems with dependent service times.,

Proceedings of the International Workshop. Moscow: IPPI, P. 34-48. (1998).
[2] Pechinkin, A.V., Rykov, V.V. On decomposition of closed networks with dependent service times, Autom.

and Remote Control, 60, No 11, 1568-1576 (1999).
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Piezoelectric fibrous composites

Anti-plane shear of piezoelectric fibrous composites is theoretically investigated. Geometry of
composites is described by two–dimensional geometry in a section perpendicular to the unidirec-
tional fibres. First, the piezoelectric problem is written in the form of the vector–matrix R–linear
problem in a class of double periodic functions. In particular, application of the zero–th order so-
lution to the R–linear problem yields a vector–matrix extension of the famous Clausius–Mossotti
approximation. The vector–matrix problem is decomposed onto two scalar R–linear problem.
This reduction allows us to directly apply all the known exact and approximate analytical results
for scalar problems to establish high order formulae for the effective piezoelectric constants. The
special attention is paid to non–overlapping disks embedded in a two–dimensional background.
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Toward an extension of Schur analysis to the quaternionic setting

Schur analysis can nowadays be seen as a collection of results pertaining to Schur functions
treated in various setting e.g. one and several complex variables, compact Riemann surfaces
just to name a few. It has also been treated in the quaternionic case, by means of the so-called
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Fueter regular functions. Recently, we started the study of Schur functions in the framework
of the so-called slice hyperholomorphic (or slice regular) functions of a quaternionic variable,
see [1], [2], [3], [4]. Using this class of functions we can introduce reproducing kernel Hilbert
spaces, define Schur multipliers and describe their realizations. Indeed, slice hyperholomorphic
functions allow to write realizations in terms of a suitable resolvent, the so called S-resolvent
operator and to extend several results from the complex case to the quaternionic case that we
shall discuss in the talk.

[1] D. Alpay, F. Colombo and I. Sabadini. Schur functions and their realizations in the slice hyperholomorphic

setting. Integral Equations and Operator Theory, vol. 72 (2012), pp. 253-289.
[2] D. Alpay, F. Colombo and I. Sabadini. Krein-Langer factorization and related topics in the slice hyperholo-

morphic setting, to appear in Journal of Geometric Analysis, (2013).
[3] D. Alpay, F. Colombo and I. Sabadini. Pontryagin De Branges Rovnyak spaces of slice hyperholomorphic

functions, to appear in Journal d’Analyse Mathematique, (2013).
[4] D. Alpay, V. Bolotnikov, F. Colombo, and I. Sabadini. Interpolation of Schur multipliers for slice hyperholo-

morphic functions. In preparation.
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The globally hyperbolic splitting in non-smooth Lorentzian manifolds

Classically (in smooth Lorentzian geometry), a Lorentzian manifold (M, g) is globally hy-
perbolic iff it splits as R × S, where S is a spacelike Cauchy hypersurface and thus (M, g) is
isometric to (R × S,−βdt2 + ht). Here β : R × S → R is a smooth positive function, t : R × S

is the projection on the first factor and ht is a t-dependent Riemannian metric on every level
set St = t × S (which is also a Cauchy hypersurface). This notion of global hyperbolicity is
well-suited for proving (unique) solvability of the Cauchy problem. Therefore it was recently
generalized to non-smooth Lorentzian manifolds in the Colombeau setting. In this talk we will
discuss this generalized hyperbolic metric splitting and its appropriateness when dealing with
concrete non-smooth spacetimes.

� Yeter Sahiner Yeter Sahiner - Ankara, Turkey, email: ysahiner@hacettepe.edu.tr,

Some oscillation results on first order differential equations with deviating arguments

Some oscillation results on first order delay differential equations are considered. Similar re-
sults are obtained for differential equations of first order both containing delay and advance term.
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Colombeau algebras of generalized functions based on Gelfand-Shilov spaces

The aim of this paper is to introduce and study algebras of generalized functions based on
the spaces of Gelfand-Shilov Sσ , we also give some characterizations of these algebras. This
work is the continuation of the paper [3].

[1] Colombeau J.-F., New Generalized Functions and Multiplication of Distributions, North-Holland, (1984).
[2] Gelfand I. M., Shilov G. E., Generalized Functions, Vol. 2, Academic Press, (1967).
[3] Bouzar C., Saidi T., Characterizations of rapidly decreasing generalized functions . Commun. Korean Math.

Soc., 25 , No. 3, p. 391-404, (2010).
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Reproducing kernels and discretization

Based on our recent results, we will introduce a new discretization method using the theory of
reproducing kernels with concrete applications and numerical experiments by Professor Fujiwara.
In particular, we shall refer to a method how to catch smoothness properties and analyticity of
functions by computers, and a new type sampling theory.
[1] Castro, L. P. Fujiwara, H. Rodrigues M. M. and Saitoh. S., A new discretization method by means of re-

producing kernels, Interactions between real and complex analysis, Edited by Le Hung Son and Wolgang
Tutscheke, Sci. and Tech.Publication House, (2012), 185-223.

[2] Castro, L. P. Fujiwara, H. Rodrigues, M. M. Saitoh, S. and Tuan, V. K., Aveiro Discretization Method in

Mathematics: A New Discretization Principle, MATHEMATICS WITHOUT BOUNDARIES: SURVEYS IN
PURE MATHEMATICS, Edited by Panos Pardalos and Themistocles M. Rassias (to appear).

[3] Castro, L. P. Fujiwara, H. Qian, T. and Saitoh, S., How to catch smoothing properties and analyticity of func-

tions by computers? MATHEMATICS WITHOUT BOUNDARIES: SURVEYS IN PURE MATHEMATICS,
Edited by Panos Pardalos and Themistocles M. Rassias (to appear).
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On the inclusions of some Lorentz mixed normed spaces and Wiener-Ditkin sets

In this paper, we consider sufficient and necessary condition for the inclusion between Lorentz
spaces with mixed norms for two different product measures on (X × Y,A× B) . Later, we dis-
cuss the Wiener-Ditkin sets of Lorentz spaces with mixed norms and Lorentz spaces.

[1] Bennet, C., and Sharpley, R., Interpolation of Operators, Academic Press, Inc. (1998).
[2] Blozinski, A.P., Multivariate rearrengements and Banach function spaces with mixed norms, Trans.

Amer. Math. Soc., Vol. 1, 263, 149-167 (1981).
[3] Chen, Y.K., and Lai, H.C., Multipliers of Lorentz spaces, Hokkaido Math. J., 4, 247-260 (1975).
[4] Fernandez, D.L., Lorentz spaces, with mixed norms, J. Funct. Anal., 25, 128-146 (1977).
[5] Gürkanlı, A.T., On the inclusion of some Lorentz spaces, J. Math. Kyoto Univ., 44-2, 441-450 (2004).
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[6] Gürkanlı, A.T., Multipliers of some Banach ideals and Wiener-Ditkin sets, Math. Slovaca., 55-2,
237-248 (2005).

[7] Hunt, R.A., On L (p, q) spaces, Extrait de L’Enseignement Mathematique., Vol.4, 12, 249-276 (1966).
[8] Miamee, A.G., The inclusion L

p (µ)⊆ L
q (ν), Amer. Math. Monthly, Vol.98, 4, 342-345 (1991).

[9] Milman, M., On interpolation of 2n Banach spaces and Lorentz spaces with mixed norms, J. Funct.
Anal., 41, 1-7 (1981).

[10] O’Neil, R., Convolution operators and L (p, q) spaces, Duke Math. J., 30, 129-142 (1963).
[11] Sandıkçı, A., On Lorentz mixed normed modulation spaces, J. Pseudo-Differ. Oper. Appl., 3, 263-281

(2012).
[12] Stegeman, J.D., Wiener-Ditkin sets for certain Beurling algebras, Monatsh. Math., 82, 337-340

(1976).
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A orthonormal basis for Radial Basis Function approximation

It is well known that Radial Basis Function interpolants suffer of bad conditioning if the
simple basis of translates is used. The recent work [2] gives a quite general way to build stable,
orthonormal bases for a subset NK(X), X a finite set in Ω, of the native Hilbert space NK(Ω),
based on a factorization of the kernel matrix AK . Starting from that setting we described in [1]
a particular NK(Ω)-orthonormal, ℓw

2
(X)-orthogonal basis that arises from a weighted singular

value decomposition of AK . This basis is related to a discretization of the compact operator
TK : NK(Ω) → NK(Ω),

TK [f ](x) =

∫

Ω

K(x, y)f(y)dy ∀x ∈ Ω

and provides a connection with the continuous basis that arises from an eigen-decomposition of
TK .
Furthermore, this basis allows the extraction of a suitable sub-basis which preserves the ap-
proximation capability of the full one, while giving better results in terms of stability of the
approximant.

[1] De Marchi,S., Santin, G., A new stable basis for radial basis function interpolation, J. Comput. Appl. Math.,
253, 1-13 (2013).

[2] M. Pazouki,M., Schaback, R., Bases for Kernel-Based Spaces, J. Comput. Appl. Math., 236, 576-588 (2011).
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Ideals in the ring of generalized constants with continuous parametrization

In this paper we continue investigation of the maximal and prime ideals in the ring of gener-
alized constants with.continuous coeficients the main result is to prove that the closure of any
prime ideal is a maximal one and present a correspondence between some filters of closed subsets
of (0,1) and ideals as well as the corespondance of closures for sharp topology and the closure
in the set of subsets of (0,1) for a topology we introduce the so called extension topology.
This abstract concerns a common work by A.Khelif, H.Vernaeve and D. Scarpalezos.
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Hitchin fibration and real forms through spectral data.

The talk will be dedicated to the study of the moduli space of G-Higgs bundles and the Hitchin
fibration through spectral data. We shall begin by introducing Higgs bundles following [Hit87],
and defining the spectral data associated to Gc-Higgs bundles, for Gc a complex semisimple Lie
group as in [Hit87a, Hit07]. Then we shall define G-Higgs bundles, for G a real form of a com-
plex Lie group, recall general properties, and introduce their associated spectral data as given
in [Sc13]. Through some examples we shall see applications of this new geometric way of under-
standing the moduli space using spectral data. In particular, we will consider G-Higgs bundles
for G a split real form, for G = SL(2,R) (following [Sc11]), and for G = U(p, p), Sp(2p, 2p)
(following [Sc13, Sc13a, Sc13b]). Time permitting, we will mention some further applications of
the spectral data approach in relation to Langlands duality following [BaSc13].

[BaSc13] D. Baraglia and L.P. Schaposnik, Higgs bundles and (A,B,A)-branes, preprint.
[Hit87] N.J. Hitchin, The self-duality equations on a Riemann surface, Proc. LMS 55, 3 (1987), 59-126.
[Hit87a] N.J. Hitchin, Stable bundles and integrable systems, Duke Math. J. 54, 1 (1987), 91-114.
[Hit07] N.J. Hitchin, Langlands duality and G2 spectral curves, Q.J. Math., 58 (2007), 319-344.
[Sc13] L.P. Schaposnik, Spectral data for G-Higgs bundles, D. Phil. Thesis, University of Oxford, (2013)

arXiv:1301.1981. [math.DG].
[Sc11] L.P. Schaposnik, Monodromy of the SL2 Hitchin fibration, IJM (2013), ArXiv:1111.2550v2
[Sc13a] L.P. Schaposnik, Spectral data for U(p,p)-Higgs bundles, preprint.
[Sc13b] L.P. Schaposnik, Spectral data for Sp(2p,2p)-Higgs bundles, preprint.
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Boundary value problems for the Cimmino system via quaternionic analysis

Cimmino system originates with the work of Italian mathematician G. Cimmino from 1941 (cf
[1]). Later on, the motivation of the subject came from Dragomir and Lanconelli [2]. We study
Cimmino system in the quaternionic setting. We discuss on Cauchy type integrals, boundary
value problems related to the Cimmino system of partial differential equations.
[1] Cimmino, G., Su alcuni sistemi lineari omegeni di equazioni alle derivate parziali del primo ordine, Rend.

Sem. Mat. Univ. Padova, 12, 89-113 (1941).
[2] Dragomir, S. and Lanconelli E., On first order linear PDF systems all of whose solutions are harmonic

functions, Tsukuba J. Math. 30(1), 149-170 (2006).
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The Space of Initial Data for Parabolic Differential-Difference Equations

Let Q be a bounded Lipschitz domain in R
n, n ∈ N. We consider the problem

(1)
du

dt
+ARu = f, u(0) = ϕ,

where AR is a differential-difference operator (see [1]) with Robin boundary condition, f ∈

L2(Q× (0, T )), ϕ ∈ L2(Q), and 0 < T < ∞.
Let us remind that a variational solution u to problem (1) is said to be a strong solution if

u ∈ D(AR) for almost all t ∈ (0, T ) and ut ∈ L2(Q × (0, T )). We prove that if the operator
AR is strongly elliptic, then a strong solution to problem (1) exists if and only if ϕ ∈ H1(Q).
In order to prove this statement, it is sufficient to show that [L2(Q), D(AR)]1/2 = H1(Q). This
equality is equivalent to the Kato conjecture on the square root of the operator (see [2]). We note
that smoothness of solutions of the equation ARv = F can be violated inside of the domain Q.
Moreover, in case of incommensurable shifts, it can be violated on an almost everywhere dense
set in Q. Thus, as in the case of strong elliptic differential operators with bounded measurable
coefficients a domain D(AR) can not be represented in an explicit form.
[1] Skubachevskii A.L., Elliptic Functional Differential Equations and Applications, Birkhäuser, Basel (1997).
[2] Kato T., Fractional powers of dissipative operators, J. Math. Soc. Japan, 13, 246–274 (1961).
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Computability of Solution Operators of Boundary-value Problems for Symmetric
Hyperbolic Systems of PDEs

We prove computability of the solution operators of symmetric hyperbolic systems [1] with
dissipative boundary conditions in a cube, in the exact sense of computable analysis [2].

Theorem. Let Mϕ > 0, p ≥ 2 be integers, Q = [0, 1]m be the unitary cube in R
m. For

i = 1, 2, . . . ,m let A,Bi be fixed real computable symmetric matrices with A > 0, and Φ
(1)

i

(respectively, Φ
(2)

i ) be fixed rectangular real computable matrices with the number of rows equal
to the number of positive (respectively, negative) eigenvalues of the matrices A−1Bi. Then the

operator ϕ 7→ u sending any function ϕ ∈ Cp+1(Q) such that || ∂ϕ
∂xi

||s ≤ Mϕ, || ∂2ϕ
∂xi∂xj

||s ≤ Mϕ,

i, j = 1, 2, . . . ,m, to the unique solution u ∈ Cp(H,Rn) of the boundary-value problem with
dissipative boundary conditions



































A∂u
∂t

+
m
∑

i=1

Bi
∂u
∂xi

= f,

u|t=0 = ϕ(x1, . . . , xm),

Φ
(1)

i u(x1, . . . , xi−1, 0, xi+1, . . . , xm, t) = 0,

Φ
(2)

i u(x1, . . . , xi−1, 1, xi+1, . . . , xm, t) = 0,

i = 1, 2, . . . ,m,

is a computable partial function from the space Cs(Q,Rn) to CsL2
(H,Rn).

Here || · ||s is the sup-norm, || · ||sL2
is the sup-norm on t and L2-norm on Q. Dissipativity of

the boundary conditions means that (Biu,u) ≤ 0 for xi = 0 and (Biu,u) ≥ 0 for xi = 1, for all
i = 1, 2, . . . ,m.
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Local properties of some class of mappings with non-bounded characteristics of
quasiconformality

Let D be a domain in R
n, n ≥ 2, and f : D → R

n be a continuous mapping. Recall a
mapping f : D → R

n is said to be local homeomorphism in D, if for every x0 ∈ D there is
δ > 0 such that f |B(x0,δ) is homeomorphic; here B(x0, δ) denotes the ball in R

n centered at
x0 with radius δ. Denote by S(x0, r1) and S(x0, r2) the corresponding boundaries of the ring
A(x0, r1, r2) = {x ∈ R

n : r1 < |x− x0| < r2} and let Γ be a family of paths γ in R
n which join

S(x0, r1) and S(x0, r2) in A(x0, r1, r2). Given a (Lebesgue) measurable function Q : D → [0,∞],
a mapping f : D → R

n is called ring Q–mapping at a point x0 ∈ D if the conformal modulus
satisfies the following inequality

M (f(Γ(S(x0, r1), S(x0, r2), A(x0, r1, r2)))) ≤

∫

A(x0,r1,r2)

Q(x) · ηn(|x− x0|) dm(x)

for any A(x0, r1, r2), 0 < r1 < r2 < r0 = dist(x0, ∂D), and for every Lebesgue measurable

function η : (r1, r2) → [0,∞] such that
r2
∫

r1

η(r)dr ≥ 1. We also denote by qx0
(r) the integral

average of Q(x) over |x − x0| = r, i.e. qx0
(r) := 1

ωn−1rn−1

∫

|x−x0|=r

Q(x) dS, where ωn−1 is the

area of Bn = B(0, 1). In what follows, we use in Rn = R
n
⋃

{∞} the spherical (chordal) metric

h(x, y) = |π(x)−π(y)| where π is the stereographic projection of Rn onto the sphere Sn(1
2
en+1,

1

2
)

in R
n+1. The spherical (chordal) diameter of a set E ⊂ Rn is h(E) = supx,y∈E h(x, y).

Let (X, d) and (X ′, d ′) be metric spaces with distances d and d ′, respectively. A family F of
mappings f : X → X ′ is said to be equicontinuous at a point x0 ∈ X if for every ε > 0 there is
δ > 0 such that d ′(f(x), f(x0)) < ε for all f ∈ F and x ∈ X with d(x, x0) < δ. In what follows
we consider that X = D, X ′ = Rn, d(x, y) = |x− y| be Euclidean metric and d ′(x, y) = h(x, y)
be chordal metric.

Denote by FQ,∆(x0) a family of all local ring Q-homeomorphisms f : D → Rn at x0 with

h(Rn\f(D)) ≥ ∆ > 0. The main result of the talk is the following

Theorem. A family FQ,∆(x0) is equicontinuous at x0 ∈ D whenever at least one of the following

conditions holds: 1)
ε(x0)
∫

0

dt

tq
1/(n−1)

x0
(t)

=∞ for some ε(x0) > 0, ε(x0) < dist (x0, ∂D); 2) qx0
(r) ≤

C · logn−1 1

r
as r → 0 for some C > 0; 3) Q ∈ BMO(D).

i = 1, 2, . . . ,m.
The proof is based on facts of numeric analysis and of the theory of PDEs [1, 3], and on the

strong constructivizability of the field of algebraic real numbers. Since dissipative boundary-
value problems for the wave equation can be reduced to dissipative boundary-value problems of
symmetric hyperbolic systems, our result provides an answer to an open question of computable
analysis posed by Weihrauch and Zhong in 2002.

The authors were supported by a Marie Curie International Research Staff Exchange Scheme Fellowship

within the 7th European Community Framework Programme and by a Federal Target Grant ”Scientific

and educational personnel of innovative Russia” for 2009-2013, contract No. 8217.

[1] Friedrichs K.O. Symmetric hyperbolic linear differential equations, Communication on Pure and Applied
Mathematics, No. 7, 345-392 (1954).

[2] Weihrauch K. Computable Analysis, Springer, Berlin (2000).
[3] Godunov S.K., ed. Numerical Solution of Higher-dimensional Problems of Gas Dynamics, Nauka, Moscow

(1976).
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The Riemann–Hilbert boundary value problem with singularities of coefficients and index.

The Hilbert boundary value problem for the half-plane consists in evaluation of all analytical
in upper half-plane D functions F (z) satisfying relation

(1) a(t)ReF (t)− b(t)ImF (t) = c(t), t ∈ L,

where L stands for the real axis, the functions a(t), b(t), c(t) are defined for t ∈ L, and
a2(t)+ b2(t) 6= 0. The solution of problem (1) is known for the following cases: (a) the functions
a(t), b(t), c(t) belong to the Hölder class HL(µ), and the solution F (z) is assumed bounded and
continuous up to the boundary; (b) the functions a(t), b(t), c(t) have finite set E ⊂ L of discon-
tinuities of jump type and are Hölder – continuous in intervals connecting these discontinuity
points, and F (z) has weak power singularities at the points of set E (see, for instance, [1]); (c)
the coefficients a(t), b(t) are continuous at finite points of L and have two-side curling of power
order ρ < 1 at infinity point, and F is bounded in D (see [2], [3], [4]); the case of coefficients
with two-side curling of logarithmic order at infinity point is investigated in [5].

We study the problem for the case where the coefficients have a countable set of discontinuities
E = {tj , j = 0,±1,±2,±3, . . . } ⊂ L and two - side curling at infinity simultaneously. We obtain
general solution and investigate the conditions of solvability under assumption that the Gakhov
index of the problem has singularity either of exponential order less than 1 or of logarithmic
order. We investigate the influence of continuous and jump components of function ν(t) =
arg[a(t)− ib(t)] on solvability of the problem. Here ν(t) is a branch selected on each interval of
continuity of coefficients in such a way that values δj = ν(tj + 0) − ν(tj − 0) satisfy condition
0 ≤ δj < 2π. The results are partially announced in [4].
[1] Muskhelishvili, N.I. Singular Integral Equations, Nauka, Moscow (1968).
[2] Sandrygailo, I.E. The Hilbert Boundary Value Problem with Infinite Index for Half-Plane, Izvestija AN BSSR,

Ser. Phys.-Math., No. 6, 16–23 (1974).
[3] Salimov, R.B. and Shabalin, P.L., Solution of the Hilbert Problem with Infinite Index , Mathematical Notes,

V.73, 680–690 (2003).
[4] Salimov, R.B. and Shabalin, P.L., A homogeneous Hilbert problem with discontinuous coefficients and two-side

curling at infinity of order 1/2 ≤ ρ < 1, Russian Mathematics, No. 11, 67–71 (2012).
[5] Alekna, P., The Hilbert Boundary Value Problem with Infinite Index of the Logarithmic Order in a Halfplane,

Lietuvos Matematikos Rinkinys, XIII, 5–12 (1973).
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Controllability of interconnected evolution equations

Let X1, X2 be Hilbert spaces. Consider the control evolution equation

ẋ1 (t) = A1x1 (t) + b1v (t) , x1 (0) = x0
1
, x1 (t) , x

0

1
∈ X1, b1 ∈ X1, v (t) ∈ R, (1.1)

where v (t) = (c, x2 (t)) , c ∈ X2 and x2(t) is a mild solution of the control evolution equation

ẋ2 (t) = A2x2 (t) + b2u (t) , 0 ≤ t < +∞, x2 (0) = x0
2
, x2 (t) , x

0

2
, b2 ∈ X2 (1.2)

Here the linear operators A1 and A2 generate strongly continuous C0-semigroup S1 (t) in X1

and S2 (t) in X2 correspondingly.
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SOME PROBLEMS IN THE MODERN THEORY OF TRANSMUTATIONS

Methods of transmutation theory now form an important part of modern mathematics, cf.
[1]–[3]. They have many applications to theoretical and applied problems.

Let us just itemize some problems in the modern transmutation theory.
1. Theory of Buschman–Erdelyi transmutations [4]–[5]. This class of operators have many

applications to partial differential equations, Radon transform theory and many other problems.
2. Theory of operator convolutions and commuting operators [6]. Transmutations are closely

connected with commutants. And if commutants in different spaces of analytic functions are
completely described by operator convolution theory of I. Dimovski, commutants in standard
spaces like C

k are much more difficult to characterize, it was done only recently.
3. Sonine–Dimovski and Poisson–Dimovski transmutations for hyper–Bessel functions and

equations [6]–[7].
4. Sonine and Poisson type transmutations for difference–differential operators of Dunkle

type.
5. Applications of transmutations to generalized analytic function theory, cf. [8] and papers

of V.V. Kravchenko and S. Torba.
6. Methods of fractional integrodifferentiation and integral transforms with special function

kernels [7],[3]. In this field let us mention a composition method to derive many classes of
transmutations [9].

7. Unitary Sonine–Katrakhov and Poisson–Katrakhov transmutations [4]–[5], [9].
8. Applications to partial differential equations with singularities [3]–[5], [9]–[10].

[1] Carroll, R.W., Transmutation Theory and Applications, North Holland, (1986).
[2] Gilbert, R., Begehr, H. Transmutations and Kernel Functions. Vol. 1–2 , Longman, Pitman, (1992).
[3] Sitnik, S.M., Transmutations and Applications: a survey , arxiv: 1012.3741, 141 P. (2012).
[4] Sitnik, S.M., Buschman-Erdelyi transmutations, classification and applications, In the Book: Analytic Meth-

ods Of Analysis And Differential Equations: AMADE 2012 ( Edited by M.V.Dubatovskaya, S.V.Rogosin),
Cambridge Scientific Publishers, Cottenham, 31 P. (2013).

[5] Sitnik, S.M., Buschman-Erdelyi transmutations, classification and applications, arXiv: 1304.2114, 67 P.
(2013).

[6] Dimovski, I., Convolutional Calculus, Kluwer Acad. Publ., Dordrecht, (1990).
[7] Kiryakova, V., Generalized Fractional Calculus and Applications, Pitman Research Notes in Math. Series

No. 301, Longman Sci. UK, (1994).
[8] Kravchenko, V.V., Pseudoanalytic Function Theory , Birkhäuser Verlag, (2009).
[9] Sitnik, S.M., Factorization and estimates of the norms of Buschman–Erdlyi operators in weighted Lebesgue

spaces, Soviet Mathematics Doklades, 44, no. 2, 641-646 (1992).
[10] Katrakhov, V.V., Sitnik, S.M., Composition method for constructing B–elliptic,B–hyperbolic, and B–parabolic

transformation operators, Russ. Acad. Sci. Dokl., Math. 50, no. 1, 70-77 (1995).

Definition. Interconnected system (1.1)–(1.2) is said to be exact null-controllable on [0, t1]
if for each x0

1
∈ X1 there exists a square integrable control u (·) ∈ L2 [0, t1] such that a mild

solution x
(
t, x0

1,
v (·)

)
of equation (1.1) with initial condition x1

0
, satisfies x1

(
t1, x

0

1,
v (·)

)
= 0.

Exact null-controllability conditions for linear control system consisting of two serially con-
nected abstract control evolution equations (1.1)-(1.2) are presented. Applications to intercon-
nected heat and wave equations are considered.
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The John–Nirenberg constant of BMO
p

The sharp constants in the John–Nirenberg inequality for BMO,

1

|Q|
|{t ∈ Q : |ϕ(t)− 1

|Q|

∫

Q
ϕ| ≥ λ}| ≤ C1e

−c0λ/‖ϕ‖BMO , ∀ interval Q,

depend on the choice of the norm; of principal interest is the constant c0 (this constant is also

the supremum of the set of all c such that ecϕ/‖ϕ‖ is guaranteed to be an A2 weight). For the
Lp-based BMO, c0 = c0(p) has proved difficult to compute. Until recently, the only results in
this direction were those by Korenovskii (c0(1) = 2/e) and Vasyunin (c0(2) = 1); however, their
methods do not work for other p. This difficulty was recently overcome (so far, for p ∈ [1, 2])
through the dual formulation of estimating from below the BMOp norms of logarithms of A∞
weights. The main result is as follows:

c0(p) =

[

p

e

(

Γ(p)−

∫

1

0

tp−1et dt
)

+ 1

]1/p

,

and this constant is attained in the inequality above.
I will discuss the method of proof and the connections of this result with the distance in BMO

to L∞ and the L∞ → BMO norms of singular integrals.
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Mathematics teaching in trade schools after 1951 reform

Reform of the school system conducted at the beginning of the fifties in Poland introduced
new organizational structure of the trade schooling. Schools brought into being in interwar
period were replaced by new ones: schools of professional training, basic professional schools
and technical colleges. Reconstruction of professional schooling, as many others undertakings
of those period, was supposed to support the construction of socialist system based on planned
national economy. Through preparing suitable staff, professional schooling was expected to
perform important role in industrialization of the country, in modernization of agriculture and
in constructing of communication system. Organizational reform in professional schooling was
accompanied by programme reform. New systematics of professions and new professional quali-
fication obtained after state exam were introduced. While creating new teaching plans, in most
of subjects different presumption of teaching was assumed. Lack of mathematics in professional
training schools teaching plans was a great astonishment. Learning on Poland, Polish language
and knowledge on production were taught in those schools. Mathematics was taught in basic
professional schools. In the framed teaching plan for those schools mathematics was placed in
the group of professional and supporting subjects as well as professional technology, classification
of materials, professional drawing and physics. Teaching the subject was guided by the rules
of practice and usefulness. The main aim of teaching was to extend and deepen fundamentals
received in primary school. For mathematics teaching in the first class four hours was assigned,
in the second - it was two hours. Efficiency in operations on numbers and decimal fractions was
taught as well as proportions, percentage and might calculations, fractions and equations. In
technical colleges different attitude to mathematics teaching was observed. Mathematics was
supposed to provide pupils with knowledge and skills necessary to understand organization and
technology of work as well as modern industrial technologies. Mathematics was also considered
as an important selection tool which influenced professional qualifications obtained while state
exams.



190

� E.S. Smailov The Institution of Applied Mathematics of CS of MES of RK, Karaganda, Kaza-

khstan, email: esmailov@mail.ru

Embedding Theorem of different metrics in Morrey spaces

We obtain the embedding theorem in Morrey spaces in terms of the best approximation of
function f by means of entire functions of exponential type.

Let 1 ≤ p ≤ +∞ and 0 ≤ λ ≤ 1

p
. We say that Lebesgue measurable function f(x), x ∈ R,

belongs to Morrey space Mλ
p (R) [1], if the norm

‖f‖Mλ
p
(R) = sup

x∈R

r>0

{

r−λ‖f‖Lp(x−r,x+r)

}

is finite. By Mνp we denote the set of entire functions from Lp(R), 1 ≤ p ≤ +∞, of exponential
type ν.

By Eν(f)Lp(R)
we denote the best approximation of function f by means of entire functions

of exponential type in Lp(R), i.e.

Eν(f)Lp(R)
= inf

{

‖f − gk‖Lp(R)
: gk ∈Mν , k ≤ ν

}

.

Proposition. Let 1 ≤ p < q ≤ +∞, 0 ≤ λ ≤ 1

q
. Then

sup
gν∈Mνp

‖gν‖Mλ
q
(R)

‖gν‖Lp(R)

≍ ν
λ+ 1

p
−

1

q for all gν ∈Mνp.

Now we have the following result.
Theorem. Let 1 ≤ p < q < +∞, 0 ≤ λ ≤ 1

q
. Let f ∈ Lp(R). If the series

+∞
∑

k=1

k
λ+ 1

p
−

1

q
−1

Ek(f)Lp(R)

is convergent, then f ∈Mλ
q (R) and the following inequality

‖f‖Mλ
q
(R) ≤ cpqλ

{

‖f‖Lp(R)
+

+∞
∑

k=1

k
λ+ 1

p
−

1

q
−1

Ek(f)Lp(R)

}

holds. Here cpqλ > 0 depends only on p, q, λ.
[1] Kufner A., Jonh O., and Fuĉik S., Function spaces, 1977, Leyden: Noordhoff International Publishing.
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Conformally invariant higher order operators on the sphere

We classify and explicitly describe conformally invariant differential operators that act upon
sections of associated bundles to higher spin representations on the sphere Sn. A higher spin
representation is an irreducible representation of SO(n) with highest weight of the form λ =(
k1 +

1

2
, k2 +

1

2
, . . . ,±1

2

)
, which we abbreviate to (k1, k2, . . .)

′, with possible dropping the zero
terms. The case λ = (0)′ corresponds to the Dirac operator, the case of λ = (1)′ to the Rarita-
Schwinger operator. It is known [2] that for any higher spin representation, there is a first order
conformally invariant operator (Stein-Weiss gradient) acting on it, we call them higher spin Dirac
operators. Using a general result of [3] we prove that there is a (unique up to multiplication)



191

� Ilya Smirnov Ilya Smirnov - Lomonosov Moscow State University, Russia,

email: ismirnov@cs.msu.ru

Mixed problems for the Telegraph Equation in the Case of a System Consisting of N
Segments with different Densities and Elasticities

We consider the mixed problems for the longitudinal vibrations of a rod governed by the
telegraph equation with the Dirichlet and Neumann boundary conditions. The rod consists of
n segments with different densities and elasticities.

The rod has the linear density ρ1 = const and Young’s modulus k1 = const on the segment
0 ≤ x ≤ l1. The rod has the linear density ρi = const and Young’s modulus ki = const on
the segment li−1 ≤ x ≤ li. The rod has the linear density ρn = const and Young’s modulus
kn = const on the segment ln−1 ≤ x ≤ ln = l.The impedances of these n segments are equal to
each other.

The study of the vibrations of the rod subject to the given boundary conditions at its ends
is reduced to finding the solution u(x, t) of the following mixed problem for the discontinuous

telegraph equation with ai =
√

ki

ρi

utt =
{

a2
i
uxx(x, t) + c2u(x, t)in Q2 = [li−1 ≤ x ≤ li]× [0 ≤ t ≤ T ], (1)

with zero initial conditions
u (x, 0) = 0, ut (x, 0) = 0, (2)

with junction conditions at the joint points li, i = 1 . . . n ,

u (li − 0, t) = u (li + 0, t) , ki−1ux (li − 0, t) = ki+1ux (li + 0, t) (3)

and with boundary conditions:

u (0, t) = µ(t), u (l, t) = ν(t), (41)

(displacements at both ends).
Further, the paper presents a practical application of the explicit formulas for the solution of

the above mixed problems for solving and modeling seismic migration problems in a dispersion
medium.
[1] I.N. Smirnov, Mixed Problems for the Telegraph Equation in the Case of a System Consisting of Two Segments

with Different Densities and Elasticities but Equal Impedances, Doklady Mathematics, Vol. 82, No 3, pp. 887-
891 (2010).

[2] I.N. Smirnov, D Alembert-Type Formula for Vibrations of an Infinite Rod Consisting of Two Segments with

Different Densities Described by the Telegraph Equation, Doklady Mathematics, Vol. 82, No 1, pp. 523-527
(2010).

[3] I.N. Smirnov, Solution of Mixed Problems with Boundary Elastic-Force Control for the Telegraph Equation,
Differential Equations, Vol. 47, No 3, pp. 429-437 (2011).

conformally invariant operator of every odd order. Moreover, using the spectrum generating
method of [1], we construct explicit formulas for them in an arbitrary order. For λ = (k)′ they
come in the form of a product

D

S
∏

s=1

(

D2
− s2 Id−

16s2(N − k)

N(N2 − (2s)2)
T ∗T

)

,

where D is the higher spin Dirac operator on (k)′, T and T ∗ are other Stein-Weiss gradients and
N = n+ 2k − 2.

[1] Branson, T., Ólafsson, G., Ørsted, B., Spectrum generating operators, and intertwining operators for repre-

sentations induced from a maximal parabolic subgroup, J Funct Anal 135, 163–205 (1996).
[2] Fegan, H., Conformally invariant first order differential operators Q J Math 27, 371–378 (1976).
[3] Slovák, J., Natural operators on conformal manifolds, Habilitation thesis, Masaryk University, Brno (1993).
[4] Šmı́d, D., Conformally invariant higher order higher spin operators on the sphere, AIP Conf. Proc. 1493, 911

(2012).
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Common Fixed Point Theorem for Occasionally Weakly Compatible (O.W.C.)
Mapping in Fuzzy Metric Space Using Rational Inequality

The aim of this paper to prove some Common Fixed Point Theorems in Fuzzy Metric Space
with extend the result established in [Common Fixed Point Theorems in Fuzzy metric Space
Using Rational Inequality Journal of Advanced Studies in Topology ISSN-2009-388x Vol 2, No.
2, 2011, 46-52].

� First author Izabela Solarz - The Pedagogical University of Cracow, email: balt37@interia.

pl,

A game which incidently teaches algebra.

Children have many fundamental problems with learning algebra. It is also difficult for teach-
ers to carry their students through the threshold of algebraic symbols and operations. On the
other hand most of our students love computer games and they can spend a lot of time on
playing. Is it possible to overcome difficulties in learning Maths by computer application? With
a teacher keeping an eye on his students? DragonBox is an example of such a game. It un-
noticeably takes children into algebraic world of symbols. They use colour pictures to place
them into different places according to the clear rules. Then very slowly, it replaces pictures by
numbers and letters. It encourages students to be active, forces to pay attention, to come back
and look for the best solutions. After this amusing entrancetothebasic equations, students can
start solving equations on a piece of paper, but then the symbols: letters, numbers, operation
signs dont frighten them. Algebraic rules are now familiar game rules. As a Maths teacher
I decided to try out DragonBox as a tool for helping students with difficulties in mastering
the solving of simple equations. In my contribution I’ll show videos recorded in the classroom
and talk about my observations and my impression. I’ll also put important questions concern-
ing this way of learning algebra as a game with rules consisting on bare manipulation of symbols.

� Alexander Soldatov Belgorod state university, Russia, email: soldatov48@gmail.com,

To anisotropic plane elasticity

It is considered the Lame system

a11
∂2u

∂x2
+ (a12 + a21)

∂2u

∂y2
+ a22

∂2u

∂y2
= 0 (1)

for a displacement vector u = (u1, u2) where

a11 =

(

α1 α6

α6 α3

)

, a12 =

(

α6 α4

α3 α5

)

, a21 =

(

α6 α3

α4 α5

)

, a22 =

(

α3 α5

α5 α2

)

.

The characteristic equation det[a11 + (a12 + a21)z+ a22z
2] = 0 has two roots ν1, ν2 in the upper

half-plane. Let

J =

(

ν1 0
0 ν2

)

, ν1 6= ν2; J =

(

ν 1
0 ν

)

, νj = ν.

C
l×l
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( ) ( )

Then there exists [1] an invertible matrix b ∈ C
l×l, such that

a0b+ a1bJ + a2bJ
2 = 0, det

(

b b

bJ bJ

)

6= 0.

If a matrix b1 also satisfies these conditions then b1 = bd where the matrix d is invertible and
commutes with J . Hence the matrix- valued function H(ξ) = Im [b(−ξ2+ ξ1J)(ξ1+ ξ2J)

−1b−1],
ξ = (ξ1, ξ2) ∈ R

2, doesn’t depend on b.
Let a domain D be bounded by a Lyapunov contour Γ. The generalized potential of double

layer is defined by the integral

u(z) =
1

π

∫

Γ

Q(t, t− z)ϕ(t)|dt|, z ∈ D,

where Q(t, ξ) = |ξ|−2[n1(t)ξ1 + n2(t)]H(ξ) and n = n1 + in2 implies the unit outer normal. If
the vector- valued function ϕ ∈ C(Γ) then u ∈ C(D) satisfies (1) in the domain D.
Using this potential the Dirichlet problem in C(D) may be reduced to the equivalent Fred-

holm integral system on the boundary Γ. The analogues result is also valid for the Neumann
problem. Its boundary condition can be written in the Dirichlet form with respect to a so called
conjugate function v. For this function the generalized potential of double layer is defined as
above by substituting b into c = a21b+ a22bJ . The matrixes b, c can be found explicitly [2] and
the corresponding expressions can be also received for kernels Q.

[1] Soldatov A.P., On the first and second boundary-value problems for elliptic systems on the plane, Diff. urav-
neniya, T. 39, No 5, P. 674-686 (2003).

[2] 2. Soldatov A.P., To the theory of anisotropic plane elasticity , Analysis by Oldenbourg Wissenschaftsverlags,
Vol. 30(2) pp. 107-117 (2010).
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On Nonlinear Operators, Fixed-Point and Solvability of Nonlinear Equations

In the present paper we consider the boundary-value problem for the fully nonlinear equation
of the second order

(1.1) F (x, u,Du,∆u) = h (x) , x ∈ Ω,

and also for the nonlinear equations with p-Laplacian that depend upon the parameters λ and
µ on the smooth bounded domain Ω ⊂ R

n (n ≥ 1). Equations of such type can arise in the
diffusion processes, reaction-diffusion processes etc. of the steady-state case. We study the solv-
ability of these problems with use of the general results of such type as in [2] ([1]) that allow us
to study the posed problems under more general conditions. We discuss here on the nonlinear
continuous mappings acting in a Banach space and an equation (inclusion) with mappings of
such type. Moreover we lead here a fixed-point theorem for nonlinear continuous mappings on
Banach spaces and a solvability theorem for the nonlinear equations with continuous operators
which can used for study various problems. Main theorem of the present article is a generaliza-
tion of Lax-Milgram theorem to the result for the nonlinear operators acting on Banach spaces.

[1] Soltanov K. N., On semi-continuous mappings, equations and inclusions in the Banach space, Hacettepe J.
Math. & Statist., 37, 1, (2008).

[2] Soltanov K. N.,, Perturbation of the mapping and solvability theorems in the Banach space, J. NA, TMA,
72, 1, (2010).
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Clifford superanalysis

We first introduce some basic concepts about superspace and superanalysis using the Vladimirov-
Volovich approach. Then we introduce the basics for Clifford analysis in superspace, leading
to the expected ortho-symplectic structure. Next we recall what we think should be the cor-
rect rules for differential forms on superspace and explain how one can integrate superforms.
This leads to a way to introduce the Berezin integral and, more in general, to integration in
”deepspace”. All this can be applied to Clifford-superforms.
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On Florencio-Paúl-Virués diagonal theorem

Miscellaneous versions of the diagonal theorem stand for abstract forms of the sliding-hump

method and have been investigated by many authors. An interesting complement of the diagonal

theorem was given by M. Florencio, P. J. Paúl and J. M. Virués in [3].

The diagonal theorem is applied efficiently in measure theory and functional analysis allowing,

in particular, more general formulations of series of classical theorems (e.g. Banach-Steinhaus,

Nikodym, Orlicz-Pettis, Vitali-Hahn-Saks, Hahn-Schur, and Bessaga-Pe lczyński theorems). The

diagonal techniques seem to be more general than the standard Baire category methods (cf. [2]).

There are also important applications of the diagonal theorem in the theory of distributions. In

particular, the theorem is a basic tool in an elementary proof of the functional and sequential

approaches to theory of distributions (cf. [1], [4]).

We present the Florencio-Paúl-Virués diagonal theorem formulated for quasi-normed groups

and essentially complete the proof given in [3].

[1] Antosik, P., Mikusiński J. and Sikorski R., Theory of Distributions. The Sequential Approach, Elsevier-PWN,
Amsterdam-Warszawa (1973).

[2] Antosik, P., Swartz C., Matrix Methods in Analysis, Lecture Notes in Math. 1113, Springer-Verlag, Berlin-
Heidelberg-New York-Tokyo (19850.

[3] Florencio, M., Paúl, P. J. and Virués J. M., On the Mikusiński-Antosik diagonal theorem, Bull. Pol. Acad.
Sci. Math. 40, 189–195 (1992).

[4] Kamiński, A. and Sorek, S., On the proof of equivalence of the functional and sequential theories of distri-

butions, Rend. Sem. Mat. Univ. Pol. Torino, in press.
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On the local uniqueness for weakly hyperbolic equations

In the first part of the talk we shall discuss some old and recent results concerning the local
(in space) uniqueness for a weakly hyperbolic Cauchy problem. Then we shall prove, in some
special cases, a more quantitative form of local uniqueness, by constructing a local (in space)
energy for which an apriori estimate holds.
This allows us to get the local version of the analytic propagation for sufficently smooth solutions.
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Geodesic completeness of Lorentzian manifolds of low regularity

We propose a definition of geodesic completeness for Lorentzian manifolds of low regularity
based on the geometric theory of generalized functions ([1]). As a physically relevant example we
prove completenss of a class of impulsive gravitational wave space-times of the formM = N×R

2

1
,

where (N, h) is a Riemannian manifold of arbitrary dimension and M carries the line element
ds2 = dh2 +2dudv+ f(x)δ(u)du2 with dh2 the line element of N and δ the Dirac measure ([2]).
[1] M. Grosser, M. Kunzinger, M. Oberguggenberger, R. Steinbauer. Geometric Theory of Generalized Functions,

volume 537 of Mathematics and its Applications 537. Kluwer Academic Publishers, Dordrecht, 2001.
[2] C. Sämann, R. Steinbauer. On the completeness of impulsive gravitational wave spacetimes, Class. Quantum

Grav. 29, 245011 (2012).
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On some solutions of certain versions of the models: ”sigma” and baby Skyrme ones

The so-called ”sigma” model is very important field model, some version of it describes static

Heisenberg ferromagnet [4]. Another interesting field model is the so-called baby Skyrme model,

which is some analogon (on the plane) of the Skyrme model describing baryons as topological

solitons [1]. Some solutions of certain versions of the models: ”sigma” and baby Skyrme ones,

will be presented, among others, by applying some results included in [2], [3].

[1] Makhankov, V. G., Rybakov, Yu. P. and Sanyuk, V. I., The Skyrme Model: fundamentals, methods, applica-

tions, Springer series in nuclear and particle physics, Springer-Verlag Berlin Heidelberg (1993).
[2] Stȩpień,  L. T., The existence of Bogomolny decomposition for baby Skyrme models, arXiv:1204.6194 (2012).
[3] Stȩpień,  L. T., On Bogomolny Decompositions for the Baby Skyrme Models, Geometric Methods in Physics

XXXI Workshop, Bia lowieża, Poland, June 24-30, 2012, Series: Trends in Mathematics, Kielanowski, P.;
Ali, S.T.; Odesskii, A.; Odzijewicz, A.; Schlichenmaier, M.; Voronov, T. (Eds.), Birkhäuser Basel (2013) - to
appear.

[4] Yang, Y., Solitons in Field Theory and Nonlinear Analysis, Springer-Verlag New York (2001).
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Frames, General Fréchet frames, and series representations

Frame theory is one of the basic topics of pure and applied mathematics nowdays. First we
give a short introduction on frames in Hilbert and Banach spaces, which motivated our work
in Fréchet spaces. Then we direct our attention on projective and inductive limits of Banach
spaces (for example, the Schwartz space S(Rn) of rapidly decreasing functions and its dual, the
space of tempered distributions S ′(Rn)) and General Fréchet frames for such spaces.
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The exponential map of C1,1-metrics

Many essential properties of (semi-) Riemannian manifolds depend on the existence of Rie-
mannian normal coordinates, i.e., on the fact that the exponential map is a local diffeomorphism.
In this talk we address the question of the regularity of the exponential map for manifolds of
lower, namely C

1,1, regularity. For the case of Riemannian or Lorentzian manifolds we show that
the exponential map is still a bi-Lipschitz homeomorphism. Our methods of proof are based on
regularization, combined with results from Riemannian and Lorentzian comparison geometry.
In addition, we obtain existence of convex neighborhoods in both cases. Finally, we indicate
implications of these results to causality theory in general relativity.

� Jacopo Stoppa Dipartimento di Matematica, Università di Pavia, Via Ferrata 1, Pavia, Italy
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TBA type equations and tropical curves

We revisit the wall-crossing behaviour of solutions of a class of Thermodynamic Bethe Ansatz
type integral equations, expressed as sums of “instanton corrections”. We explain how a set
of tropical curves (with signs) emerges naturally from each instanton correction, then show
that the weighted sum over all such curves is in fact a tropical count. This goes through to
the q-deformed setting. This construction can be regarded as a formal mirror-symmetric state-
ment in the framework proposed by Gaiotto, Moore and Neitzke. Joint work with S. A. Filippini.

S ′
R

Hilbert frames extend orthonormal bases and still allow series representations of every element
in the space. However, the natural extension of Hilbert frames to Banach spaces do not neces-
sarily lead to expansions in Banach spaces and there have been investigations in this direction.
Now our attention goes to projective and inductive limits of Banach spaces. First, we introduced
and investigated Fréche frame. Recently, we introduced more general sequences, called General
Fréche frames, and investigated the question for series representations via such frames. In the
talk we will present some results on General Fréche frames. We will give examples of General
Fréche frames which are not Fréche frames and thus will show that the concept General Fréche

frame is an essential extension of the concept Fréche frame.
The new results are joint work with Stevan Pilipović.
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Quaternionic functions as tools for the classification of orthogonal complex structures

The classification of orthogonal complex structures on dense open subsets Ω of the Euclidean
space H = R

4 is an open problem studied by experts in differential geometry. In the case
Ω = H \ Λ where Λ is a line, a circle or a set whose 1-dimensional Hausdorff measure vanishes,
it has been solved in [3, 4] with the aid of the conformal transformations of H ∪ {∞} ∼= HP

1.
No instrument was available to study other cases, not even that of H minus a parabola.

The theory of regular quaternionic functions introduced in [2] provides the tools for a new ap-
proach to the problem. Indeed, new orthogonal complex structures can be constructed pushing
forward the standard structure of H \ R via regular functions. Moreover, regular functions lift
to the twistor space CP

3 and the resulting lifts can be used to undertake a classification. Both
of these results are included in the paper [1].

[1] Gentili, G., Salamon S. and Stoppato, C., Twistor transforms of quaternionic functions and orthogonal

complex structures, arXiv:1205.3513 [math.DG]. To appear in J. Eur. Math. Soc. (JEMS).
[2] Gentili, G. and Struppa, D. C., A new theory of regular functions of a quaternionic variable, Adv. Math.

216, 279–301 (2007).
[3] Salamon, S. and Viaclovsky, J., Orthogonal complex structures on domains in R

4, Math. Ann. 343, 853–899
(2009). See also arXiv:0704.3422v1.

[4] Wood, J. C., Harmonic morphisms and Hermitian structures on Einstein 4-manifolds. Internat. J. Math. 3,
415–439 (1992).
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A vector fields approach to smoothing and decaying estimates
for equations in anisotropic media

It is well known that the vector fields

Ω = x ∧D = (Ωij)i<j , Ωij = xiDj − xjDi

commute with the Laplacian −∆. Hence we have

Pu = f ⇒ P (Ωu) = Ωf,

where P = p(Dt,−△), and in this way we can control the growth/decaying order of solution
u to the equation Pu = f . This fact was actually used to induce some decaying estimates for
the wave equation and smoothing estimates for the Scrödinger equation. In this talk, we will
discuss how to trace this idea for equations with the Laplacian −∆ replaced by general elliptic
(pseudo-)differential operators. Such situation naturally arises in the equation of linear elasticity
for crystals and Maxwell equations in anisotropic media. In general, elliptic operators do not
always have corresponding vector fields which commute with them, but some useful lemma and
its application will be stated.
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Conservation laws with discontinuous flux

We are interested in a scalar conservation law in an arbitrary dimension d with a discontinuous
flux F

ut + divF (x, u) = 0 in (0,∞)× R
d,

u(0, ·) = u0 in R
d.

(1)

The flux is supposed to be a discontinuous function in the spatial variable x and in an unknown
function u. Under some additional hypothesis on the structure of possible discontinuities, we
formulate an appropriate notion of entropy solution and establish its existence and uniqueness.
The structure of the flux function corresponds to the one proposed by [4] for the case of fluxes
discontinuous in x. The framework for proving the existence and uniqueness of entropy weak
solutions is provided by the studies on entropy measure-valued solutions, cf. [3] and may be
viewed as a corollary of the uniqueness theorem for entropy measure-valued solutions. Moreover,
the techniques using comparsion principle will be presented.

There are numerous applications of considerations on discontinuous flux such as sedimentation
process, two phase flow in porous media, modeling of traffic flow and others. The studies
are also motivated by an implicit constitutive theory. The understanding of scalar hyperbolic
conservation laws with a discontinuous (or multi-valued) flux represent a good starting point for
a progress in the mathematical theory for evolutionary problems of elasticity with implicit or
discontinuous relations between the Cauchy stress and the deformation gradient.

The talk is based on joint works with M. Buĺıček, P. Gwiazda and J. Málek, [1, 2] and also
on the work in progress with P. Wittbold and A. Zimmermann.

[1] M. Buĺıček, P. Gwiazda, J. Málek, and A. Świerczewska Gwiazda, On scalar hyperbolic conservation laws
with a discontinuous flux, Math. Models Methods Appl. Sci., 21 no. 1 (2011), pp. 89-113

[2] M. Buĺıček, P. Gwiazda, and A. Świerczewska Gwiazda, Multi-dimensional scalar conservation laws with
fluxes discontinuous in the unknown and the spatial variable, Math. Models Methods Appl. Sci. 23 no. 3

(2013), pp. 407439,
[3] R. J. DiPerna, Measure-valued solutions to conservation laws. Arch. Rational Mech. Anal., 88 no. 3 (1985),

pp. 223–270
[4] E. Y. Panov, Existence of strong traces for quasi-solutions of multidimensional conservation laws, J. Hyper-

bolic Differ. Equ., 4 no. 4 (2007), pp. 729–770.
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Semi-reflection as a method for developing mathematical knowledge for teaching

The understanding of basic concepts in advanced mathematics by the students - in our case
future mathematics teachers - has been subjected very often to criticism. The research related to
the perception of these concepts and their use in problem solving has lead to identify a number
of phenomena in the field of understanding. It is noteworthy that such research is usually led
by experienced didacticians and mathematicians who analyze the problem from their own point
of view. In our research we employed a different method. We have decided to extend our own
observations by the students’ point of view. The students were not asked to explain their own
ways of reasoning or interpret their own solutions; their role was to interpret the strategies and
behaviors of their peers - usually participants of the same organized didactical process.
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Global existence for semilinear wave equations with the blow-up term in high dimensions

We are interested in the fact that the lifespan T (ε), the maximal existence time, of a classical
solution of

(1)

{
utt −∆u = u2 in R4 × [0,∞),
u(x, 0) = εf(x), ut(x, 0) = εg(x)

of a small parameter ε > 0, compactly supported smooth functions f and g, has an estimate

(2) exp
(
cε−2

)
≤ T (ε) ≤ exp

(
Cε−2

)
,

where c and C are positive constants depending only on f and g. This result is due to Li and
Zhou [1] for the lower bound and to Takamura and Wakasa [2] for the upper bound. We note
that its importance is extremely huge as the problem is related to the final open part of Strauss’
conjecture on semilinear wave equations as well as one of the last open optimality of the general
theory for nonlinear wave equations.

In this talk, I would like to introduce you the following theorems.

Theorem 1. (2) still holds even if u2 in (1) is replaced by

(3) u(x, t)2 −
1

π2

∫
t

0

dτ

∫

|ξ|≤1

(utu)(x+ (t− τ)ξ, τ)
√
1− |ξ|2

dξ −
ε2

2π2

∫

|ξ|≤1

f(x+ tξ)2
√
1− |ξ|2

dξ.

Theorem 2. T (ε) =∞ holds if u2 in (1) is replaced by

(4) u(x, t)2−
1

2π2

∫
t

0

dτ

∫

|ω|=1

(utu)(x+(t−τ)ω, τ)dSω−
ε

4π2

∫

|ω|=1

(εf2+∆f+2ω·∇g)(x+tω)dSω.

We are looking for a criterion to get the global in time existence of a solution, T (ε) =∞, for
more general terms of the “critical” power in four space dimensions. Except for this situation,
there is no possibility to discuss this kind of problems for “classical” solutions in high dimensions.

All the results in this talk are based on joint works with Kyouhei Wakasa. The speaker is
partially supported by the Grant-in-Aid for Scientific Research (C)(No.24540183), Japan Society
for the Promotion of Science.

[1] Li, T-T. and Zhou, Y., A note on the life-span of classical solutions to nonlinear wave equations in four space

dimensions, Indiana Univ. Math. J., 44, 1207-1248 (1995).
[2] Takamura, H. and Wakasa, K., The sharp upper bound of the lifespan of solutions to critical semilinear wave

equations in high dimensions, J. Differential Equations 251, 1157-1171 (2011).

behaviors of their peers - usually participants of the same organized didactical process.
The research aim was to examine the understanding of the concept of function limit. Since

this topic was extensively analyzed in the literature, it gave us the opportunity to compare the
results of our observation with the results which did not included the students’ observations and
opinions in the process of analysis. Multistage approach to the problem of understanding the
concept of the limit reaped the following benefits:

1. It confirmed the similarities of strategies and the degree of understanding of the concepts
with those described in the literature.

2. It gave an opportunity to emphasize the students’ opinions on the topic.
3. It enabled the detection and justification of the ways of studying advanced mathematics

in courses offered to future mathematics teachers.
4. It supplied didactical material which is much useful in teacher education by extending it

with mathematical knowledge for teaching.
The last point shows that the conducted research by the use of the described methodology

can be directly used in mathematics teacher education.
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Almost sure global wellposedness for the periodic derivative NLS

In recent years, a study on a low regularity global in time solution for the dispersive nonlinear
equations has been developed by several methods. Based on various smoothing effects, local
wellposedness results have been established. In order to establish global existence results, one
need to control the energy exchanges between low and high frequencies, for example by Fourier
truncation method and I-method. We exhibit the subsequent approach to the global in time
existence described via Gibbs measure for the periodic derivative NLS equation [1, 3].

Consider the initial value problem for the derivative nonlinear Schrödinger equation on the
torus

∂tu− i∂2

xu = iu2∂xu+ iu
1

π

∫

2π

0

Im(uux)(t, x) dx+ (Cubic-Quintic nonlinear terms)

and ensemble initial data to be random Fourier series of the form

u(0, x, ω) = φ(x, ω) = g0(ω) +
∑

k∈Z\{0}

gk(ω)

k
eikx ∈ H1/2−ε

\H1/2

for ε > 0 and almost all ω ∈ Ω, where {gk} are independent complex Gaussian variables on a
probability space (Ω,F ,P).

We propose an approach to overcome the lack of local wellposedness, and prove global
wellposedness almost surely for the data in the support of the Gaussian measures on Hs ∩

FL1/2,∞, s < 1/2, where FLs,p is some auxiliary function space. This result extends the one in
[2], which assumes s ≥ 1/2.

[1] Bourgain, J., Periodic nonlinear Schrödinger equation and invariant measures, Commun. Math. Phys., 166,
1–26 (1994).

[2] Nahmod, A., Oh, T., Rey-Bellet L., and Staffilani, G., Invariant weighted Wiener measures and almost sure

global well-posedness for the periodic derivative NLS , J. Eur. Math. Soc., 14, 1275–1330 (2012).
[3] Thomann, L. and Tzvetkov, N., Gibbs measure for the periodic derivative nonlinear Schödinger equation,

Nonlinearity, 23, 2771–2791 (2010).
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On definitions of general local and global Morrey-type spaces

One of popular definitions of general local Morrey-type spaces is as follows. Let B(x, r) denote
the open ball in R

n centered at x ∈ R
n of radius r > 0. Let 0 < p, θ ≤ ∞ and let w ∈ Ωθ i. e.

let w be a non-negative Lebesgue measurable function on (0,∞), not equivalent to 0 on (t,∞)
for any t > 0, and such that ‖w‖Lθ(t,∞) < ∞ for some t > 0.

The local Morrey-type space LMpθ,w(·) is the space of all functions f Lebesgue measurable on
R
n with finite quasi-norm

‖f‖LMpθ,w(·)
=

∥

∥w(r)‖f‖Lp(B(0,r))

∥

∥

Lθ(0,∞)
.

Theorem. If θ < ∞ and w ∈ Ωθ, then for each ε > 0 there exists a function wε ∈ Ωθ such

that wε ≥ w on (0,∞), wε > 0 on (0,∞), LMpθ,wε(·)
= LMpθ,w(·), and

‖f‖LMpθ,w(·)
≤ ‖f‖LMpθ,wε(·)

≤ (1 + ε)‖f‖LMpθ,w(·)

for all f ∈ LMpθ,w(·).
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Extremal problems for partially non-overlapping domains on equiangular system points.

Let r(B; a) – inner radius domain B ⊂ C with respect to a point a ∈ B.

This work a study the following problem.
Problem. Let n ∈ N, n ≥ 2. Maximum functional be found

(r (B0 ; 0) · r (B∞
; ∞))γ ·

n
∏

k=1

r (Bk ; ak) ,

where An = {ak}
n

k=1
– arbitrary n-equiangular system points and {B0, {Bk}

n

k=1
, B

∞
} – arbitrary

set partially non-overlapping domains, 0 ∈ B0, ∞ ∈ B
∞
, ak ∈ Bk, and all extremal the describe

k = 1, n.
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Main motivation tendencies of future mathematics’ teachers’ educational and
professional activity

Improving the quality of future mathematics’ teachers’ professional training demands the development
of their motivation.

Motives of educational and professional activity can be combined into two interrelated groups: perspective-
stimulating and intellectually-stimulating motives.

Perspective-stimulating motives are based on the understanding of professional prestige in the society,
importance of professional skills and habits, in particular: realization of the subject’s importance and
application, connection of the subject with future profession; expectation to get the profit of the future;
to develop the feeling of responsibility.

Intellectually-stimulating motives are based on obtaining pleasure from the condition process; presence
of interest to certain professional activity, curiosity, desire to self-development in certain professional field.

∈
·

If θ = ∞ and w ∈ Ω
∞
, then there exists a function w̃ ∈ Ωθ such that w̃ ≥ w on 0,∞), w̃ > 0

on (0,∞), LMp∞,w̃(·) = LMp∞,w(·), and

‖f‖LMp∞,w̃(·)
= ‖f‖LMp∞,w(·)

for all f ∈ LMp∞,w(·).

A similar statement holds for global Morrey-type spaces GMpθ,w(·).
For proofs and applications see [1].

[1] Tararykova, T. V., Comments on definitions of general local and global Morrey-type spaces, Eurasian Math.
J., 4, no. 1 (2013).
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Performance evaluation of queueing systems with random capacity demands and bounded
buffer space

We investigate non-classical queueing systems with demands characterized by some random
capacity ζ under assumption that demand service time ξ generally depends on its capacity [1].
This dependency can be defined by the joint distribution function F (x, y) = P{ζ < x, ξ < x}.
The total demands capacity σ(t) (i.e. the sum of capacities of demands present in the system
at time instant t) can be bounded by some constant value V that is named buffer space volume.
Such systems have been used to model and solve the various problems occurring in the design
of computer and communicating systems.

The main steady-state performance characteristics of such systems is loss probability Ploss

(the relative part of demands that was lost in the system during infinite time interval) and
probability of loss of capacity unit Qloss [2] (the relative part of total demands capacity that was
lost during infinite time interval).

In our presentation we determine these characteristics for some systems with bounded buffer
space and compare the results of our calculations with the results of calculations of loss prob-
ability in classical regenerative queueing systems using the relation obtained in [3]. Numerical
examples and results of simulation are attached as well.

[1] Tikhonenko, O.M., Queueing Models in Computer Systems, Universitetskoe, Minsk (1990) (in Russian).
[2] Tikhonenko, O., Computer Systems Probability Analysis, Akademicka Oficyna Wydawnicza EXIT, Warsaw

(2006) (in Polish).
[3] Morozov, E.V. and Nekrasova R.S., Estimation of Bounded Buffer Overflow Probability in Regenerative

Queueing Systems, Informatics and Applications, 6, Issue 3, 91-99 (2012) (in Russian).
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Recovery opreator of periodic functions

Let (X,Y ) be pair of functional spaces of 1-periodic functions, X embedded in C[0, 1]n. Our
aim is to find the nodes {tk}

M
k=1

and functions {φk(x)}
M
k=1

, such that the error

δM (X,Y ) = sup
‖f‖X=1

‖fλ −
M
∑

k=1

f(tk)φk(x)‖Y

will be minimal when order M increase.
The problem of recovering of function from the classes with dominant mixed derivative is

considered in many works.
The aim of this talk is to construct a recovery operator for which the error coincides with the

order of corresponding orthodiameter:

d⊥M (X,Y ) = inf
{gj}

M
j=1

sup
‖f‖X=1

‖f −
M
∑

j=1

(f, gj)gj‖,

here the exact lower bound is taken over all orthogonal systems {gj}
M
j=1

from L∞[0, 1]n.

For a function f ∈ C[0, 1]n we define the transform
∑ ∑
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Modulation spaces, harmonic analysis and pseudo-differential operators

In the present talk we present recent results on composition, continuity and Schatten-von
Neumann (SvN) properties for operators and pseudo-differential operators (ΨDOs) when acting
on modulation spaces. For example we present necessary and sufficient conditions in order for the
Weyl product should be continuous on modulation spaces. Such question is strongly connected
to questions wether compositions of ΨDOs with symbols in modulation spaces remain as ΨDOs
with a symbol in a modulation space.

We also present necessary and sufficient conditions for ΨDOs with symbols in modulation
spaces should be SvN operators of certain degree in the interval (0,∞]. Note here that there
are so far only few results in the literature on SvN operators with degrees less than one.

The talk is based on joint works with K. H. Gröchenig, and with E. Cordero and P. Wahlberg.
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Generalized Fourier transform and Pseudo–Differential Operators

We consider the development of the Fourier analysis based on a boundary value problem for
the derivative operator on a segment. In particular, we derive an explicit formula for the con-
volution generated by the problem. Starts an interesting direction of discrete analysis based on
elliptic boundary value problems, continuing, in a sense, the analysis on the torus started by M.
Ruzhansky and V. Turunen [1]–[2], in which case one may think of a problem having periodic
boundary conditions.

[1] Ruzhansky M., Turunen V., Pseudo–Differential Operators and Symmetries, Birkhauser (2010).
[2] Ruzhansky M., Turunen V., Quantization of Pseudo–differential Operators on the Torus, J. Fourier Anal.

Appl., 16, 943-982 (2010).

∈

Fm(f ;x) =
∑

ψ(k)=m

k∈Nn

1

2|k|

∑

0≤r<2k

f(
r

2k
)φk,r(x+

r

2k
),(1)

φk,r(x) =
∑

0≤ν≤k

(−1)
∑n−1

j=1
(rj+1)sgn(kj−νj)

∑

µ∈ρ(ν)

e2πiµx.(2)

Here µx :=
∑n

j=1
µjxj , |k| := k1 + . . .+ kn, ρ(ν) = {µ = (µ1, ..., µn) ∈ N

n :
[

2νj−2
]

≤ |µj | <

2νj−1}, [x] is integer part of x, and ν ≤ µ means that νj ≤ µj , j = 1, n.
Theorem. Let m ≥ ψ(1), Fm(f) defined by the relations (1), (2) , M is number of nodes in

the definition of Fm(f) . If 1 < p ≤ 2 ≤ q ≤ ∞, α0 >
1

p
, then

sup
‖f‖SWα

p
=1

‖f − Fm(f)‖Lq ∼ d⊥M (SWα
p , Lq),

sup
‖f‖SHαp =1

‖f − Fm(f)‖Lq ∼ d⊥M (SHα
p , Lq).

The talk is based on joint work with E.D. Nursultanov (M.V.Lomonosov Moscow State Uni-
versity).
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Polyharmonic equation with point interactions

We consider some models of thin flat elastic plates with point interactions. One of the math-
ematical interpretations: 2D Biharmonic equation in punctured domain. In a Hilbert space it
is investigated a class of well-posed problems for Polyharmonic equation in punctured domain.
It’s taken an analogue of the Green’s formula and a class of self-adjoint operators.

� Timofey B. Tokmantsev N.N. Krasovskii Institute of Mathematics and Mechanics UrB RAS,

Ural Federal University, email: tokmantsev@imm.uran.ru

APPLICATIONS OF THE METHOD OF DYNAMIC PROGRAMMING TO

INVERSE PROBLEMS OF DYNAMICS

A controlled system is under consideration

(1)
dx(t)

dt
= g(t, x(t)) + f(t, x(t))u(t), t ∈ [0, T ],

where x ∈ R
n is a state vector, a control parameter u ∈ R

r is restricted

(2) u ∈ U = {ui ∈ [a−
i
, a+

i
], a−

i
< a+

i
, i = 1, 2, . . . , r}.

We know a continuous function y(·) : [0, T ] → R
n, which is the measurement of a trajectory

x
∗
(t) of the system (1). It is known that the trajectory x

∗
(t) belongs to the strip of admissible

errors Ωδ, i.e.(t, x∗(t)) ∈ Ωδ = {(t, x) ∈ [0, T ] × R
n : ||x − y(t)|| ≤ δ}, where δ > 0 is the

parameter of measurement errors, the symbol ||z|| denotes the Euclidean norm of a vector z.
The goal of the inverse problem of dynamic is to construct a control and a trajectory of the

system (1), (2), which approximate the unknown trajectory x
∗
(·) [2].

We introduce an auxiliary optimal positional control problem [1] for the system (1), (2)
minimizing the residual functional

(3) I(u(·)) =

T
∫

0

[

(x(t)− y(t))2

2
+

α

2
||u(t)||2

]

dt,

here α > 0 is a small regularization parameter.
We apply the method of dynamic programming [3] in the problem (1)–(3) to construct the

trajectories of the system within the strip of admissible statistic errors. We provide the extremal
trajectories which minimize the residual functional in the strip Ωδ.

It is proven that the extremal trajectories approximate the exact solution x
∗
(·) of the inverse

problem of dynamics. The estimates of the approximation are obtained, as δ → 0, α → 0.
Numerical algorithms are created. Results of simulations are exposed.

The work was supported by the Russian Foundation for Basic Researches (projects No. 11-
01-00214) and by the Program of Presidium RAS for Basic Researches on Mathematical Control
Theory.
[1] Krasovsky N.N., Subbotin A.I. Game-Theoretical Control Problems. NY:Springer-Verlag (1987).
[2] Osipov Y.S., Vasiliev F.P., Potapov M.M. Bases of the Dynamical Regularization Method. Moscow: Moscow

State University, (1999) (in Russian).
[3] Subbotina N.N., Tokmantsev T.B. On Grid Optimal Feedbacks to Control Problems of Prescribed Duration

on the Plane // Annals of the ISDG: Advances in Dynamic Games Vol. 11, (Michele Breton, Krzysztof
Szajowski editors), Boston: Birkhäuser, 133-147, (2011).
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Hypoellipticity and solvability for classes of second order Shubin operators with
nonhypoelliptic symbols

We investigate the hypoellipticity and the solvability in S(Rn) for classes of second order
Shubin differential operators P (x,D) with real–valued non-negative principal symbol which is
not hypoelliptic symbol. In the case n ≥ 2 we require that no rotation terms appear, excluding,
in particular, the twisted Laplacian.

The first step is the reduction via global normal form transformation of the equation Pu = f

to a (generalized) complex Airy type equation perturbed, in the multidimensional case, by the
n− 1 dimensional laplacian on a suitable linear subspace of Rn.
Secondly, we introduce anisotropic weighted spaces HSCs;r(R×R

n−1), s ∈ R, r = (r1, r2) ∈ R
2.

Broadly speaking, such spaces are equivalent to the Shubin weighted spaces, if we restrict to R,

while restricted to the second component we are reduced to the weighted spaces used in the study
of the SG–pseudodifferential operators, associated in a natural way to the Airy type structure.
The choice of the functional frame combined with estimates on Airy type parametrices allows
us to derive sharp estimates in the weighted Sobolev spaces and to study the hypoellipticity and
the solvability in S(Rn) of the original operators. Moreover, we describe the spectrum of P and
prove estimates of the resolvent operator . We also outline hypoellipticiy and solvability results
in the framework of the Gelfand–Shilov spaces.

The talk is based on joint work with T. Gramchev (Università di Cagliari).
[1] Calvo, D., De Donno, G. and Rodino, L., Operators with polynomial coefficients and generalized Gelfand–

Shilov classes, Pliska. Stud. Math. J., 21, 7-24 (2012).
[2] Cappiello, M., Gramchev, T., and Rodino, L.,Entire extensions and exponential decay for semilinear elliptic

equations, J. Anal. Math., 111, 339-367 (2010). ,
[3] Cordes, H.O., The technique of pseudodifferential operators, London Math. Soc. Lecture Note Ser., 202,

Cambridge University Press, Cambridge, (1995).
[4] Fourier integral operators defined by classical symbols with exit behaviour, Math. Nachr., 242, 6178 (2002).
[5] Gramchev, T., Pilipovic̀, S., Rodino, L., and Wong, M.W.,Spectral properties of yhe Twisted Bi-Laplacian,

Arch. Math., 93,565-575 (2009).
[6] Nicola, F. and Rodino, L., Global pseudo-differential calculus on euclidean spaces, vol. 4, Sprigel Basel AG,

Birkhaeuser, Berlin (2010).
[7] Shubin, M.A, Pseudo differential operator and spectral theory , Springer Series In Soviet Mathematics,

Springer Verlag, Berlin (1987).

� Trooshin Igor Tohoku University, email: trushin@m.tohoku.ac.jp, Mochizuki Kiyoshi

Tokyo Metropolitan University, Emeritus, email: mochizuk@math.chuo-u.ac.jp

Scattering on Non-Compact Graphs

Differential operators on graphs often appear in physics, physical chemistry, biology etc. We
investigate scattering problems on noncompact graphs, containing compact edges.

[1] Marchenko, V., Mochizuki, K., Trooshin, I.: Inverse scattering on a graph containing circle. Analytic methods
of analysis and differential equations: AMADE 2006 (Cambridge: Camb. Sci. Publ), 237-243 (2008)

[2] Mochizuki, K., Trooshin, I.: On the scattering on a loop-shaped graph. Evolution Equations of Hyperbolic
and Schrödinger Type, Progress in Mathematics 301, Springer, 227-245 (2012)
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Cauchy problem for a first order ordinary differential systems in the plane with variable
coefficients

Let −∞ < t1 < t2 < ∞, S[t1, t2] be set of measurable, essentially bounded function f(t)
in [t1, t2]. W 1

∞
[t1, t2] is the class of function f(t), for which f ′(t) ∈ S[t1, t2]. We consider the

system

(1) u′ = f(t)u+ g(t)v + h(t), v′ = g(t)u− f(t)v + q(t)

in [t1, t2], where h(t), q(t) ∈ L1[t1, t2]; f(t), g(t) ∈ S[t1, t2].
In the given work we will construct the general solutions of the system (1) in the class

(2) W 1

∞
[t1, t2] ∩ C[t1, t2]

Let t0 ∈ [t1, t2]. Let us consider the Cauchy problem: find the solution of system (1) from
the class (2) satisfying the Cauchy conditions u(t0) = α, v(t0) = β, where α and β are given
real numbers. By us problem K is solved:

u = αℜP1(t) + P2(t)+βℑP1(t)− P2(t)+ℜP(t), v = αℑP1(t) + P2(t)−βℜP1(t)− P2(t)+ℑP3(t),

where P1(t) =
∞
∑

j=1

I2j−1(t), P2(t) = 1+
∞
∑

j=1

I2j(t), P3(t) =
∞
∑

j=0

Aj(t), Ij(t) =
t
∫

t0

b(τ)Ij−1(τ)dτ,

Aj(t) =
t
∫

t0

b(τ)Aj−1(τ)dτ, (j = 2, ∞), I1(t) =
t
∫

t0

b(τ)dτ, A1(t) =
t
∫

t0

b(τ)A0(τ)dτ.

� Ville Turunen Aalto University, Finland, email: ville.turunen@aalto.fi,

Properties and computation of Born–Jordan related time-frequency distributions

We study properties of functions and tempered distributions by means of certain Cohen
class bilinear time-frequency distributions related to the Born–Jordan quantization of pseudo-
differential operators. We obtain smoothness and continuity results for the involved transforms,
and also present an efficient FFT-based algorithm, computing time-frequency pictures of real-life
signals. Advantages of this approach are demonstrated by comparisons to spectrograms.
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Generalized linear differential equations in a Banach space:
Continuous dependence on a parameter

In the contribution we present new conditions ensuring the continuous dependence on a pa-
rameter k of solutions to linear integral equations of the form

x(t) = x̃k +

∫

t

a

d[Ak]x+ fk(t)− fk(a) , t∈ [a, b ] , k∈N ,

where −∞<a<b<∞, X is a Banach space, L(X) is the Banach space of linear bounded
operators on X, x̃k ∈X, Ak : [a, b ]→L(X) have bounded variations on [a, b ], fk : [a, b ]→X are
regulated on [a, b ]. The integrals are understood as the abstract Kurzweil-Stieltjes integrals and
the studied equations are usually called generalized linear differential equations (in the sense of
J. Kurzweil, cf. [1] or [2]).

Our main theorem concerns the case when the variations varb
a
Ak need not be uniformly

bounded and it is an analogy of the Opial’s result [5] for ODEs.
Applications to linear dynamic equations on time scales are then enabled by their relationship

with generalized differential equations as disclosed by A. Slav́ık in [6].
[1] Kurzweil, J., Generalized ordinary differential equation and continuous dependence on a parameter .

Czechoslovak Math. J. 7 (82) (1957), 418–449.
[2] Kurzweil, J., Generalized ordinary differential equations (Not Absolutely Continuous Solutions). Series in

Real Analysis–Vol. 11, World Scientific, Singapore, 2012.
[3] Monteiro, G.A. and Tvrdý, M., On Kurzweil-Stieltjes integral in Banach space. Math. Bohem. 137 (2012),

365–381.
[4] Monteiro, G.A. and Tvrdý, M., Generalized linear differential equations in a Banach space: Continuous de-

pendence on a parameter . Discrete Contin. Dyn. Syst. 33 (1) (2013), 283–303, doi:10.3934/dcds.2013.33.283.
[5] Opial, Z., Continuous Parameter Dependence in Linear Systems of Differential Equations. J. Differential

Equations 3 (1967), 571–579.
[6] Slav́ık, A., Dynamic equations on time scales and generalized ordinary differential equations. J. Math. Anal.

Appl. 385 (2012), 534–550.

� Anna Tytu la Pedagogical University of Cracow , Poland, email: anna.tytula8@gmail.com

Scalar Riemann-Hilbert problem for circular multiply connected domains

We solve the scalar Riemann-Hilbert problem for circular multiply domains. We discuss the R-linear
and the Schwarz problem. We reduce the boundary value problem to functional equations and solve them
using the Poincarè series.

[1] Mityushev V., Scalar Riemann-Hilbert Problem for Multiply Connected Domains, Functional equations in
mathematical analysis, 599-632 (2012).
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Conformal composition operators on Sobolev spaces and Brennan’s conjecture

(Joint work with Vladimir Gol’dshtein)

We study composition operators on Sobolev spaces generated by conformal mappings of plane
Euclidean domains Ω,Ω′ ⊂ R

2 in connection with Brennan’s conjecture. Brennan’s conjecture
states integrability of the complex derivative ϕ′ of a plane conformal mapping ϕ : Ω → D, D
is the unit disc, in the power 4/3 < s < 4. We prove that Brennan’s conjecture holds if and
only if ϕ generates by the composition rule ϕ∗(f) = f ◦ ϕ, f ∈ L1

p
(D), 2 < p < ∞, a bounded

composition operator
ϕ∗ : L1

p
(D)→ L1

q
(Ω), q = ps/(p+ s− 2).

This result has applications in the weighted Sobolev type embedding theory and degenerate
elliptic boundary value problems.

[1] Gol’dshtein, V. and Ukhlov, A., Brennan’s Conjecture for composition operators on Sobolev spaces, Eurasian
Math. J., 3, 35–43 (2012).

[2] Gol’dshtein, V. and Ukhlov, A., Conformal Weights and Sobolev Embeddings, J. Math. Sci. (N. Y.), (to
appear)

[3] Gol’dshtein, V. and Ukhlov, A., Universal Conformal Weights on Sobolev Spaces, arXiv: 1302.4054

� Cihan UNAL, email: cunal@sinop.edu.tr, cihanunal88@gmail.com, İsmail AYDIN,

email: iaydin@sinop.edu.tr, iaydinmath@gmail.com, Sinop University, Faculty of Arts and Sciences,

Department of Mathematics, Sinop, TURKEY

Some Results of a Weighted Convolution Algebra

In this study, we give another generalization of A
p(.)

w (Rn) in [2] to the weighted variable

Lebesgue spaces L
p(.)

ω (Rn). We define A
p(.)

w,ω (Rn) to be the space of all complex-valued functions

in L
1

w
(Rn) whose Fourier transforms belong to L

p(.)

ω (Rn). Also, we investigate some inclusions
and compact embeddings properties and further discuss multipliers of this spaces.

[1] Aydın, I., Weighted Variable Sobolev Spaces and Capacity, Hindawi Publishing Corporation, Journal
of Function Spaces and Applications, Vol. 2012, Article ID 132690, doi: 10.1155/2012/132690.

[2] Aydın, I. and Gürkanlı, A. T., On some properties of the spaces A
p(.)
ω (Rn), Proceedings of Jangjeon

Mathematical Society, Vol. 12, No. 2, (2009), 141–155.
[3] Gürkanlı, A. T., Some results in the weighted Ap (R

n) spaces, Demostratio Mathematica, Vol. XIX,
No.4,(1986), 825-830.

[4] Gürkanlı, A. T., Multipliers of some Banach ideals and Wiener-Ditkin sets, Math. Solvaca.
55(2),(2005), 237-248.

[5] Gürkanlı, A. T., Compact Embeddings of the spaces A
p
w,ω

(

R
d
)

, Taiwanese Journal of Mathematics,
Vol.12,No7,(2008),1757-1767.

[6] Feichtinger, H. G. and Gürkanlı, A. T., On a family of weighted convolution algebras, Internat. J.
Math. Sci. 13, No. 3, (1990)

[7] Fiorenza, A. and Krbec, M., A Note on Noneffective Weights in Variable Lebesgue Spaces, Hindawi
Publishing Corporation,Journal of Function Spaces and Applications, Vol 2012, Article ID 853232,
doi: 10.1155/2012/853232.

[8] Kovacik, O. and Rakosnik, J., On spaces L
p(x) and W

k,p(x), Czechoslovak Math. J., 41 (116), (1991),
592-618.

[9] Larsen, R., Liu, T. S. and Wang, J. K., On functions with Fourier transforms in L
p, Michigan Math.

J., Vol. 11, (1964), 369-378.
[10] Liu, T. S. and Van Rooij, A., Sums and intersections of normed linear spaces, Mathematische

Nachrichten 42 (1969), 29-42.
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A partial differential equation
with a closed parabolic boundary

In the article [1] the following equation is considered

∂z(w + q(z)w) = f(z), z ∈ G, (1)

where w(z) is an unknown complex-valued function, q(z) and f(z) are given functions in a
bounded simply connected domain G, the boundary of which is denoted by ∂G. It is assumed
that q(z), w(z) ∈ D1, p(G) (G = G + ∂G), f(z) ∈ Lp(G), p > 2, and ∂G ∈ C1

α, α > 0, and
moreover

|q(z)| = 1 as z ∈ ∂G

and q(z) 6= −1, z ∈ ∂G.
Now we consider the case q(zk) = −1, zk ∈ ∂G, k = 1, ..., n, and also zi 6= zj if i 6= j. Since

|q(z)| = 1, z ∈ ∂G, we can write q(z) in the form q(z) = eiϕ, where ϕ = arg q(z).
We consider the case that the number

λ = Ind∂G [ei
ϕ

2 ] = Ind∂G [
√

q(z)] =
1

2
Ind∂G [q(z)],

is integer ( then Ind∂G q(z) is an even number). We obtain the following assertion with respect
to solvability of equation (1):

for λ ≥ 0 the problem (1) has 2λ+ 1- parametric set of solutions;

for λ < 0 the problem (1) either has no solution or admits only one solution provided that

f(z) satisfies 2|λ| − 1 real relations.
A particular case as f(z) does not satisfy the solvability relations and the problem (1) does

not have a solution is presented in [1].

[1]. Z.D.Usmanov (2007). A partial differential equation with a finite set of solutions, Complex Vari-

ables and Elliptic Equations, pp. 899-905.

� Anastasia Usova N.N. Krasovskii Institute of Mathematics and Mechanics UrB RAS - Yekater-

inburg, Russia, email: Anastasy.Ousova@gmail.com, Alexander Tarasyev N.N. Krasovskii Institute

of Mathematics and Mechanics UrB RAS - Yekaterinburg, Russia, email: tam@imm.uran.ru

Analysis of Hamiltonian dynamics in optimal control problems of optimization of
resource productivity

In the paper, the optimal control problem is considered to maximize the utility function of
the infinite time horizon

J(x1(·), x2(·), u(·)) =

+∞∫

0

e−ρt (lnx1(t)− lnx2(t) + ln (1− u(t)− x2(t))) dt, u(t) ∈ [0, u]

( )

[11] Martin, J. C. and Yap, L. Y. H., The algebra of functions with Fourier transforms in L
p, Proc.

Amer. Math. Soc. 24 (1970), 217-219.
[12] Warner, C. R., Closed ideals in the group algebra L

1 (G)∩L
2 (G), Trans. Amer. Math. Soc., Vol. 121,

No. 2, (1966), 408-423.
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Lie Spheres, Spherical Monogenics, and Small Dimensions

This talk will give an overview of the concepts of spherical monogenics on the Lie sphere, as
described in the works of F. Sommen [1], and analyze its restriction to smaller dimensions. This
line of thought was inspired by the earlier work of M. Morimoto [2].
[1] Sommen, F., Spherical Monogenics on the Lie Sphere, Jorunal of Functional Analysis, 92,2, p.372-402,

(1990).
[2] Morimoto, M., Analytic Functionals on the Lie Sphere, Tokyo Journal of Mathematics, 3, 1, p.1-35, (1980).

over control processes
(
x1(t), x2(t), u(t)

)
of the dynamic system

ẋ1(t) = x1(t) (x1(t)−A1u(t) +B) , ẋ2(t) = x2(t) (x1(t)−A2u(t)) , xi(0) = x0
i
, i = 1, 2

satisfying the initial conditions and subject to constraints for the control parameter u(t).
This problem is based on the model of optimization of the resource productivity by controlling

investments u(t) [2]. The problem is investigated within the Pontryagin maximum principle [1].
The domain of existence of steady states is described in terms of the model parameters. If
the steady state has the saddle character then one can construct the nonlinear stabilizer. The
stabilizer allows searching optimal solutions on the basis of stabilized trajectories which are close
to optimal solutions and inherit their asymptotic properties in a vicinity of the steady state [3].

This work was supported by by RFBR (Projects 11-01-00427-a, 12-01-00024-a, 12-01-31300),
by the Program for Sponsorship of Leading Scientific Schools (Project NSCH-64508.2010.1), by
Programs of the Presidium of the Russian Academy of Sciences (Projects 12-Π-1-1002, 12-Π-1-
1012, 12-Π-1-1038, 12-Π-7-1001), by the Project 13-1-HΠ-253 of the Ural Branch Of RAS, and
the International Institute for Applied Systems Analysis (Project NSFC-IIASA).
[1] Aseev, S.M. and Kryazhimskiy, A.V., The Pontryagin Maximum Principle and Optimal Economic Growth

Problems, Proceedings of the Steklov Institute of Mathematics, Vol. 257, Pleiades Publishing (2007).
[2] Tarasyev, A. and Zhu, B., Optimal Proportions in Growth Trends of Resource Productivity , Proceedings of

the 15th IFAC Workshop Control Applications of Optimization CAO12, Edited L. Lambertini, A. Tarasyev,
Rimini Center for Economic Analysis, (2012). http://www.ifac-papersonline.net/Detailed/56659.htm

[3] Tarasyev, A. M. and Usova, A.A. Stabilizing the Hamiltonian System for Constructing Optimal Trajectories,
Proceedings of the Steklov Institute of Mathematics, Vol. 277, pp. 248–265 (2012).
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A boundary value problem for monogenic functions

The 2n real-valued components of a monogenic function in Rn+1 are solutions of the Laplace
equation. However they are not independent of each other because they are connected by
the Cauchy-Riemann system in Rn+1 consisting of 2n (real) first order equations. So, we can
not arbitrarily prescribe the boundary values of all of the real-valued components. Taking
into account this fact, we will show the solution of a Dirichlet boundary value problem in R

3

for monogenic functions in a cylindrical domain. The underlying Clifford algebra depends on
parameters in case the usual structure relations e2

j
= −1 and eiej + ejei = 0 are replaced by

the more general ones e2
j
= −αj and eiej + ejei = 2γij . If the parameters of the Clifford

algebra depend on the variable x ∈ R
3, then the coefficients of the Cauchy-Riemann system for
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Commutative C*-algebras of Toeplitz operators on the Bergman space

We give a complete characterization of all commutative C
∗-algebras generated by Toeplitz

operators acting on the weighted Bergman spaces over the unit disk. Each such algebra is
generated by Toeplitz operators whose bounded measurable symbols are invariant under the
action of a maximal abelian subgroup of Moebius transformation of the unit disk, and is isomor-
phic to the algebra of sequences (or functions) that are slowly oscillate in a certain specific sense.

�Alexander V. Vasilyev Belgorod State University, Belgorod, Russia, email: alexvassel@gmail.com,
Vladimir B. Vasilyev Lipetsk State Technical University, Lipetsk, Russia,

email: vladimir.b.vasilyev@gmail.com

Discrete singular integrals in a half-space

We consider Calderon – Zygmund singular integral [1] in the discrete half-space Z
m

h,+
, where

Z
m

h
is entire lattice (modulo h, h > 0) in R

m, and prove, that the discrete singular integral
operator is invertible in L2(Z

m

h,+
) iff such is its continual analogue [2]. The key point for this

consideration takes solvability theory of so-called periodic Riemann boundary problem, which
is constructed by authors.
[1] Mikhlin, S.G. and Prössdorf, S., Singular Integral Operators, Akademie-Verlag, Berlin (1986).
[2] Vasilyev, A. V., Vasilyev, V. B. Discrete singular operators and equations in a half-space, Azerb. J. Math.,

3, 84-93 (2013).

algebra depend on the variable x ∈ R , then the coefficients of the Cauchy-Riemann system for
monogenic functions depend on x. We also show boundary value problems for the inhomogeneous
generalized Cauchy-Riemann equation.
[1] Dinh D.C., D irichlet boundary value problem for monogenic functions in Clifford analysis, submitted, (2013)
[2] Tutschke, W., Vanegas, C. J., A boundary value problem for monogenic functions in parameter-depending

Clifford algebras, CVEE, 56, 113-118 (2011).

� George Venkov Faculty of Applied Mathematics and Informatics, Technical University
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Minimization of Hartree type functionals

The talk treats solitary waves associated with the Hartree type functional in external Coulomb
potential. The functional associated with this problem is (see [1]) [1])

E(u) =
1

2
‖∇u‖2

L
2 +

1

4
A(u2)−

E2

2

∫

R3

|u(x)|2

|x|
dx.(1)

with fixed L2− norm

(2)

∫

R3

|u(x)|2dx = E2.
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Topological properties of regular generalized function algebras

We investigate the topological density of various subalgebras of regular generalized functions
in the Colombeau algebra G(Ω) of generalized functions with its natural (so-called sharp) topol-
ogy. In contrast with the algebra of smooth functions which is a dense subset of the space of
C∞-smooth functions, we show that the subalgebra G∞(Ω) is not dense in the algebra G(Ω).

� James Vickers University of Southampton, Southampton, UK , email: J.A.Vickers@soton.ac.uk

Smoothing Operators, Colombeau Algebras and Generalised Differential Geometry

From the point of view of applications the great advantage of using Colombeau algebras is
the way in which they represent distributions as families of smooth functions. In this talk we
will examine the relationship between smoothing operators and Colombeau algebras based on
some recent work of Nigsch [1]. We show that in the case of distributional tensor fields this leads
to a Colombeau algebra of generalised tensor fields which has all the ingredients necessary to
develop a natural theory of distributional differential geometry.

∫

Here and below

(3) A(f) =

∫

R3

∫

R3

f(x)f(y)

|x− y|
dydx.

The positive radial minimizers have to satisfy the ordinary differential equation

−ru′′(r)− 2 u′(r) + r

∫

∞

r

(

1

s
−

1

r

)

u2(s)s2ds u(r) + ru(r) = 0(4)

together with the constraint

(5)

∫

∞

0

u2(s)s2ds = E2.

We study the expansion for external domains of type r ≥ 1 by the aid of the ansatz

(6) u(r) =
e−r

r
v(r),

where is v(r) defined by

(7) v(r) = v(r, b) = b

(

1 +
∞
∑

k=1

(−1)kb2kωk(r)

)

.

We shall see that suitable recurrence relation for the coefficient can be used in order to
establish uniform bound of type

(8) 0 < ωk(r) <
Cke−2rk

r2kk

and guarantee the uniform convergence of the series (7).
[1] T. Cazenave and P.L. Lions, Orbital stability of standing waves for some nonlinear Schrödinger equations ,

Comm. Math. Physics, 85, (1982), 549–561.
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For the case of scalar fields a smoothing is simply a linear map from distributions to the space of
smooth functions. By a variant of the Schwartz kernel theorem these correspond precisely to the
space of smoothing kernels. This leads to a natural description of a (large) basic space E(M) for
the corresponding Colombeau algebra together with canonical embeddings of both distributions
and smooth functions. This results in a version of the algebra given in [2] in which the basic
space is enlarged to allow position dependant smoothing kernels. For the case of distributional
tensor fields on a manifold a similar analysis shows that the space of smoothing operators is
topologically isomorphic to the tensor product of transport operators with smoothing kernels

Lb(D
′r

s
(M), T r

s
(M)) ∼= TO(M,M)⊗ C∞(M,Ωn

c (M)).

As with the scalar case this leads to a natural description of a basic space Er

s
(M) for the corre-

sponding Colombeau algebra of generalised tensor fields together with canonical embeddings of
both distributional and smooth tensor fields. From this point of view the transport operators
used in [3] are a natural consequence of any smoothing of distributional tensor fields.
In the final part we will describe some applications to generalised differential geometry. We
introduce the concept of distributional metric and show that it may be used to define a gen-
eralised connection and generalised curvature. The Geroch-Traschen class of metrics [4] is the
largest class for which one can define a distributional curvature using conventional (linear) dis-
tributions. We show that for this class the generalised curvature of the embedded (Colombeau)
metric is associated to the distributional curvature. However we also give examples of metrics
outside this class for which the generalised curvature is associated to a distributional tensor field
and give some preliminary results about the characterisation of such metrics.
[1] E. A. Nigsch The functional analytic foundation of Colombeau algebras arXiv:1305.1460 [math.FA]
[2] M. Grosser, M. Kunzinger, R. Steinbauer and J.A. Vickers A global theory of algebras of generalised functions,

Adv. Math., 166, 50-72 (2002)
[3] M. Grosser, M. Kunzinger, R. Steinbauer and J.A. Vickers A global theory of algebras of generalised functions

II: tensor distributions, New York Journal of Mathematics, 18, 139-199 (2012)
[4] R. Steinbauer and J. A. Vickers On the Geroch-Traschen class of metrics, Classical and Quantum Gravity,

26, (065001), 1-19 (2009)

� N. Vieira: CIDMA - Center for Research and Development in Mathematics and Applications,

Department of Mathematics, University of Aveiro, Campus Universitário de Santiago, 3810-193 Aveiro,

Portugal. Email: nloureirovieira@gmail.com

Time-dependent Schrödinger equation on cylinders and the n-torus

In this paper we study the solutions to the Schrödinger equation on some conformally flat
cylinders and on the n-torus. First we apply an appropriate regularization procedure. Using
the Clifford algebra calculus with an appropriate Witt basis, the solutions can be expressed
as multi-periodic eigensolutions to the regularized parabolic-type Dirac operator. We study
their fundamental properties, give representation formulas of all these solutions in terms of
multiperiodic generalizations of the elliptic functions in the context of the regularized parabolic-
type Dirac operator.

Furthermore, we also develop some integral representation formulas. In particular we set
up a Green type integral formula for the solutions to the homogeneous regularized Schrödinger
equation on cylinders and n−tori. Then we treat the inhomogeneous Schrödinger equation with
prescribed boundary conditions in Lipschitz domains on these manifolds. We present an Lp−de-
composition where one of the components is the kernel of the first order differential operator that
factorizes the cylindrical (resp. toroidal) Schrödinger operator. Finally, we study the behavior
of our results in the limit case where the regularization parameter tends to zero.

This is a joint work with R.S. Kraußhar (Technische Universität Darmstadt).
[1] R. Kraußhar e N. Vieira, The Schrdinger equation on cylinders and the n-torus, Journal of Evolution Equa-

tions, 11-No.1, (2011), 215-237.
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General Stieltjes moment problems for rapidly decreasing smooth functions

The problem of moments, as its generalizations, is an important mathematical problem which
has attracted much attention for more than a century. It was first raised and solved by Stieltjes
for positive measures. Boas and Pólya, independently, showed later that given an arbitrary
sequence {an}

∞

n=0
there is always a function of bounded variation F such that

(1) an =

∫

∞

0

xndF (x) , n ∈ N .

Amajor improvement to this result was achieved by Durán, who was able to show the existence
of regular solutions to (1). He proved in [1] that every Stieltjes moment problem

(2) an =

∫

∞

0

xnφ(x)dx , n ∈ N ,

admits a solution φ ∈ S(0,∞), that is, a solution in the Schwartz class of rapidly decreasing
smooth functions with suppφ ⊆ [0,∞).

In this talk we discuss a result which significantly improves Durán’s theorem quoted above.
We shall replace the sequence of monomials in (2) by a rather general sequence of distributions
{fn}

∞

n=0
with supp fn ⊆ [0,∞) and present conditions which ensure that every generalized

Stieltjes moment problem
an = 〈fn, φ〉 , n ∈ N ,

has a solution φ ∈ S(0,∞).

[1] Durán, A. J., The Stieltjes moments problem for rapidly decreasing functions, Proc. Amer. Math. Soc. 107
(1989), 731–741.
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THE GENERALIZED LAPLACE, STIELTJES AND

POTENTIAL INTEGRAL TRANSFORMS

There are many complicated problems whose solutions cannot be represented by the clas-
sical transforms but may be solved by integral transforms with various special functions as
kernels.

Let us consider the generalization of the classical integral by help of the Wright hypergeometric
function

pΨq(z) ≡p Ψq

[

(ai;αi)1,p
(bj ;βj)1,q

∣

∣

∣

∣

∣

z

]

,

where z ∈ C; ai, bj ∈ C;αi, βj ∈ R = (−∞,+∞); (α, β) 6= 0; i = 1, 2, ..., p; j = 1, 2, ..., q.
We study the following generalized integral transforms:

(1) L̃{f(x); y} =

∞
∫

0

e−xy 1Φ
τ,β

1
(a; c;−b(xy)y)f(x)dx,

(2) L̃m{f(x); y} =

∞
∫

0

xm−1e−x
m
y
m

1Φ
τ,β

1
(a; c;−b(xmym)y)f(x)dx,

here 1Φ
τ,β

1
(a; c; z) is the generalized confluent hypergeometric function [1]:
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(3) 1Φ
τ,β

1
(a; c; z) =

Γ(c)

Γ(a)Γ(c− a)

1
∫

0

ta−1(1− t)c−a−1 1Ψ1

[

(c, τ);
(c, β)

∣

∣

∣

∣

∣

ztτ

]

dt,

where Rec > Rea > 0; {τ, β} ⊂ R, τ > 0, β > 0; τ − β < 1; Γ(a) is the classical Γ- function. An
in (2) m = 1, b = 0, we have the classical Laplace integral transform.
The generalized potential transform we take is of the following form:

(4) P̃m,1{f(x); y} =
Γ(c)

Γ(a)

∫

∞

0

xm−1

xm + ym
2Ψ1

[

(a, τ); (1, γ)
(c, β)

∣

∣

∣

∣

∣

−b

(

x
m

xm+ym

)

γ
]

f(x)dx.

If in (4) m = 2, b = 0, then we have the classical potential integral transform:

(5) P{f(x); y} =

∫

∞

0

x

x2 + y2
f(x)dx.

The generalized Stieltjes integral we consider is of the form:

(6) G̃p{f(x); y} =
Γ(c)

Γ(a)Γ(p)

∫

∞

0

f(x)

(x+ y)p
2Ψ1

[

(a, τ); (p, γ)
(c, β)

∣

∣

∣

∣

∣

−b

(

x

x+y

)

γ
]

dx.

Virchenko N., On some generalization of the function of hypergeometric type//// J. ”Fract. Calc.
Appl. Anal.”- 1999.- 2. - P.233-244.
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Finite Element Modelling and Statistical Analysis for Applanation Tonometry after
Refractive Surgery

The aim of the present work is to study the effect of corneal changes after refractive surgeries on the
reliability of applanation tonometry.

Two different surgery techniques (PRK and LASIK) and two types of applanation tonometers are
discussed. PRK uses an excimer laser to ablate directly the outer surface of the cornea, while LASIK
is a technique in which the inner layer of the cornea (stroma) is ablated. Maklakoff tonometer (MAT)
measures the IOP by the area flattened by a prescribed force, Goldmann tonometer (GAT) assesses
the IOP by the force required to flatten the prescribed area of the cornea.

Two-dimensional axisymmetric finite element model of the corneoscleral shell was constructed. Simu-
lated corneoscleral shell was considered as two joined transversal isotropic shells with different mechanical
properties. The corneal thickness was divided into four layers with different geometrical and elastic pa-
rameters. Transversal isotropy was assumed for each corneal layer: the elastic moduli in the meridional
and circumferential directions are equal to each other and are up to 100 times greater than Young’s mod-
ulus in the thickness direction. Nonlinear analysis was carried out using engineering simulation software
ANSYS, Inc.

Statistical analysis was performed on 50 eyes undergoing PRK for myopia. The matched group treated
with LASIK was chosen so that the average central corneal thickness and the average IOP before the
surgery were close to each other in both subgroups. We analyzed the IOP measurements before and 3
months after the surgery.

Our simulation results are in a good agreement with the experimental data. After LASIK surgery the
additional layer appears. The increasing the layers number makes stiffness of the cornea smaller, and
therefore, makes smaller the IOP–values measured using both GAT and MAT. The results obtained by
GAT are significantly more sensitive to all parameters of refractive surgery than those found with MAT
for 10 g load.
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Numerical solutions of the inverse problem of pharmacokinetics

What happens to the drug in the body can be visualized by considering the body as being
made up of a large number of compartments, each of which has a well-defined volume in which
the drug is well mixed. In all we can visualize this whole process as a dynamic system describe
by a system of ordinary differential equations of the form:

C ′(t) = AC(t),(1)

where C(t) is a vector of concentrations in the different compartments. The coefficient matrix
A describes how different compartments are connected. Coefficients in A can be constants as
well as functions of concentrations.

Different types of nonlinear compartment models are covered in this report. Linear models
are also considered: three-compartment model with elimination from central compartment and
two-compartment model with absorption.

In real life situation we determine a series of time points at which blood samples are taken
and plasma concentrations are measured.

Here inverse problem arises: it is required to find rate constants knowing concentration of a
drug in the central compartment at the given moments of a time. So, we have a nonlinear system
of M equations (M is the quantity of the measurement data points). The inverse problem can
be written in the following operator form:

A(q) = f,(2)

where
A : Rk −→ R

M
+

– nonlinear operator (coefficient k indicates a number of required constants
and depends on the type of considered model),

f = (f1, f2, . . . , fM )T , fj = Cj , j = 1,M – measured concentration of a drug at the give
moments of a time.

Inverse problem is solved by different iterative methods. The question of choosing initial
approximations is covered in this report. It is shown that physical properties of initial approx-
imations strongly affect on obtained solutions. The results of computational experiments are
presented. It is demonstrated that the resolving ability of the inverse problem can be improved
by varying of the location of measurement data points.

[1] Ilyin A.I, Kabanikhin S.I., Nurseitov D.B., Nurseitova A.T., Asmanova N.A., Voronov D.A., Bakytov D.,
Analysis of Ill-Posedness and Numerical Methods of Solving a Nonlinear Inverse Problem in Pharmacokinetics
for the Two-Compartmental Model with Extravascular Drug Administration, Journal of Inverse and Ill-Posed

Problems, vol. 2, no. 1.(2012)
[2] J. F. Staub, E. Foos, B. Courtin, R. Jochemsen, A. M. Perault-Staub, A nonlinear compartmental model of

Sr metabolism. I. Non-steady-state kinetics and model building , Am J Physiol Regul Integr Comp Physiol,
2002
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Alberto Voza Universidad Simón Boĺıvar, Caracas, Venezuela, email: darthtormentor@gmail.com

Integral Representations in Elliptic Complex Numbers

Generalized Complex Numbers are defined as complex numbers of the form z = x+ iy where
the product of two complex numbers is induced by the relation i2 = −βi − α, for α and β

real numbers subjected to the ellipticity condition 4α − β2 > 0. Since the generalized complex
numbers are isomorphic to the ordinary complex numbers, then from the point of view of the
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numbers are isomorphic to the ordinary complex numbers, then from the point of view of the
algebra they are structurally equal. In contrast to this fact, in Analysis a significant gain is
obtained when we consider the Cauchy-Riemann operator acting on a complex valued function
f(z) = u + iv in the generalized complex algebra and considering functions in the kernel of
this operator as the holomorphic ones. As there exist differentiable functions that are not
holomorphic in the ordinary sense, yet they are holomorphic for some suitable choice of real
numbers α and β, a more encompassing concept of holomorphicity is obtained.

The aim of this talk is to give a generalization of some integral formula for functions valued in
the elliptic complex algebra. In particular a Cauchy integral representation formula is obtained
for a generalized class of holomorphic functions.
[1] Alayón-Solarz D. and Vanegas C.J, The Cauchy-Pompeiu representation formula in elliptic complex numbers,

CV-EE., 57, No. 9, 10251033 (2012).
[2] Yaglom I.M., Complex Numbers in Geometry , Academic Press, New York (1968).
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Irregular Samplings in Hardy Spaces and Reproducing Kernel Hilbert Space

We prove a new sampling formula for functions in the Hardy space in the unit disc using
reproducing kernel Hilbert space techniques
Theorem. Let f be a Hardy function in the unit disc, and {Fm}

∞

0
be its Maclaurin coefficients.

Let {zk}
∞

k=1
be arbitrary distinct complex points on D, convergent to z0 ∈ D,

ãnlk =

n
∏

j=1

[(1− zkzj)(1− zlzj)]

(1− zkzl)
n
∏

j=1,j 6=k

(zk − zj)
n
∏

j=1,j 6=l

(zl − zj)

.

Then

lim
n→∞

n
∑

k,l=1

f(zk)ã
n
lk

1

1− zzl
= f(z), z ∈ D,

and

Fm = lim
n→∞

n
∑

k,l=1

f(zk) ã
n
lk z

m
l , m ≥ 0.

Sampling formulas for Hardy functions in the right-half plane are also derived. As a conse-
quence, a new inverse formula for the Laplace transform requiring data on a bounded interval
is obtained
Theorem. Let {pk}

∞

k=1
be a sequence of distinct numbers on the right half plane C+, that is

either convergent to p ∈ C+, or pk = αk + β for some α, β > 0, and any k > 0. Then the

Laplace inverse f(t) of F (z) can be determined from {F (pk)}
∞

k=1
by the formula

f(t) = lim
n→∞

n
∑

k,l=1

F (pk)

n
∏

j=1

[

(pk + pj)(pl + pj)
]

(pk + pl)
n
∏

j=1,j 6=k

(pk − pj)
n
∏

j=1,j 6=l

(pl − pj)

e−plt,

where the convergence is in L2(R+) norm.

Upper bounds for the truncation errors for some sampling formulas are also provided.
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The equality of the homogeneous and the Gabor wave front set

We prove that Hörmander’s global wave front set and Nakamura’s homogeneous wave front
set of a tempered distribution coincide. In addition we construct a tempered distribution with
a given wave front set, and we develop a pseudodifferential calculus adapted to Nakamura’s
homogeneous wave front set. This is joint work with René Schulz.

[1] Hörmander, L., Quadratic hyperbolic operators, Microlocal Analysis and Applications, LNM vol. 1495, L.
Cattabriga, L. Rodino (Eds.), pp. 118–160 (1991).

[2] Nakamura, S., Propagation of the homogeneous wave front set for Schrödinger equations, Duke Math. J. 126
(2), 349–367 (2005).
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Singularities of solutions to the Cauchy problem for a class of second-order hyperbolic
operators

We deal with the Cauchy problem for second-order hyperbolic operators in the case where
the coefficients of their principal parts are real analytic functions depending only on the time
variable. We shall give outer estimates of the wave front sets of solutions to the Cauchy problem
under the conditions given in [1]. Under these conditions the Cauchy problem is C∞ well-posed,
and the conditions are necessary for C∞ well-posedness when the space dimension is less than 3
or the coefficients of the principal parts are semi-algebraic functions ( e.g., polynomials). More
precisely, we shall show that the wave front sets of solutions are included in the union of broken
null bicharacteristics emanating from the singularities of data in non-trivial cases.

[1] Wakabayashi, S., On the Cauchy problem for second-order hyperbolic operators with the coefficients of their

principal parts depending only on the time variable, Funkcialaj Ekvacioj, 55, 99-136 (2012).
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ON RIEMANN PROBLEMS FOR SINGLE-PERIODIC POLYANALYTIC
FUNCTIONS

In this article, Riemann-type boundary-value problem of single-periodic polyanalytic func-
tions has been investigated. By the decomposition of single-periodic polyanalytic functions, the
problem is transformed into n equivalent and independent Riemann boundary-value problems
of single-periodic analytic functions. Finally, we obtain the explicit expression of the solution
and the conditions of solvability for the single-periodic polyanalytic functions.
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Effective Damping Mechanisms in Mathematical Aeroelasticity

We analyze a classical nonlinear coupled system of PDEs known as a flow-plate interaction

which models the dynamics of a thin plate immersed in an inviscid potential flow [1, 4, 9].
The flow equation is given by a “perturbed” wave equation, while the plate is modeled by an
irrotational von Karman or Berger plate; the dynamics are strongly coupled.

We address various mechanical dissipation mechanisms and their effectiveness in the context
of long-time dynamics for the flow plate system. Specifically, we are concerned with global
attracting sets [1] for the dynamics of the plate in the presence of a (naturally occuring or im-
posed) damping mechanism. We consider various configurations of the flow-plate interaction,
and present results in the case of (a) fully supported interior damping (provided by the flow
in certain configurations) [3], (b) geometrically constrained interior damping (whose support
is restricted to a collar of the boundary) [5, 6], and (c) nonlinear boundary damping acting
through a hinged boundary condition [7, 8]. We discuss the current results about the existence
and qualitative properties of attracting sets, and the strong convergence of full flow-plate tra-
jectories to stationary points [1, 2]; time permitting, we will discuss open problems for the cases
of boundary damping and localized interior damping.

[1] I. Chueshov and I. Lasiecka, Von Karman Evolution Equations, Springer Verlag, 2010.
[2] I. Chueshov, I. Lasiecka, J.T. Webster, Flow-plate interactions: Well-posedness and long-time behavior,

Discr. Contin. Dyn. Syst. Ser. S, Special Volume: New Developments in Mathematical Theory of Fluid
Mechanics, to appear.

[3] I. Chueshov, I. Lasiecka, J.T. Webster, Attractors for delayed, non-rotational von Karman plates with appli-
cations to flow-structure interactions without any damping, Comm. PDE, in review.

[4] E. Dowell, Nonlinear oscillations of a fluttering plate, I and II, AIAA J., 4, pp. 1267–1275 (1966); and 5, pp.
1857–1862 (1967).

[5] P.G. Geredeli, I. Lasiecka, J.T. Webster, Smooth attractors of finite dimension for von Karman evolutions
with nonlinear frictional damping localized in a boundary layer, J. Diffential Equs., 254, 3, pp. 1193–1229
(2012).

[6] P.G. Geredeli, J.T. Webster, Decay rates to eqilibrium for nonlinear plate equations with geometrically
constained, degenerate dissipation, App. Math. and Optimiz., to appear.
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Diffusion phenomena for partially dissipative hyperbolic systems

In this talk we consider hyperbolic systems with a partial dissipation affecting only some of
the modes directly. We show that under suitable coupling properties (in form a Kalman rank
condition imposed on the coefficient matrices) solutions have a diffusive structure und provide
decay estimates for them as well as an adapted diffusion phenomenon. The result applies among
others to the linearised damped Timoshenko system.

The talk is based on results from [2] with full proofs appearing in [1].

[1] M. Ruzhansky, J. Wirth, Asymptotic Behaviour of Solutions to Hyperbolic Equations and Systems, to appear
in Advanced Courses in Mathematics CRM Barcelona, Birkhäuser,
Preprint, arXiv:1203.3853

[2] J. Wirth, Diffusion phenomena for partially dissipative hyperbolic systems,
Preprint, arXiv:1110.0797
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The principal symbol map for paired Lagrangian distributions

Paired Lagrangian distribtions were introduced by Melrose-Uhlmann [3] in order to achieve a
symbolic parametrix construction for operators of real-principal type. An improved version was
later given by Laubin-Willems [2] which relies on ideas from Bony’s 2-microlocal calculus [1].
In this talk, we introduce a classical calculus for paired Lagrangian distributions, define the
principal symbol map, and study certain cases of compositions when the kernels of the operators
involved belong to this class.

Based on joint work with Nguyen Nhu Thang [4-6].

[1] J.-M. Bony, Second microlocalization and propagation of singularities for semilinear hyperbolic equations. In:
Hyperbolic equations and related topics , pp. 11–49, Academic Press, Boston, MA, 1986.

[2] P. Laubin and B. Willems, Distributions associated to a 2-microlocal pair of Lagrangian manifolds. Comm.
Partial Differential Equations 19 (1994), 1581–1610.

[3] R. Melrose and G. Uhlmann, Lagrangian intersection and the Cauchy problem. Comm. Pure Appl. Math. 32
(1979), 483–519.

[4] T. Nguyen, Composition theorems for paired Lagrangian distributions. Thesis, University of Göttingen, Nov.
2011.

[5] T. Nguyen and I. Witt, The principal symbol map for 2-microlocal operators. Preprint.
[6] , Composition of paired Lagrangian distributions. In preparation.
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[8] I. Lasiecka, J.T. Webster, Generation of bounded semigroups in nonlinear subsonic flowstructure interactions

with boundary dissipation, Math. Meth. Appl. Sci., published online 2011, to appear.
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Degenerate pseudodifferential operators of Vishik-Grushin type

We develop a symbol calculus for a class of pseudodifferential operators that degenerate in a
specific way along a regular submanifold. Differential operators L in this class are of the form

L =
∑

|α|+|β|≤m

∑

|γ|≥|α|+|β|(l
∗
+1)−p

aαβγ(x, y)x
γDα

xD
β
y ,

in local coordinates (x, y) ∈ R
d×R

q near x = 0, where aαβγ ∈ C∞(Rd×R
q) and the degeneracy

occurs at x = 0. Here, l
∗
∈ Q+ describes the kind of degeneracy under study, m ∈ N0, p ∈ Z,

and p ≤ m. For instance, one has d = 1, l
∗
= 1/2, m = p = 2 for the Tricomi operator ∂2

x+x∆y.
As an application, well-posedness of a certain class of boundary-value problems for PDEs of

mixed type, where the hyperbolic region is sandwiched between elliptic regions, is proved.

[1] M. Dreher and I. Witt, Edge Sobolev spaces and weakly hyperbolic equations. Ann. Mat. Pura Appl. (4) 180
(2002), 451–482.

[2] M.I. Vishik and V.V. Grushin, A certain class of degenerate elliptic equations of higher orders. Mat. Sb.
(N.S.) 79 (121) (1969), 3–36, (in Russian).

[3] , Degenerate elliptic differential and pseudodifferential operators. Uspekhi Mat. Nauk 25 (1970), 29–
56, (in Russian).

[4] I. Witt, A calculus for a class of finitely degenerate pseudodifferential operators. In: Evolution equations,
Banach Center Publ., vol. 60, pp. 161–189, Polish Acad. Sci., 2003.

[5] , A precise symbol calculus for pseudodifferential operators of Vishik–Grushin type. Preprint.
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Flow in canal with rough bottom

To solve the problem we propose to replace the rough bottom (RB) by a smooth one in two
ways. 1. The RB can be replaced by a layer of different viscous fluid, with viscosity changed
according to Einsteinian theory of emulsion. 2. The RB can be treated as porous medium, after
the homogenization theory, [1]-[5].

For illustration a two-dimensional but one-directional flow after the plane trough with rough
bottom is considered and the exact results of analytical calculations are presented for the both
ways of approximation. On the interface the continuity of velocity and shear stress is postulated.
If the thickness of RB is fraction of the total fluid height the epsilon order then correction to
fluid velocity distribution is also of the epsilon order.
[1] Bakhvalov, N.S. and Panasenko,G. P., Homogenisation: averaging processes in periodic media: mathematical

problems in the mechanics of composite materials, Nauka, Moscow,1984(in Russian); English transl.,Kluwer,
Dordrecht/Boston/London,1989.

[2] Berlyand, L and Mityushev, V., Generalized Clausius-Mossotti formula for random composite with circular

fibers, J. Stat. Phys. 102 (1/2) 115-145 (2001).
[3] W. Jäger, A. Mikelić, Modeling effective interface laws for transport phenomena between an unconfined fluid

and a porous medium using homogenization, Transport in Porous Media 78 (3) 489 - 508 (2009).
[4] Mityushev, V., Transport properties of two-dimensional composite materials with circular inclusions, Proc.

Royal Society. London A, A455, 2513-2528 (1999).
[5] Sanchez-Palencia, E., Non-homogeneous media and vibration theory , Springer Verlag, Berlin, Heidelberg,

New York 1980.
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Hilbert–Schmidt and Trace Class Pseudo-Differential Operators for Weyl Transforms

Pseudo-differential operators with operator-valued symbols for Weyl transforms are intro-
duced. Conditions for these pseudo-differential operators to be Hilbert–Schmidt and in the
trace class are given. A trace formula for these trace class pseudo-differential operators is also
presented.
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Applications of Orlicz spaces in the theory of PDE: non-Newtonian fluids and abstract
problems

We are interested in the existence of solutions to strongly nonlinear partial differential equa-
tions. We concentrate mainly on problems which come from dynamics of non-Newtonian fluids
of a nonstandard rheology and abstract theory of elliptic and parabolic equations. In considered
problems the nonlinear highest order term is monotone and its behaviour – coercivity/growth
condition – is given with help of some general convex function. In our research we would like
to cover both cases: sub- and super-linear growth of nonlinearity. Such a formulation requires
a general framework for the function space setting, therefore we work with non-reflexive and
non-separable Orlicz and Musielak-Orlicz spaces. Within the presentation we would like to em-
phasise problems we have met during our studies, their reasons and methods which allow us to
achieve existence results.

[1] A. Wróblewska-Kamińska. Unsteady flows of non-Newtoniana fluids in generalized Orlicz spaces. Discrete
and Continuous Dynamical Systems – A, 33 (2013), no 6, 2565-2592.

[2] E. Emmrich, A. Wróblewska-Kamińska. Convergence of a full discretization of quasilinear parabolic equations

in isotropic and anisotropic Orlicz spaces. SIAM Journal on Numerical Analysis, 2013.
[3] A. Wróblewska-Kamińska. Local pressure methods in Orlicz spaces for the motions of rigid bodies in an non-

Newtonian fluid with general growth conditions. Discrete and Continuous Dynamical Systems S 6 (2013) no.
5, 1417-1425.

[4] P. Gwiazda, P. Wittbold, A. Wróblewska, A. Zimmermann. Renormalized solutions of nonlinear elliptic

problems in generalized Orlicz spaces. Journal of Differential Equations, 253 (2012) 635-666.
[5] P. Gwiazda, P. Minakowski, A. Wróblewska-Kamińska. Elliptic problems in generalized Orlicz-Musielak spaces

Central European Journal or Mathematics, 10, no. 6 (2012), 2019-2032.

[6] P. Gwiazda, A. Świerczewska-Gwiazda, A. Wróblewska. Generalized Stokes system in Orlicz spaces Discrete
and Continuous Dynamical Systems A, 32 (2012), Issue 6, 2125-2146.
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Exact Meromorphic Stationary Solutions of the Cubic-Quintic Swift-Hohenberg Equation

In this presentation, based on Nevanlinna theory and Painlevé analysis [1, 2], we will first
of all show that all the meromorphic stationary solutions of the cubic-quintic Swift-Hohenberg
equation, which models many circumstances of physical systems, belong to the class W (like
Weierstrass)[1], consisting of elliptic functions and their degenerations, i.e., elliptic functions,
rational functions of one exponential exp(kz), k ∈ C and rational functions of z. Then we obtain
them all explicitly by the method introduced in [3], and some of them appear to be new solutions.

[1] Eremenko A. E., Meromorphic traveling wave solutions of the Kuramoto-Sivashinsky equation, Math. Phys.,
Anal. Geom. 2, 278-286 (2006).

[2] Conte R. and Ng T. W., Meromorphic solutions of a third order nonlinear differential equation, J. Math.
Phys. 51, 033518 (2010).

[3] Demina M. V. and Kudryashov N. A., Explicit expressions for meromorphic solutions of autonomous non-

linear ordinary differential equations, Commun. Nonlinear Sci. Numer. Simul. 16 (3), 1127-1134 (2011).
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The Stochastic Wave Equation with an Interval Valued Parameter

We consider the solutions uc of the stochastic wave equation in three space dimensions

∂2

t
uc − c2∆uc = Ẇ uc : Ω→ S ′

(
R
4
)

denoting by Ẇ the white noise with support in [0,∞)×R
3. It is a generalized stochastic process

on a probability space (Ω,Σ, µ). A suitable choice for Ω is the space of tempered distributions
S ′(D).

Modelling the parameter c as an interval means to investigate the function

X : Ω→ P
(
S ′

(
R
4
))

ω 7→ {uc(ω), c1 ≤ c ≤ c2}

In this contribution we show that X fulfils the Borel measurability condition

X−(B) := {ω ∈ Ω : X(ω) ∩B 6= ∅} ∈ B (Ω) ∀B ∈ B
(
S ′

(
R
4
))

and therefore is a random set in the general sense of Molchanov [1].

[1] Molchanov, Ilya, Theory of Random Sets, vol. 1, Springer-Verlag London Ltd. (2005).
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The hyperbolic equations in the curved spacetime

The talk is concerned with the global in time solutions of the Cauchy problem for matter
waves propagating in the curved spacetimes, which can be, in particular, modeled by cosmo-
logical models. We examine the global in time solutions of some class of semililear hyperbolic
equations, such as the Klein-Gordon equation, which includes the Higgs boson equation in the
de Sitter spacetime and Einstein & de Sitter spacetime. In particular we show that the Klein-
Gordon equation in the de Sitter spacetime obeys the Huygens’ principle only if the physical
mass m of the scalar field and the dimension n of the spatial variable are tied by the equation
m2 = (n2− 1)/4. Moreover, we define the incomplete Huygens’ principle, which is the Huygens’
principle restricted to the vanishing second initial datum, and then reveal that the massless
scalar field in the de Sitter spacetime obeys the incomplete Huygens’ principle and does not
obey the Huygens’ principle, for the dimensions n = 1, 3, only. Thus, in the de Sitter spacetime
the existence of two different scalar fields (in fact, with m = 0 and m2 = (n2 − 1)/4), which
obey incomplete Huygens’ principle, is equivalent to the condition n = 3. For n = 3 these two
values of the mass are the endpoints of the so-called in quantum field theory the Higuchi bound.

[1] Yagdjian K., Huygens’ Principle for the Klein-Gordon equation in the de Sitter spacetime, arXiv:1206.0239v3
[2] Yagdjian K., Global existence of the scalar field in de Sitter spacetime, J. Math. Anal. Appl., 396, 323-344

(2012).
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Biomechanical model of the human eye on the base of nonlinear shell theory

The goal of this work is the development of a biomechanical model of the human eye and
to prove software simulation systems of measuring the intraocular pressure (IOP) by an optical
analyzer. We numerically simulate the eye deformation when the IOP is measured using the
Ocular Response Analyzer developed by the USA company Reichert. The biomechanical model
includes a cornea and a sclera, which are considered as axisymmetrically deformable shells of
revolution with fixed boundaries; the space between these shells is filled with incompressible
fluid. Nonlinear shell theory is used to describe the stressed and strained state of the cornea and
sclera. The optical system is calculated from the viewpoint of the geometrical optics. Depen-
dences between the pressure in the air jet and the area of the surface reflecting the light into a
photo detector for the different thickness of the cornea were obtained. The shapes of the regions
on the cornea surface were found from which the reflected light falls on the photo detector.
First, the light is reflected from the center of the cornea, but then, as the cornea deforms, the
light is reflected from its periphery. The numerical results make it possible to better interpret
the measurement data. This work was supported by a grant 13-01-00801 from the Russian
Foundation for Basic Research.

[1] Khusainov R. R., Tsibul’skii V. R., and Yakushev V. L., Simulation of Eye Deformation in the Measurement

of Intraocular Pressure. Computational Mathematics and Mathematical Physics, 51(2), 326-338 (2011).
[2] Yakushev V.L., Statement of the problem of intraocular pressure measurement modeling by a pneumotono-

metric method . Mechanics of Solids, 46(6): 937-945, Springer New York, LCC (2011).
[3] Yakushev V.L., Simulation of the Measurement of Intraocular Pressure. Progress in Analysis. Proceedings of

the 8th Congress of the International Society for Analysis, its Applications and Computation (22 - 27 August
2011), vol. 2, Peoples’ Friendship University of Russia, 128-139 (2012).



225

� First author Kunio Yoshino -Tokyo City University, Tokyo Japan, email: yoshinok@tcu.ac.jp,

Spectral Analysis of Daubechies Operator

By using the theory of Fourier ultra hyperfunctions, we clarified the complex analytic prop-
erties of eigenvalues of Daubechies Operator. Especially we can recover symbol function of
Daubechies Operator from its eigenvalues.

[1] Daubechies. I, Time frequency localization operators, a geometric phase space approach, 34, IEEE Trans.
Inform. Theory, 605-612 (1988).

[2] Yoshino. K, Analytic continuation and applications of eigenvalues of Daubechies localization operator , Cubo
A Mathematical Journal, 12, 105-108 (2010).
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Growth order of meromorphic solutions of some algebraic differential equations and
Barsegains initial method

In this talk, we introduce some results on estimate the growth order of meromorphic solutions
of some algebraic differential equations by using Barsegian’s initial method [1], we estimate the
growth order of entire or meromorphic solutions of some algebraic differential equations with
rational or transcendental meromorphic function coefficients[5, 6]. Our results improve or ex-
tend the related results of Barsegian et al.[3], Bank [2], Li and Feng[4]. Moreover, we answer
positively a question in [4], and also give some examples to show that our results are sharp in
some special cases.

[1] Barsegian, G., Estimates of higher derivatives of meromorphic functions on sets of its a-points, Bulletin of
Hong Kong Math. Soc., 2(2), 341-346 (1999).

[2] Bank, S., On solutions of algebraic differential equations whose coefficients are entire functions of finite

order AnnaIi di Matematica, 83(4), 175-184 (1969).
[3] Barsegian, G., Laine, I., Yang, C. C., On a method of estimating derivatives in complex differential equations,

J. Math. Soc. Japan, 54, 923-935 (2002).
[4] Li, Y. Z., Feng, S. J., On hyper-order of meromorphic solutions of first-order differential equations, Acta

Math. Scient., 21B(3), 383-390 (2001).
[5] Yuan, W. J., Lin, J. M., Li, Z. R., On the estimate of growth of entire solutions of some algebraic differential

equations, Electronic Journal of Differential Equations, to appear.
[6] Yuan, W. J., Lin, J. M., Li, Z. R., On the estimate of growth of entire solutions of some algebraic differential

equations, Electronic Journal of Differential Equations, to appear.
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Necessary and Sufficient Conditions for Associated Differential Operators in
Quaternionic Analysis and Applications to Initial Value Problems

This paper deals with the initial value problem of type

∂u

∂t
= Lu :=

3
∑

i=0

A(i)(t, x)
∂u

∂xi
+B(t, x)u+ C(t, x)

u (0, x) = u0(x)

in the space of generalized regular functions in the sense of Quaternionic Analysis satisfying
the differential equation

Dλu := Du+ λu = 0,

where t ∈ [0, T ] is the time variable, x runs in a bounded and simply connected domain in R
4,

λ is a real number, and D is the Cauchy-Fueter operator. We prove necessary and sufficient
conditions on the coefficients of the operator L under which L is associated with the operator
Dλ, i.e. L transforms the set of all solutions of the differential equation Dλu = 0 into solutions of
the same equation for fixedly chosen t. This criterion makes it possible to construct operators L
for which the initial value problem is uniquely soluble for an arbitrary initial generalized regular
function u0 by the method of associated spaces constructed by W. Tutschke [1] and the solution
is also generalized regular for each t.

[1] Tutschke, W., Solution of initial value problems in classes of generalized analytic functions, Teubner Leipzig
and Springer Verlag (1989).
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Viscoelastic model of the periodontal ligament

Periodont is a ligament which holds the tooth root in the bone alveoli and performs a number
of functions. The main ones are the retention and shock absorbing function. Periodont is a
complicated structure which properties still not completely known.
The periodontal ligament can be considered as a viscoelastic layer between the tooth root and
bone when the tooth root is subjected to the load acting certain time. In particular, in [1]
and [2], indicates the presence of the viscoelastic properties of the periodontal ligament. Once
the load is zero and the stress relaxation occurs, surrounding the tooth root periodont will be
restored. The stress-strength state of the periodontal ligament that occurs under the action on
a tooth of constant orthodontic loads is defined taking into account their viscoelastic properties.
It is assumed that the outer and inner surfaces of the periodontal membrane are determined by
the equations of elliptic hyperboloid F0(x1, x2, x3) and F (x1, x2, x3) respectively:

F0 (x1, x2, x3) = F (x1, x2, x3) + h0 = 0,

F (x1, x2, x3) = x3 −
H√

1+p2−p

(

√

x1
2

a2
+ x2

2

b2
+ p2 − p

)

= 0,

where H - height of tooth root; p - parameter characterizing the fillet of the tooth root top; a, b
- ellipse axles in the tooth root section z = H.
The displacement vector is written as follows:

~u =
1

h0
(F (x1, x2, x3) + h0)

(

~u(0)(t) + ~ϕ(t)× ~r
)
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Stability of linear periodic Hamiltonian systems on time scales

In this talk, I will give a new stability criterion for planar periodic Hamiltonian systems
improving the results in the literature. The method is based on an application of the Floquet
theory recently established in [1] and the use of a new generalized zero concept introduced in [2].
The results obtained not only unify the related continuous and discrete ones but also provide
sharper stability criteria for the discrete case.
[1] J. J. DaCunha and J. M. Davis, A unified Floquet theory for discrete, continuous, and hybrid periodic linear

systems, J. Differential Equations 251 (2011) 2987–3027.
[2] A. Zafer, Discrete linear Hamiltonian systems: Lyapunov type inequalities, stability and disconjugacy criteria.

J. Math. Anal. Appl. 396 (2012) 606–617
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Generalized and fundamental solutions of Biot equations for moving loads

Here two-component medium of Biot [1] consisting of solid and fluid components is considered
under action of moving loads. It is assumed that the mass forces move with c constant velocity
along the axis z and represented as Gi = Gi(x1, x2, z + ct) and Biot motion equations are

(λ+ µ)usj ,ji+Qufj ,ji+µusi,jj +Gsi = c2(ρ11usi,33+ρ12ufi,33 )

Qusi,ji+Rufj ,ji+Gfi = c2(ρ12usi,33+ρ22ufi,33 ), (1)

where usi, ufi are the displacements of elastic and fluid components, Gsi, Gfi are the body forces
acting respectively on the each components, ρ11 = (1−m)ρs−ρ12, ρ22 = mρf−ρ12, ρs and ρf are
densities of the elastic component and fluid, m is the porosity of the medium. The elastic stress
tensor components are σij = µ(usi,j +ufi,j ) + (λusk,k +Qufk,k )δij , p = −(Qusk,k +Rufk,k )/m
is the fluid pressure, λ, µ,Q,R are the mediums constants. For subsonic load: c < min{c1, c2, c3}
we have elliptic equations. For supersonic load: c > max{c1, c2, c3} - strong hyperbolic equations.

( )

here ~u(0)(t) - time dependence of the translational displacements of the tooth root; ~ϕ(t) - time
dependence of the rotation angles of the tooth root; ~r - the radius vector drawn from the origin.
On the basis of motion equations and expressions for displacements, stresses and strains, using
the Laplace transform, the vertical movement of the tooth root in the viscoelastic periodontal
ligament under constant load over time is defined. The expressions for the displacement of the
tooth root, depending on the time for the exponential relaxation kernels for Maxwell and Voigt
models are obtained. Time dependence of the translational displacement of the premolar’s root
under action of vertical load are built.
[1] Ferrari, M., Non-linear viscoelastic finite element analysis of the effect of the length of glass fiber posts on

the biomechanical behaviour of directly restored incisors and surrounding alveolar bone, Dental Material
Journal, V.27, 485-498 (2008).

[2] Komatsu, K., Mechanical strength and viscoelastic response of the periodontal ligament in relation to structure

, Journal of Dental Biomechanics , V.1, 1-18 (2010).
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Fixed point theorems for multivalued mappings

This talk is devoted to studying of some properties of multivalued mappings in Euclidean space. There
were proved theorems on a fixed point for multivalued mappings whose restrictions to some subset in
the closure of a domain of Euclidean space satisfy “an acute angle condition” or “a strict acute angle
condition”. Obtained results are still true also in the case of non continuous mappings.

Theorem. Let D be domain of Euclidean space X = En. Let K ⊂ D be a subset in the closure of this
domain and let there exists a restriction F1 of multivalued mapping F : D → En = Y on subset K, which
satisfied “a coacute angle condition” and convex hull conv F1(K) is compact. If F (D) ⊃ convF1(K),
then 0 ∈ F (D).

228

we have elliptic equations. For supersonic load: c > max{c1, c2, c3} - strong hyperbolic equations.
For transonic loads: c ∈ (c1, c2), c 6= c3 equations (1) - mixed hyperbolic-elliptic equations.
Here c1, c2 describe the propagation velocity of longitudinal waves, the third c3 - a shear wave
(c2 < c3 < c1).

The fundamental and generalized solutions have been constructed for such velocities. The
conditions on fronts of shock waves have been obtained:

[us]F = [uf ]F = 0,

[µusi,j nj + ((λ+ µ)usj ,j +Qufj ,j )ni − c2(ρ11usi,3+ρ12ufi,3 )n3]F = 0,

[(Qusj ,j +Rufj ,j )ni − c2(ρ12usi,3+ρ22ufi,3 )n3]F = 0,

n is the unit normal to the wave front.
Constructed fundamental solutions can be used for solving boundary-value problems in a Biot

medium with cylindrical boundaries, under action of moving loads. A similar problem for an
elastic medium is considered in [2]. Solutions obtained here can also be used to investigations the
massif’s dynamics in the neighborhood of underground constructions such as tunnels, transport
pipelines depending on the properties of water saturation of the medium, the velocity and type
of existing transport loads.
[1] Biot, M.A., Mechanics of deformation and acoustic propagation in porous media, J. Applied Physics, 33,

1482-1498 (1962).
[2] Alexeyeva, L. A., Singular border integral equations of the BVP of elastodynamics in the case of subsonic

running loads, Differential equations, 46, (4), 512-519 (2010).
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Weak monotonicity in number series and Hardy inequalities

Two well-known tests for the convergence/divergence of an infinite series state

1) If a series

(1)
∞

∑

k=1

ak

converges, then its term ak tends to 0;
2) If a convergent series (1) is monotone than kak → 0.

In fact the assumption of monotonicity can be replaced by a much weaker condition called
weak monotonicity (WM) (see [2]). A sequence {ak} is WM if

ak ≤ Can for any k ∈ [n, n+ n].(2)

Let mk+1 ≥ mk ≥ 0. What kind of sharp conditions should be imposed on {ak} to guarantee
mkak → 0? For example what should be assumptions for (ln k)ak → 0?

To get the required conditions we need simply to replace the last n in (2) with mn (lnn).
Thus we get a class WM(m) of weak monotone sequences with respect to {mn}.

It turns out that several convergence tests for number series such as Cauchy, Maclaurin
and Schlömilch tests can be extended also for these classes of sequences. Moreover the class
WM = WM({n}) appears to be the limiting class in many cases.

We will also consider the Hardy inequalities
∞

∑

n=1

nβ
( 1

n

n
∑

k=1

ak

)p

≤ C

∞

∑

n=1

apnn
β , β < p− 1,

and
∞

∑

n=1

nβ
( 1

n

∞

∑

k=n

ak

)p

≤ C

∞

∑

n=1

apnn
β , β > p− 1,

where 0 < p < 1 for class of weak monotone sequences with respect to {mn} and observe that
they do not hold for {an} ∈ WM({mn}), where mn = o(n), unlike the case {an} ∈ WM (cf.
[1]).
[1] Leindler, L., Inequalities of Hardy-Littlewood type, Anal. Math. 2 (2), 117-123 (1976).
[2] Liflyand, E., Tikhonov, S., Zeltser, M., Extending tests for convergence of number series, J. Math. Anal.

Appl. 377 (1) , 194-206 (2011).
[3] Tikhonov, S. and Zeltser, M., Weak monotonicity concept and its applications, Trends in Mathematics,

Springer Basel (to appear).
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Solution of the Cauchy problem for two-dimensional system of quasilinear equations of
hyperbolic type

The algorithm of solving of the two-dimensional Cauchy problem for system of quasilinear
equations of hyperbolic type proposed by the author. Using by conservation laws, we reduced
this problem to linear integro-differential equation. This allowed not only to prove the existence
of solutions, but also offer a numerical algorithm solving problems.

[1] Zhdanov, O. Solving of mixed problem for a two-dimensional system of quasilinear hyperbolic partial differ-

ential equations, Abstracts of 8th International ISAAC Congress, Moscow, 97 (2011).
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Frame-based Efficient Computational Schemes for Discrete Time-frequency Analysis

Various time-frequency analysis techniques based on the Stockwell transform [1] characterize
the temporal variation of a signal in a time-frequency domain with multi-scale analysis. They
have been successfully used in many fields such as medicine, geophysics and oceanology. The con-
tinuous transforms provide graphically smooth time-frequency representations of a signal with
details, while the transforms implemented using orthogonal bases [2] offer low computational
cost but produce blocky time-frequency representations that may overlook subtle details. In this
paper [3], we provide a frame-based computational framework that expand and unify various
existing discrete Stockwell transforms. It not only provides flexibility to adjust the resolution
of time and frequency, select the type of windows function, and tailor the ratio of redundancy ,
but also reserves the desirable mathematical properties of the conventional Stockwell transform
such as absolutely-referenced phase and invertibility.
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Constant scalar curvature Kähler metrics with cone singularities

This talk is about the Kähler cone metrics which are the Kähler metics with prescribed cone
singularities. We will discuss the cone geodesics in the space of the Kähler cone metrics [1] and
the constant scalar curvature Kähler cone metrics [2]. The Dirichlet problem of the geodesic
equation in the space of Kähler cone metrics H

β
; that is equivalent to a homogeneous complex

Monge-Ampère equation whose boundary values consist of Kähler metrics with cone singulari-
ties. We introduce a subspace HC of H

β
which we define by prescribing appropriate geometric

conditions. Our main result is the existence, uniqueness and regularity of C1,1

β
geodesics whose

boundary values lie in HC . Moreover, we prove that such geodesic is the limit of a sequence of
C

2,α

β
approximate geodesics under the C

1,1

β
-norm.

[1] Calamai, S. and Zheng, K., Geodesics in the space of Kähler cone metrics, arXiv:1205.0056 (2012).
[2] Zheng, K., Constant scalar curvature Kähler metrics with cone singularities, in preparation.
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Choice(using by probabilistic inequalities) of the block diagram of reliability of an
onboard complex of control of the small satellite

Various block diagrams of reliability of a control system of small spacecraft are considered in
this paper. The technique of choice of the optimum scheme is developed, using by probabilistic
inequalities. All possible options of reservation are considered and the theorem of the optimum
scheme is proved.
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Geometrical features of the soliton solution

It is well known, that integrable equations are solvable by the inverse scattering method [1].
Investigating of the integrable spin equations in (1+1), (2+1) dimensions are topical both from
the mathematical and physical points of view. Integrable equations admit different kinds of
physically interesting solutions as solitons, vortices, dromions etc. We consider an integrable
spin M-I equation [2]. There is a corresponding Lax representation. And the equation allows an
infinite number of integrals of motion. We construct a surface corresponding to soliton solution
of the equation. Further, we investigate some geometrical features of the surface.

[1] Ablowitz M.J. and Clarkson P.A, Solitons, Non-linear Evolution Equations and Inverse Scattering , Cam-
bridge University Press, Cambridge,1992.

[2] Myrzakulov R., Vijayalakshmi S., et all. A (2+1)-dimensional integrable spin model: Geometrical and gauge

equivalent counterparts, solitons and localized coherent structures, J. Phys. Lett. A., 233A., 391-396 (1997).

[1] Stockwell, R.G., Mansinha, L., Lowe, R.P., Localization of the complex spectrum: the S-transform, IEEE
Transaction on Signal Processing, 44 (4), 998-1001 (1996).

[2] Stockwell, R.G., A basis for efficient representation of the S-Transform, Digital Signal Processsing, 17,
371-393 (2007).

[3] Yan, Y.S., Zhu, H., The generalization of the discrete Stockwell transforms, the Proceedings of the 19th
European Signal Processing Confernece, Barcelona, Spain (2011)
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Nonlinear PDE as Immersions

Investigating of the nonlinear PDE including their geometric nature is one of the topical
problems. With geometric point of view the nonlinear PDE are considered as immersions. We
consider some aspects of the simplest soliton immersions in multidimensional space in Fokas-
Gelfand’s sense [1]. In (1+1)-dimensional case nonlinear PDE are given in the condition

At −Bx + [A,B] = 0, (1)

where A is 3×3 prescribed matrix, B is expressed by elements of the matrix A, [A,B] = AB−BA.

Nonlinear PDE (1) are compatibility condition some system of linear equations [2]. In this case
there is a surface with immersion function. We find the second quadratic form in Fokas-Gelfand’s
sense associated to one soliton solution of nonlinear Schrodinger equation.

[1] Ceyhan, O. Fokas, A.S., Gurses, M. Deformations of surfaces associated with integrable Gauss-Mainardi-

Codazzi equations, J. Math. Phys., 41, No.4, 2551-2270 (2000).

[2] Lakshmanan, M. Myrzakulov, R., et all.Motion of curves and surfaces and nonlinear evolution equations in

2+1 - dimensions, J. Math. Phys., 39, No. 7, 3765-3771 (1998).
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Second-order periodic boundary value problem at resonance

We will discuss the existence of positive solutions for the following second-order periodic
boundary value problem at resonance

(1)

{

x′′(t) + h(t)x′(t) + f(t, x(t), x′(t)) = 0, t ∈ [0, T ],

x(0) = x(T ), x′(0) = x′(T ),

where f : [0, T ]× [0,∞)× R → R and h : [0, T ] → (0,∞) are continuous functions.
Our method employs a Leggett-Williams norm-type theorem for coincidences due to O’Regan

and Zima [1]. The talk is based on a joint paper [2].

[1] O’Regan, D. and Zima, M. Leggett-Williams norm-type theorems for coincidences, Arch. Math. 87, 233–244
(2006).

[2] Zima, M. and Drygaś, P. Existence of positive solutions for a kind of periodic boundary value problem at

resonance, Boundary Value Problems 2013, 2013:19.
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